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Preface 


The theory of relation algebras originated in the second half of the 
1800s as a calculus of binary relations, in analogy with the calculus of 
classes (or unary relations) that was published around 1850 by George 
Boole in [15] and [16]. By 1900, it had developed into one of the three 
principal branches of mathematical logic. Yet, despite the intrinsic im- 
portance of the concepts occurring in this calculus, and their wide use 
and applicability throughout mathematics and science, as a mathe- 
matical discipline the subject fell into neglect after 1915. 

It was revitalized and reformulated within an abstract axiomatic 
framework by Alfred Tarski in a seminal paper [104] from 1941, and 
since then the subject has grown substantially in importance and ap- 
plicability. Numerous papers on relation algebras have been published 
since 1950, including papers in areas of computer science, and the 
subject has had a strong impact on such fields as universal algebra, 
algebraic logic, and modal logic. In particular, the study of relation al- 
gebras led directly to the development of a general theory of Boolean 
algebras with operators, an analogue for Boolean algebras of the well- 
known theory of groups with operators. This theory of Boolean alge- 
bras with operators appears to be especially well suited as an area for 
the application of mathematics to the theory and practice of computer 
science. 

In my opinion, however, progress in the field and its application to 
other fields, and knowledge of the field among mathematicians, com- 
puter scientists, and philosophers, has been slowed substantially by the 
fact that, until recently, no systematic introductions to the subject ex- 
isted. I believe that the appearance of such introductions will lead to a 
steady growth and influence of the theory and its applications, and to 
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a much broader appreciation of the subject. It is for this reason that 
I have written these two volumes: to make the basic ideas and results 
of the subject (in this first volume), and some of the most important 
advanced areas of the theory (in the second volume, Advanced Topics 
in Relation Algebras), accessible to as broad an audience as possible. 


Intended audience 


This two-volume textbook is aimed at people interested in the contem- 
porary axiomatic theory of binary relations. The intended audience 
includes, but is not limited to, graduate students and professionals in 
a variety of mathematical disciplines, logicians, computer scientists, 
and philosophers. It may well be that others in such diverse fields such 
as anthropology, sociology, and economics will also be interested in 
the subject. Kenneth Arrow, a Nobel Prize winning economist who in 
1940 took a course on the calculus of relations with Tarski, said: 


It was a great course. ...the language of relations was immediately 
applicable to economics. I could express my problems in those terms. 


The necessary mathematical preparation for reading this work includes 
mathematical maturity, something like a standard undergraduate-level 
course in abstract algebra, an understanding of the basic laws of 
Boolean algebra, and some exposure to naive set theory. Modulo this 
background, the text is largely self-contained. The basic definitions are 
carefully given and the principal results are all proved in some detail. 

Each chapter ends with a historical section and a substantial number 
of exercises. In all, there are over 900 exercises. They vary in difficulty 
from routine problems that help readers understand the basic defini- 
tions and theorems presented in the text, to intermediate problems 
that extend or enrich the material developed in the text, to difficult 
problems that often present important results not covered in the text. 
Hints and solutions to some of the exercises are available for download 
from the Springer book webpage. 

Readers of the first volume who are mainly interested in studying 
various types of binary relations and the laws governing these relations 
might want to focus their attention on Chapters 4 and 5, which deal 
with the laws and special elements. Those who are more interested 
in the algebraic aspects of the subject might initially skip Chapters 4 
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and 5, referring back to them later as needed, and focus more on 
Chapters 1-3, which concern the fundamental notions and examples 
of relation algebras, and Chapters 6-13, which deal with subalgebras, 
homomorphisms, ideals and quotients, simple and integral relation al- 
gebras, relativizations, direct products, weak and subdirect products, 
and minimal relation algebras respectively. 

The second volume—which consists of Chapters 14—19—deals with 
more advanced topics: canonical extensions, completions, represen- 
tations, representation theorems, varieties and universal classes, and 
atom structures. Readers who are principally interested in these more 
advanced topics might want to skip over most of the material in Chap- 
ters 4-13, and proceed directly to the material in the second volume 
that is of interest to them. 
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Introduction 


Binary relations are a mathematical way of talking about relationships 
that exist between pairs of objects. Such relations permeate every as- 
pect of mathematics, of science, and of human affairs. For example, the 
phrase is a parent of describes a binary relation that holds between 
two individuals a and 0 if and only if a is the father or the mother of b. 
Other examples of binary relations between human beings include the 
usual kinship relations such as is an uncle of or is a sister of, com- 
parative relations such as is richer than or is older than, emotional 
relations such as loves or is kind to, material relations such as owes 
money to or is a benefactor of, and so on. 

Just as there are natural operations on numbers, such as addition 
and multiplication, there are also natural operations on binary rela- 
tions. For example, suppose F' and M are the relations respectively 
described by the phrases is a father of and is a mother of. The union 
of F and M is the relation P described by the phrase is a parent of. 
The (relational) composition of F and M is the relation described by 
the phrase is the maternal grandfather of, while the composition of 
and F is the relation described by the phrase is the paternal grand- 
mother of. The converse of P is the relation described by the phrase is 
a child of. Thus, the operations of forming the union of two relations, 
the composition of two relations, and the converse of a relation are 
examples of operations on binary relations. Other examples include 
the operations of forming the intersection of two relations, the rela- 
tional sum of two relations, and the complement of a relation. A set 
of binary relations that is closed under these operations constitutes a 
natural algebra of binary relations. 
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The operations on binary relations described in the preceding para- 
graph obey a great variety of laws. To give one example, let F', M, 
and P be the relations described above, and write B for the relation 
described by the phrase is a brother of. Suppose we first form the 
union F’'U M of the relations F and M to obtain the relation P, and 
then we form the composition B|P of B and P; the result is the re- 
lation described by the phrase is an uncle of. On the other hand, if 
we first form the compositions B| F and B| M to obtain the relations 
described by the phrases is a paternal uncle of and is a maternal un- 
cle of respectively, and then form the union of B| F and B| M, the 
result is again the relation is an uncle of. This state of affairs may be 
expressed in the form of an equation, 


B\(FUM) =(B|F)U(B|M), 


which is an instance of a law that is universally true for all binary 
relations, namely that the operation of forming compositions is dis- 
tributive over the operation of forming unions in the sense that the 
composition of a relation R with the union of two relations S and T is 
equal to the union of the two compositions R| S and R|T, in symbols 


R\(SUT) =(R]S)U(R]T). 


An example of a law that is not universally valid for all binary relations 
is the commutative law asserting that the operation of composition is 
commutative. Indeed, as we saw above, the composition of F and M 
is not the same as the composition of M and F, so the law 


R|S=S|T 


fails to hold for all binary relations R and S. The study of the laws 
that hold universally for all binary relations, that is to say, the laws 
that hold for all algebras of binary relations, formed an essential part 
of what is called the calculus of relations that was developed in the 
second half of the nineteenth century (see below). 

The theory of relation algebras may be viewed as an abstract version 
of the calculus of relations. More precisely, it is an abstract algebraic 
theory of binary relations based on ten equational axioms that ex- 
press laws true in all algebras of binary relations. The fundamental 
operations of the theory include abstract analogues of the Boolean op- 
erations of union, intersection, and complement (as applied to binary 
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relations), and also abstract analogues of the Peircean operations of 
relational addition, relational multiplication or composition, and re- 
lational converse or inverse (the latter two are analogues for binary 
relations of the standard operations on functions of forming composi- 
tions and inverses of functions respectively). There are distinguished 
constants that are abstract analogues of the empty relation, the uni- 
versal relation, the identity relation, and its complement, the diver- 
sity relation. (The adjectives “Boolean” and “Peircean” respectively 
honor George Boole, the founder of the calculus of classes, and Charles 
Sanders Peirce, the founder of the calculus of relations—see below.) 

The arithmetic of the theory consists of the equations and impli- 
cations between equations that are derivable from the axioms. These 
equations and implications express basic laws that govern the behavior 
of the fundamental operations on binary relations, and the mutual in- 
teractions of these operations. The expressive and deductive power of 
this arithmetic is incomparably richer than that of Boolean algebras. 
Most of the standard types of binary relations that proliferate every 
aspect of mathematics—reflexive relations, symmetric relations, tran- 
sitive relations, equivalence relations, functions, injections, surjections, 
bijections, permutations, squares, rectangles, partial orders, linear or- 
ders, dense linear orders without endpoints, and so on—are definable 
in the theory of relation algebras in the sense that abstract analogues of 
these relations are definable; and the basic properties of these relations 
are all derivable from the abstract definitions and the axioms. Regard- 
ing this richness in means of expression and proof, Alfred Tarski [104] 
wrote in 1941: 


It may be noticed that many laws of the calculus of relations, and in 
particular the axioms. . . [we have adopted] resemble theorems of the the- 
ory of groups, relative multiplication playing the role of group-theoretic 
composition, and the converse of a relation corresponding to the group- 
theoretic inverse....it turns out that the calculus of relations includes 
the elementary theory of groups and is, so to speak, a union of Boolean 
algebra and group theory. This fact accounts for the deductive power 
and mathematical richness of the calculus. 


As Tarski was to show later, even more is true: the equational theory of 
relation algebras provides an adequate framework for the formalization 
of all of classical mathematics (see below). 

The equational nature of the theory of relation algebras implies that 
the algebraic development of the subject is based on notions that are 
common to other branches of algebra such as group theory, lattice the- 
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ory, and ring theory. These include the notions of subalgebra, homo- 
morphism, congruence relation, quotient algebra, direct product, and 
subdirect product. Moreover, there are very close connections between 
the theory of relation algebras and several other well-known algebraic 
disciplines. For example, already in the early 1940s it was noticed by 
McKinsey (see [53]) that the algebra of complexes, or subsets, of an ar- 
bitrary group is always a relation algebra under the standard Boolean 
operations on subsets of the group and the Peircean operations in- 
duced on subsets by the operations of the group. The same is true of 
the algebra of subsets of a modular lattice with zero, as was shown by 
Maddux [73], and the algebra of subsets of a projective geometry, as 
was shown by Jénsson [49] and Lyndon [70]. 

Because the set of fundamental operations of a relation algebra in- 
cludes the standard Boolean operations, the algebraic development 
of the theory of relation algebras also has close ties to algebraic and 
topological aspects of the theory of Boolean algebras. There are, for 
example, analogues for relation algebras of the various notions of com- 
plete extensions, such as canonical extensions and completions, that 
play such a significant role in Boolean algebra. There are important 
representation theorems that are analogues of Cayley’s representation 
theorem for groups (every group is isomorphic to a group of per- 
mutations) and Stone’s representation theorem for Boolean algebras 
(every Boolean algebra is isomorphic to a Boolean algebra of sets). 
In analogy with the well-known duality between Boolean algebras 
and Boolean topological spaces (compact, zero-dimensional, Hausdorff 
spaces), there are duality theorems establishing connections between 
relation algebras and various types of relational topological spaces (see, 
for example, [36]). 

Finally, there are close connections to various systems of logic, in- 
cluding systems that are of interest to mathematicians, such as first- 
order logic, systems that are of interest to computer scientists, such as 
finite-variable logics, dynamic logics, and temporal logics, and systems 
that are of interest to philosophers, such as modal logics. Here are a 
few examples of such connections. (1) Every first-order theory of logic 
gives rise to a relation algebra of (congruence classes of) formulas in the 
same way as sentential logic gives rise to a Boolean algebra of (congru- 
ence classes of) formulas. (2) Hirsch-Hodkinson-Maddux [45] proved 
the following theorem about the number of variables needed to derive 
logically true sentences from the axioms of first-order logic, even in the 
case in which the sentences involved have just three variables: for every 


Introduction XV 


natural number n > 4, there is a logically-true first-order sentence I, 
with exactly three distinct variables (each occurring many times) and 
exactly one binary relation symbol such that any proof of I, based on 
the axioms of first-order logic requires n distinct variables in the sense 
that there is a proof of I, that uses n distinct variables, and I, cannot 
be proved with fewer than n distinct variables; the original proof of 
this theorem was carried out within the framework of the theory of re- 
lation algebras. (3) Tarski (see [113]) proved that first-order set-theory 
and first-order number theory can both be formalized in a very simple 
version of the equational theory of relation algebras in which there 
are no variables, quantifiers, or sentential connectives, and in which 
the only rule of inference is the high school rule of replacing equals 
by equals. He used this result to draw a number of surprising conclu- 
sions about logical systems and the foundations of mathematics; for 
example, there exist undecidable subsystems of sentential logic; also, 
all of classical mathematics can be developed in the framework of a 
version of a first-order system of set theory or number theory in which 
there are only three variables; thus, three variables suffice for express- 
ing and proving all classical mathematical theorems. (Note that this 
result does not contradict the Hirsch-Hodkinson-Maddux result men- 
tioned in (2), because the axioms of set theory and number theory are 
stronger than the axioms of first-order logic.) 

The theory of relation algebras soon gave rise to a more general 
theory of Boolean algebras with operators—an analogue of the theory 
of groups with operators—that was created by Jénsson and Tarski in 
the late 1940s (see [54] and [55]). As it turns out, a surprising number 
of results that are initially proved in the context of relation algebras 
can be generalized to much broader classes of Boolean algebras with 
operators. 

There are numerous applications of the calculus of relations and the 
theory of relation algebras to various areas of computer science, some of 
which are detailed in such books as [95] and [19], and in the whole series 
of proceedings of the RelIMiCS/RAMiCS (Relational Methods in Com- 
puter Science/Relational and Algebraic Methods in Computer Science) 
conferences from 1993 onward. For instance, there are applications to 
databases (see, for example, [97] and [120]), and in particular there 
are close connections to the database language SQL, there are appli- 
cations to program development and verification (see, for example, [10] 
and [30]), to programming semantics (see, for example, [9], [122], [97], 
and [77]), and to temporal and spatial reasoning (see, for example, [29] 
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and [28]). There are also applications to other scientific disciplines, in- 
cluding anthropology (see, for example, [17] and [61]), economics (see, 
for example, [7] and [8]), linguistics (see, for example, {9]), social choice 
theory (see, for example, [7], [8], [79], and [96]), and voting theory 
(see, for example, [18]). For interesting applications of computer sci- 
ence to the study of relation algebras, see [56]. 


A brief history 


The theory of relation algebras arose from the calculus of binary rela- 
tions that was created in the second half of the nineteenth century 
by the English mathematician Augustus De Morgan, the American 
philosopher, scientist, and logician Charles Sanders Peirce, and the 
German mathematician Ernst Schréder as an analogue for binary re- 
lations of the calculus of classes (or unary relations) that was conceived 
by George Boole [15], [16], and refined by William Stanley Jevons. Con- 
cerning this early history of the subject, Tarski [104] wrote in 1941, 


The logical theory which is called the calculus of binary relations. .. has 
a strange and rather capricious line of historical development. Although 
some scattered remarks regarding the concept of relations are to be 
found already in the writings of medieval logicians, it is only with the 
last hundred years that this topic has become the subject of systematic 
investigation. The first beginnings of the contemporary theory of rela- 
tions are to be found in the writings of A. De Morgan, who carried out 
extensive investigations in this domain in the fifties of the Nineteenth 
Century. De Morgan clearly recognized the inadequacy of traditional 
logic for the expression and justification, not merely of the more in- 
tricate arguments of mathematics and the sciences, but even of simple 
arguments occurring in every-day life; witness his famous aphorism, 
that all the logic of Aristotle does not permit us from the fact that a 
horse is an animal, to conclude that the head of a horse is the head 
of an animal. In his efforts to break the bonds of traditional logic and 
to expand the limits of logical inquiry, he directed his attention to the 
general concept of relations and fully recognized its significance. Nev- 
ertheless, De Morgan cannot be regarded as the creator of the modern 
theory of relations, since he did not possess an adequate apparatus for 
treating the subject in which he was interested, and was apparently un- 
able to create such an apparatus. His investigations on relations show 
a lack of clarity and rigor which perhaps accounts for the neglect into 
which they fell in the following years. 
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The title of creator of the theory of relations was reserved for C. S. Peirce. 
In several papers published between 1870 and 1882, he introduced and 
made precise all the fundamental concepts of the theory of relations and 
formulated and established its fundamental laws. Thus Peirce laid the 
foundation for the theory of relations as a deductive discipline; moreover 
he initiated the discussion of more profound problems in this domain. In 
particular, his investigations made it clear that a large part of the the- 
ory of relations can be presented as a calculus which is formally much 
like the calculus of classes developed by G. Boole and W.5S. Jevons, but 
which greatly exceeds it in richness of expression and is therefore in- 
comparably more interesting from the deductive point of view. 


Peirce’s work was continued and extended in a very thorough and sys- 
tematic way by E. Schréder. The latter’s Algebra und Logik der Relative, 
which appeared in 1895 as the third volume of his Vorlesungen tiber die 
Algebra der Logik, is so far the only exhaustive account of the calculus 
of relations. At the same time, this book contains a wealth of unsolved 
problems, and seems to indicate the direction for future investigations. 


By the beginning of the twentieth century, the subject had developed 
to the point where Bertrand Russell [92] could write in 1903: 


The subject of symbolic logic is formed by three parts: the calculus of 
propositions, the calculus of classes, and the calculus of relations. 


The celebrated theorem of Leopold Léwenheim [65]—which is a cor- 
nerstone of modern mathematical logic, and which today would be 
formulated as stating that every formula valid in some model must in 
fact be valid in some countable model—was proved in the framework 
of the calculus of relations. 

With the exception of Lowenheim, however, Peirce and Schréder did 
not have many followers. In the 1941 paper, after making the remarks 
quoted above, Tarski observed: 


It is therefore rather amazing that Peirce and Schroder did not have 
many followers. It is true that A. N. Whitehead and B. Russell, in Prin- 
cipia mathematica, included the theory of relations in the whole of logic, 
made this theory a central part of their logical system, and introduced 
many new and important concepts connected with the concept of rela- 
tion. Most of these concepts do not belong, however, to the theory of 
relations proper but rather establish relations between this theory and 
other parts of logic: Principia mathematica contributed but slightly to 
the intrinsic development of the theory of relations as an independent 
deductive discipline. In general, it must be said that—though the sig- 
nificance of the theory of relations is universally recognized today—this 
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theory, especially the calculus of relations, is now in practically the same 
stage of development as that in which it was forty-five years ago. 


It was for this reason that Tarski [104] set out to revitalize and 
modernize the subject. He felt that there should be an axiomatic ap- 
proach to the subject, a basic set of postulates from which all other 
laws could be derived using rules of inference. Moreover, the postu- 
lates and the methods of proof should only refer to relations, and not 
to other extraneous notions such as elements or pairs of elements of 
the universe of discourse. In other words, he imagined a presentation of 
the calculus of relations as an abstract algebraic discipline in much the 
same way as Louis Couturat and Edward Huntington had presented 
the Boole/Jevons calculus of classes as an abstract theory of Boolean 
algebras. He proposed a system of axioms—which he later simplified 
into ten equational axioms—and wrote that on the basis of these ax- 
ioms he was practically sure he could derive all of the hundreds of 
laws to be found in Schréder’s book. Nevertheless, he was unable to 
prove that every law true of all algebras of binary relations is derivable 
from these axioms, and so he posed this as his first problem, the com- 
pleteness problem. He was also unable to show that every model of his 
set of axioms is isomorphic to a set relation algebra—that is to say, 
to an algebra of binary relations under the standard set-theoretically 
defined operations—and so he posed this as a second problem, the 
representation problem. 

During the early 1940s, Tarski was able to prove that both set the- 
ory and number theory can be interpreted into a variable-free variant 
of his axiomatic theory of relation algebras, and therefore all of clas- 
sical mathematics may be formalized within the framework of this 
variable-free equational theory (see [113]). On the basis of this inter- 
pretation, Tarski was also able to conclude that there is no mechanical 
procedure—no decision method—for establishing the truth or falsity of 
an equation in the theory of relation algebras. In this way, he was able 
to provide a concrete explanation for the observation made by Peirce 
regarding derivations in the calculus of relations that they “cannot be 
subjected to hard and fast rules like those of the Boolean calculus ...”. 
Tarski pushed this result still further. He showed that his variable-free 
equational version of set theory can be interpreted as a finitely ax- 
iomatized subsystem of the two-valued sentential calculus. Hence, all 
of mathematics can be carried out within a subsystem of two-valued 
sentential logic. 
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A second phase in Tarski’s work on the calculus of relations began 
around 1945. In that year, he held a seminar on relation algebras at 
the University of California at Berkeley. One portion of the seminar 
was devoted to a development of the arithmetic of the theory of rela- 
tion algebras based on his axiom system. He and his student Louise 
Chin later published an important paper [23] on this subject. At the 
same time, Tarski attacked the completeness and representation prob- 
lems with renewed energy. He focused on solving the representation 
problem. The first positive result was a quasi-representation theorem: 
every abstract relation algebra that is atomic is isomorphic to a rela- 
tion algebra that is almost a set relation algebra; its universe consists 
of binary relations, and the basic operations of addition, relative mul- 
tiplication, and converse have their set theoretic interpretation, but 
multiplication, relative addition, and complement do not. He showed 
further that if the atoms of the algebra are functions, then all of the 
operations have their set-theoretic interpretations, so we actually get 
a full representation of the abstract algebra as a set relation algebra, 
and not just a quasi-representation. 

The quasi-representation theorem holds for atomic relation algebras, 
so the next logical step was to prove that every relation algebra 2 
can be extended to a complete and atomic relation algebra, the so- 
called the canonical (or perfect) extension of 21. By the end of 1946 
or the beginning of 1947, Tarski had succeeded in accomplishing this 
step, and he was also able to show that every Boolean algebra with 
additional unary distributive operations has a canonical extension that 
satisfies the same positive equations as the original algebra. He wrote 
about this to his former student, Bjarni Jonsson, who immediately 
became interested in the result, and worked to generalize it. In 1947, 
Jénsson succeeded in extending Tarski’s theorem to classes of Boolean 
algebras with additional distributive operations of arbitrary ranks. In 
this way, the theory of Boolean algebras with operators was born—see 
the 1948 abstract [53], and the papers [54], and [55]. Today they play a 
rather important role in the applications of logic to computer science. 

In the same 1948 abstract, Tarski observed that every relation alge- 
bra constructed from the complexes (or subsets) of a group is integral 
in the sense that it has no zero divisors with respect to the operation 
of relative multiplication, and he asked whether every integral relation 
algebra is isomorphic to an algebra of complexes of some group. 

Around the end of 1948, Roger Lyndon—who had taken a course 
with Tarski in 1940—managed to construct a finite model of Tarski’s 
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axioms that is not isomorphic to a set relation algebra, and he simul- 
taneously found an example of an equational law that is true in all set 
relation algebras but that is not derivable from Tarski’s axioms. Thus, 
he solved negatively both of Tarski’s first two problems (see [67]). A 
few years later, Tarski [110] was able to prove that the class of rep- 
resentable relation algebras—that is to say, the class of algebras iso- 
morphic to set relations algebras—is indeed axiomatizable by a set of 
equations, but this set of equations may be infinite in number. Tarski 
asked whether there exists a finite set of equations that axiomatizes 
the class. 

Lyndon’s results began a new chapter in the theory of relation alge- 
bras: the study of non-representable algebras. Around 1958, Jonsson, 
who had experienced some difficulty in understanding Lyndon’s con- 
struction of a non-representable relation algebra, found a way of con- 
structing relation algebras from projective planes. If Desargues’ the- 
orem failed in the plane, then the relation algebra constructed from 
the plane would not be representable. Thus, Jonsson [49] was able to 
construct new examples of non-representable relation algebras. 

Jénsson’s construction was modified and extended by Lyndon [70] 
to a beautiful and simple construction of relation algebras from arbi- 
trary projective geometries. For geometries of dimension one, Lyndon’s 
construction yields particularly simple examples of non-representable 
relation algebras. In the same paper, Lyndon attacked Tarski’s prob- 
lem concerning integral relation algebras. He was able to make some 
progress on it, but he was unable to solve the problem completely. 

Using the relation algebras constructed by Lyndon from projective 
lines, Tarski’s former student Donald Monk [87] was able to show 
around 1964 that the class of representable relation algebras is not 
finitely axiomatizable. Thus, any system of equations axiomatizing 
this class of algebras is necessarily infinite in size. A couple of years 
later, Monk’s student Ralph McKenzie proved in [82] (see also [83]) 
that Tarski’s problem regarding integral relation algebras also has a 
negative solution: there are integral relation algebras that are not iso- 
morphic to relation algebras constructed from complexes of a group. 
He went further by showing that the class of integral relation alge- 
bras that are isomorphic to such group complex algebras is not finitely 
axiomatizable, even over the class of integral, representable relation 
algebras. 

The impetus given to the theory of relation algebras by Tarski’s re- 
formulation of the theory and by the interesting initial problems that 
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he posed, the important results that were achieved in the solutions of 
these problems by himself and his students and grand-students Chin, 
Jonsson, Lyndon, Monk, and McKenzie, and the applications of these 
results to other domains such as computer science, have led to a re- 
vitalization of the calculus of relations in the form of the theory of 
relation algebras, and to the development of this subject into an ac- 
tive and ongoing field of research. Many new and interesting results 
have been obtained by scores of researchers from all parts of the globe. 

We conclude this historical sketch by recalling the final sentences 
from Tarski’s 1941 paper. They express an opinion that Tarski formed 
even before he obtained his major results concerning the theory of 
relation algebras, and it is an opinion that he kept to the end of his 
life. 


I do believe that the calculus of relations deserves much more attention 
than it receives. For, aside from the fact that the concepts occurring 
in this calculus possess an objective importance and are in these times 
almost indispensable in any scientific discussion, the calculus of relations 
has an intrinsic charm and beauty which makes it a source of intellectual 
delight to all who become acquainted with it. 


Virtually everyone who has spent time working with relation algebras 
has learned to share Tarski’s judgement. 


Description and highlights of this volume 


Chapter 1 describes the basic set-theoretical notions of the calculus of 
relations as conceived by Peirce [88]. The notion of a binary relation 
is introduced, examples of binary relations are given, and different 
ways of visualizing binary relations are presented. Some of the most 
common types of binary relations are discussed. The basic Boolean and 
Peircean operations on binary relations are defined and illustrated, and 
some examples of basic laws governing the behavior of these operations 
on binary relations are given. Boolean matrices are introduced, and 
the connections between the calculus of relations and the algebra of 
Boolean matrices are explored. 

In Chapter 2, the notion of an abstract relation algebra is introduced 
on the basis of Tarski’s ten equational axioms. The more general no- 
tion of a Boolean algebra with operators from Jénsson-Tarski [54] is 
defined and explored. The task of showing that a given Boolean al- 
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gebra with operators is in fact a relation algebra is often non-trivial, 
so two theorems have been included that give necessary and sufficient 
criteria for an atomic Boolean algebra with operators to be a relation 
algebra. 

Chapter 3 presents some of the classic examples of relation alge- 
bras. The most important of these is the class of set relation algebras, 
constructed as algebras of binary relations under the set-theoretically 
defined operations discussed in Chapter 1. In particular, full set rela- 
tion algebras, consisting of all binary relations on a given set, play a 
special role in the development of the subject. A rather trivial, but 
important class of examples of relation algebras is constructed from 
Boolean algebras by using Boolean operations in the role of Peircean 
operations. Another class of examples is constructed by using congru- 
ence classes of formulas modulo first-order theories, under operations 
induced by the sentential connectives and the quantifiers of the logic. A 
highlight of the chapter is the careful examination of three types of re- 
lation algebras that arise as complex algebras—that is to say, algebras 
of subsets—of specific mathematical structures, under the Boolean op- 
erations of union and complement, and with Peircean operations that 
are defined in terms of the fundamental notions of the structures. The 
examples considered are the complex algebras of groups, the complex 
algebras of projective geometries, and the complex algebras of modu- 
lar lattices with zero. A few examples of small relation algebras that 
are constructed in an ad hoc fashion from finite Boolean algebras with 
a small number of atoms (usually less than six in number) are also 
given. The chapter ends with a discussion of how algebraic models 
similar in structure to relation algebras may be used to demonstrate 
the independence of Tarski’s ten axioms. 

Chapter 4 contains a careful development of the general arithmetic 
of relation algebras—that is to say, a development of the basic laws 
governing the behavior of the operations on binary relations—on the 
basis of Tarski’s ten axioms. As opposed to the arithmetic of Boolean 
algebras in which there is just one duality principle, namely the dual- 
ity between addition and multiplication, in the arithmetic of relation 
algebras there are three different principles of duality at work: the 
first is a duality between left-hand and right-hand versions of each 
law; the second is a duality that arises when the Boolean operations of 
addition and multiplication are interchanged, and simultaneously the 
Peircean operations of relative addition and relative multiplication are 
interchanged in a given law; the third is the duality that arises as the 
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composition of the first two dualities, that is to say, as a result of form- 
ing simultaneously the first and the second duals of a law. Thus, each 
law in the theory of relation algebras is closely associated with three 
other dual laws. The general laws of relation algebras have the flavor of 
a blending of laws from Boolean algebra and group theory, but their 
scope and content is much more complex than the laws from either 
Boolean algebra or group theory. For example, the semi-modular law 


ry (8-4) < is) ft 


(in which ; and + denote the abstract binary operations of relative 
multiplication and relative addition respectively) expresses in a com- 
pact equational form that an existential-universal statement implies a 
corresponding universal-existential statement, in much the same way 
as uniform continuity implies continuity. 

Abstract versions of many of the important types of binary relations 
are studied in Chapter 5. These include symmetric elements, transitive 
elements, equivalence elements, ideal elements of various types, rect- 
angles, squares, functions, bijections, and permutations. For example, 
an element r is defined to be an equivalence element just in case 


r <r and C2: 


(where ~ denotes the operation of converse); these two inequalities 
respectively express in an abstract way the symmetry and transitivity 
of a relation denoted r. An element r is defined to be a function just 
in case r~ ;r < lV (where I’ is the identity element for relative multi- 
plication); this inequality expresses in an abstract way that a relation 
denoted by r cannot map one element to two different elements. Sev- 
eral characterizations of each type of element are given, and the basic 
laws governing the behavior of the operations on these elements are es- 
tablished. There is a special emphasis on the distributive and modular 
laws that each type of element satisfies, and on the closure properties 
that sets of each type of element possess. For example, an element r 
is an equivalence element if and only if it satisfies the modular law 


r-[s;(r- a] =(r-s);(r-4) 


for all elements s and t (where - denotes the operation of multipli- 
cation); and r is a function if and only if it satisfies the distributive 
law 
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r;(s-t)=(r3s)-(r;t) 
for all elements s and t. 

Chapter 6 develops the various notions that are connected with 
the concept of a subalgebra—subuniverses, subalgebras, complete sub- 
algebras, regular subalgebras, elementary subalgebras, and sets of 
generators—and the properties that are preserved under the passage 
to various types of subalgebras. The highlights of the chapter include 
the following theorems. The subalgebras of a relation algebra form a 
complete, compactly generated lattice that is closed under directed 
unions. The regular subalgebras of atomic relation algebras are always 
atomic. The Atomic Subalgebra Theorem gives sufficient conditions 
on a subset W of a Boolean algebra with complete operators (and in 
particular, on a subset of a relation algebra) 21 for the set of sums of 
subsets of W to be a regular, atomic subalgebra of 2l; as an example, 
this theorem is applied to the study of minimal relation algebras, and it 
is shown that every minimal relation algebra is necessarily finite. The 
downward and upward Lowenheim-Skolem-Tarski Theorems guaran- 
tee the existence of elementary subalgebras and elementary extensions 
of specified cardinalities. Finally, the union of a system of relation al- 
gebras directed by the relation of being an elementary subalgebra is 
shown to be an elementary extension of each algebra in the system. 

Chapter 7 develops the various notions that are connected with 
the concept of a homomorphism—homomorphisms, epimorphisms, 
monomorphisms, isomorphisms, base isomorphisms, automorphisms, 
complete homomorphisms, and elementary embeddings—and proper- 
ties that are preserved under the passage to homomorphic images. 
Highlights of the chapter include the following theorems. The Atomic 
Isomorphism Theorem gives necessary and sufficient conditions on a 
bijection y~ between the sets of atoms of two complete and atomic 
Boolean algebras with complete operators 21 and % in order for y to 
extend to a uniquely determined isomorphism from 2 to %8. There is 
also an analogue for monomorphisms. A version of the Exchange Prin- 
ciple (also known as the Exchange Theorem) from general algebra is 
proved; it says that if a relation algebra 21 is embeddable into a relation 
algebra 8 with certain properties, then 2 is actually a subalgebra of 
a relation algebra € that is isomorphic to %. 

The notions of a congruence, an ideal, and the quotient of a relation 
algebra modulo a congruence or an ideal, are treated in Chapter 8. 
The discussion begins with congruences and lattices of congruences 
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on a relation algebra, and then moves to ideals and lattices of ideals. 
The equivalence of the notions of a congruence and an ideal is estab- 
lished. It is shown that the ideals in a relation algebra form a complete, 
compactly generated, distributive lattice that is closed under directed 
unions. This theorem is followed by a discussion of the relationship be- 
tween the ideals in a relation algebra 21 and the Boolean ideals in the 
Boolean algebra of ideal elements in 2. In particular, it is shown that 
the lattice of ideals in 21 is isomorphic to the lattice of Boolean ideals 
in the Boolean algebra of ideal elements in 2. Consequently, all of the 
results concerning the lattice of ideals in a relation algebra—for exam- 
ple, the existence of maximal ideals—may in principle be obtained as 
corollaries of the corresponding results for Boolean algebras. 

Simple relation algebras—relation algebras in which there are ex- 
actly two ideals, the trivial ideal and the improper ideal—and integral 
relation algebras—non-degenerate relation algebras in which the rel- 
ative product of two non-zero elements is always non-zero—are the 
topic of Chapter 9. A highlight of the chapter is the Simplicity Theo- 
rem, which states that, in contrast to the usual situation in, say, group 
theory or ring theory, the notion of simplicity for relation algebras is 
describable by a first-order universal sentence, and consequently ev- 
ery subalgebra of simple relation algebra is simple. Another important 
theorem says that every quantifier-free formula is equivalent to an 
equation in all simple relation algebras. The Integrality Theorem gives 
several characterizations of the notion of an integral relation algebra. 
One consequence of this theorem is that every integral relation algebra 
is simple. The chapter ends with a proof that for relation algebras, the 
notions of direct indecomposability, subdirect indecomposability, and 
simplicity all coincide. 

Chapter 10 discusses the notion of the relativization of a relation 
algebra to an ideal element, and more generally to an equivalence el- 
ement, and the properties that are preserved under the passage to 
relativizations. The main theorem of the chapter says that every quo- 
tient of a relation algebra 21 modulo a principal ideal is isomorphic 
to a relativization of 2( to an ideal element in 21. Thus, quotients of 2 
modulo principal ideals have concrete representations as relativizations 
of 2 and are therefore almost subalgebras of 21 (up to isomorphisms). 

The important topic of direct products and direct decompositions is 
treated in Chapter 11. The presentation is divided into two parts. The 
first part deals with the direct product of two relation algebras, and the 
second part with the direct product of arbitrary systems of relation al- 
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gebras. Two types of direct decompositions of a relation algebra 2 are 
discussed: the standard notion of an external direct decomposition, in 
which 2l is shown to be isomorphic to the direct product of a system of 
relation algebras; and the notion of an internal direct decomposition, 
familiar from group theory, in which 21 is shown to be equal to the in- 
ternal product of a system of relativizations of 2 to ideal elements. It is 
shown that for relation algebras, the two notions are essentially equiv- 
alent. One of the highlights of the chapter is the surprising Product 
Decomposition Theorem, which in its binary form says that a relation 
algebra is the (internal) direct product of relation algebras 8 and € 
if and only if there is an ideal element r in 2 such that S and € are 
equal to the relativization of 2 to r and the relativization of 2l to the 
complement of r respectively. A more general version of this theorem 
is given that applies to direct products of arbitrary systems of relation 
algebras. Another highlight of the chapter is the Total Decomposition 
Theorem, which says that a relation algebra 2 has a direct decomposi- 
tion into a product of simple factors if and only if the Boolean algebra 
of ideal elements in 2{ is atomic and has the supremum property; and 
furthermore, if 2{ has a direct decomposition into simple factors, then 
this decomposition is unique up to permutations of the factors. One 
consequence of this theorem is that every complete and atomic rela- 
tion algebra has a unique direct decomposition into a product of simple 
factors. In particular, every finite relation algebra has such a unique 
decomposition. Another consequence is the Complete Decomposition 
Theorem, which says that every complete relation algebra 2( can be 
written in one and only one way as the internal direct product of rela- 
tion algebras 88 and €, where $ has a unique decomposition into the 
direct product of simple factors, and € has no simple factors whatso- 
ever. Examples of relation algebras without any simple factors are also 
given. 

Other types of product constructions—in particular, weak direct 
products, ample direct products (which are subdirect products that are 
intermediate between weak direct products and full direct products), 
and subdirect products—are dealt with in Chapter 12. As in the case 
of direct products, there are external and internal versions of these 
products; and there are characterizations, in terms of systems of ideal 
elements, of when a relation algebra admits a decomposition using 
one of these products. For example, the Weak Product Decomposition 
Theorem says that a relation algebra 2 is the weak internal product 
of a system of relation algebras (21; : 2 € J) if and only if there is a 
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system of ideal elements (uw; : i € I) partitioning the unit of 2 such 
that the algebra 21; coincides with the relativization of 2 to u; for each 
index i, and 2 is generated by the union U;-; A; of the universes of 
the algebras in the system. The Semi-simplicity Theorem says that 
every relation algebra is isomorphic to a subdirect product of simple 
relation algebras. A consequence of this theorem is that an equation 
holds in all relation algebras if and only if it holds in all simple relation 
algebras. 

The main goal of Chapter 13 is the classification of all minimal rela- 
tion algebras. The notion of the type of a relation algebra is introduced 
(there are three: type one, type two, and type three), and it is shown 
that every simple relation algebra has a uniquely determined type. 
This is used to prove that the minimal simple relation algebras are, 
up to isomorphism, the three minimal set relation algebras 9%1, Ste, 
and tz on sets of cardinality one, two, and three respectively. The 
Type Decomposition Theorem says that every relation algebra can be 
written as the internal product of three relation algebras of types one, 
two, and three respectively. The Classification Theorem for minimal 
relation algebras says that, up to isomorphism, there are exactly eight 
minimal relation algebras, namely the various possible direct products 
of the three minimal, simple relation algebras, with each factor occur- 
ring at most once. A more general classification theorem for relation 
algebras of types one and two is also given. 


Chapters dependent on topics in the first volume 


The material in Chapter 1 serves a motivational purpose, but it is also 
needed in Chapter 3 to understand two examples, set relation algebras 
and matrix algebras. The first of these examples plays a fundamental 
role throughout the two volumes, but especially in Chapters 16 and 17 
in the second volume, which comprises Chapters 14-19. The remaining 
examples of Chapter 3 play an important role in Chapter 17. 

The material in Section 2.1 is used throughout both volumes, while 
that of Section 2.2 is used in Chapters 6, 7, 14, 15, and 19. The material 
in Section 2.3 is used mainly in Chapter 3, while the logical terminol- 
ogy and notation of Section 2.4 is used consistently throughout both 
volumes, starting with Chapter 6, and that of Section 2.5 is used in 
one of the examples of Chapter 3 and in Chapters 16, 17, and 19. 
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The laws in Chapter 4 are used heavily in Chapter 5 and rather 
infrequently in other parts of the book. The special kinds of elements, 
and the laws about these elements, in Chapter 5 play a role in very spe- 
cific parts of the book. Equivalence elements are needed in Chapter 10, 
and ideal elements are needed in Chapters 8-17. Functional elements 
are used in Chapter 17, rectangles in Chapter 18, and domains and 
ranges in Chapters 6, 9, 13, and 17. 

The fundamental universal algebraic and Boolean algebraic notions 
(for example, the notions of a subalgebra, a regular subalgebra, a ho- 
momorphism, a complete homomorphism, an isomorphism, an ideal, 
quotient algebra, a simple algebra, a relativization of an algebra, and 
a direct product and a subdirect product of a system of algebras), and 
the basic results concerning these notions that are presented in various 
sections of Chapters 6-12 are used freely in subsequent chapters. The 
more specialized results in Section 6.6 are used in Chapters 7, 14, 17, 
and 18, while those in Section 6.8 are needed in Chapters 7, 16, 18, 
and 19. Similarly, the more specialized results in Section 7.6 are used 
in Chapters 14 and 17-19, while those in Section 7.7 are needed in 
Chapters 8 and 14-19, and those in Section 7.9 are needed in Chapter 
18. Section 8.9 is used in Chapters 9, 11, 14, 15, and 17. The main 
results specific to relation algebras in Sections 9.1 and 9.2 are used in 
Chapters 10, 13, 14, 17, and 18, while those in Section 9.3 are needed 
in Chapter 11. Similarly, the main results specific to relation algebras 
in Section 10.4 are used in Chapters 11 and 13, while those in Sec- 
tion 10.5 are used in Chapters 14-16. Various of the direct product 
decomposition theorems for relation algebras that are given in Chap- 
ter 11 are used sporadically throughout all of the subsequent chapters 
of both volumes. The homomorphism decomposition theorems in Sec- 
tion 11.13 are used in Chapter 16. With regards to Chapter 12, only the 
main result of Section 12.3 is used elsewhere, namely in Chapters 13 
and 16-18. 

The material in the first three sections of Chapter 13 is needed in 
Chapter 18, while the material in the fourth section is not used again. 
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Chapter 1 
The calculus of relations 


The theory of relation algebras naturally begins with the concrete 
study of binary relations and operations on binary relations. This im- 
mediately raises several questions. First, what exactly is a binary rela- 
tion, and how can such relations be visualized? Second, what are the 
natural operations on binary relations, and how can these operations 
be visualized? Third, what are the laws that govern the behavior of 
these operations, and how can the validity of these laws be established? 
The theory that addresses these questions is usually referred to as the 
calculus of relations. It is the task of this chapter to present a brief 
outline of this calculus. 


1.1 Binary relations 


The mathematical notion of a binary relation may be viewed as an 
abstraction of notions of relationships between human beings. Exam- 
ples of the latter include the relation of one person being a sibling of 
another, the relation of one person loving another, and the relation of 
one person being taller than another. In mathematics, the term “rela- 
tion” has a quite precise meaning that may seem, at first glance, rather 
distant from the colloquial meaning of the word. A (binary) relation 
on a set U is defined to be a subset of the set U x U of all ordered 
pairs (a, 3) of elements a and ( in U. For example, on the set U of all 
natural numbers, the relation of one natural number being less than 
another is, by definition, the set of ordered pairs (a, 3) of natural num- 
bers a and ( such that 6 = a+7 for some natural number y ¥ 0. 
The relation of one set of natural numbers being a subset of another 
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is, by definition, the set of ordered pairs (X,Y) of sets X and Y of 
natural numbers such that, for any a, if @ belongs to X, then a@ also 
belongs to Y. There are also ternary relations, that is to say, subsets 
of the set U x U x U of all ordered triples of elements in U, quater- 
nary relations, and so on, but these relations of higher rank—with a 
few exceptions—do not play a role in this work. Consequently, when 
we speak of a relation, we shall always mean a binary relation, unless 
explicitly stated otherwise. 

Two relations R and S are defined to be equal if they contain the 
same ordered pairs. Equality may be expressed symbolically by writing 


n=: 


There is also a natural inequality between relations. A relation R is 
said to be less than or equal to, or included in, a relation S if every 
pair in R also belongs to S. Inclusion may be expressed symbolically 
by writing 


RCS or SDR. 


A relation R is said to be strictly less than, or properly included in, 
a relation S if R is included in, but not equal to, S. Proper inclusion 
may be expressed symbolically by writing 


Rcs or SDR. 


There are four natural relations that may be defined on any set U: 
the empty relation @ consisting of no ordered pairs, the universal re- 
lation 


UxwU={(a,B):a,6B € U} 
consisting of all ordered pairs of elements in U, the identity relation 
idy = {(a,8):a,6 € U and a= 8}, 
consisting of all pairs of equal elements in U, and the diversity relation 


diy = {(a, 8): a,68 € U and aF Bp}. 


consisting of all pairs of unequal elements in U. (In the preceding equa- 
tions, the notation “a, € U” expresses that a@ and 6 are elements 
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of the set U.) When the set U is empty, these four relations coincide, 
and when U consists of a single element, the identity relation coin- 
cides with the universal relation, and the diversity relation coincides 
with the empty relation. When U has at least two elements, the four 
relations are distinct. 

A relation on a set U may be visualized by using a standard coor- 
dinate system in which there is a horizontal and a vertical axis, both 
labeled with the elements of U. The graph of a relation is just a cer- 
tain subset of this coordinate system. For example, if U = {0, 1, 2,3, 4}, 
then the coordinate system can be visualized as a square consisting of 
a five-by-five array of smaller squares, each of which represents an indi- 
vidual ordered pair with first and second coordinates on the horizontal 
and vertical axes respectively. If the horizontal and vertical axes are 


4 A 
diy 3 3 
idy 2 2 
RG 1 1 
0 0 


Fig. 1.1 Graphs of relations. 


labeled with the numbers in U in order of increasing size, then the 
graph of the identity relation is the set of diagonal squares, the graph 
of the greater-than relation is the set of squares that are below the 
diagonal, the graph of the less-than relation is the set of squares that 
are above the diagonal, the graph of the diversity relation is the set of 
squares that are not on the diagonal, and the universal relation is the 
set of all squares—see Figure 1.1(a). The graph of the relation 


R= {(0,1), (0,2), (0,3), (1,0), 1,3), (1, 4), (2; 0), (2,3), (4,0), (4,4) } 


is the set of shaded squares in Figure 1.1(b). Of course, the depiction 
of any particular relation depends on the order in which the elements 
in U are placed on the two axes. 

If a set U is infinite, then it is usually more convenient to represent 
ordered pairs not by small squares in an array, but rather by individual 
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Fig. 1.2 The graphs of the identity and diversity relations on the set of real 
numbers. 


points. For instance, if U is the set of all real numbers, then it is 
convenient to use the standard Cartesian coordinate system of analytic 
geometry to represent relations on U. In this case, the graph of the 
identity relation is the diagonal line defined by the equation y = x, 
the graph of the greater-than relation is the set of points below the 
diagonal, the graph of the less-than relation is the set of points above 
the diagonal, the graph of the diversity relation is the set of points not 
on the diagonal, and the universal relation is the set of all points—see 
Figure 1.2. 


1 @e @3 


Fig. 1.3 Directed graph of the relation R from Figure 1.1(b). 


Another way to visualize a relation R on a set U is as a directed 
graph. The elements in the set U are represented as the vertices of 
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the graph, and the pairs in the relation R are represented as the di- 
rected edges of the graph. For example, if R is the relation depicted 
in Figure 1.1(b), then R may be visualized as the directed graph in 
Figure 1.3. 


1.2 Operations on relations 


An operation of rank n on a set A is a function from the set of all n- 
tuples of elements in A to the set A. Thus, a binary operation on A is 
a function from Ax A into A, and a unary operation on A is a function 
from A into A. A nullary operation on A—that is to say, an operation 
of rank zero—is a function whose domain consists of a single element, 
namely the empty set, and whose value on this element is some ele- 
ment in A. For this reason, nullary operations are usually identified 
with elements in A, and are referred to as distinguished (individual) 
constants. 

For instance, suppose A is the set of integers. Addition is an example 
of a binary operation on A, that is to say, an operation of rank two; it 
correlates with every pair (a, 3) of integers in A x A a unique integer 
in A that is usually denoted by a+, so that y = a+. The formation 
of negatives is an example of a unary operation on A, that is to say, an 
operation of rank one; it correlates with every integer a in A a unique 
integer y in A that is usually denoted by —a, so that y = —a. The 
integers 0 and 1 are examples of nullary operations on A, that is to 
say, they are distinguished constants. 

There are a number of natural operations on relations. The natural 
Boolean, or absolute, operations on relations are the binary operations 
of intersection, union, difference, and symmetric difference; and the 
unary operation of complement. The natural Peircean, or relative, op- 
erations on relations are the binary operations of relational multiplica- 
tion, or composition, and relational addition; and the unary operation 
of converse, or inverse. These operations are defined as follows. If R 
and S are relations on a set U, then the union of R and S is the 
relation consisting of the pairs that are either in R or in S, 


RUS = {(a, 8) : (a, 8) € Bor (a, 8) € S}. 


The intersection of R and S is the relation consisting of the pairs that 
are in both R and S, 
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ROS = {(a, B) : (a, 8) € R and (a, B) € S}. 


The complement of R (with respect to the universal relation U x U) 
is the relation consisting of the pairs that are not in R, 


~R= {(a,B):(a,8) €U x U and (a, 8) ¢ R}. 


The difference of R and S is the relation consisting of the pairs that 
are in R, but not in S, 


R~S = {(a,8): (a, 8) € Rand (a, 6) ¢ S}. 


The symmetric difference of R and S is the relation consisting of the 
pairs that are in one of R and S,, but not the other, 


RAS = {(a, 8): (a,8)€ R~S or (a, 8) Ee S~ BR}. 


The (relational) composition of R and S is akin to the composition of 
two functions: it consists of the pairs (a, 3) such that R “maps” a to 
some y, and S “maps” ¥ to £, 


R|S = {(a, 6): (a,y7) € R and (7, 8) € S for some 7 € U}. 
The relational sum of R and S is a kind of logical dual of composition in 


the sense that “and” is replaced by “or”, and the existential quantifier 
“for some” is replaced by the universal quantifier “for all”, 


R{S = {(a,B): (a,y) € Ror (7,6) € S for all y € U}. 
The (relational) converse, or inverse, of R is akin to the inverse of a 
one-to-one function: it consists of the pairs in R, but with the order of 
the coordinates reversed, so that if R “maps” @ to 8, then the converse 


of R “maps” 6 to a, 


R~" = {(a, 8) : (8,a) € R}. 


Relational composition may be represented by a diagram such as 


R Ss 
ay B. 
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Notice that this operation is not a strict analogue of functional com- 
position, since the composition of two functions R and S is defined 
as 


R°S = {(a,8):(a,y) € S and (7, 6) € R for some y € U}, 


and is usually represented by a diagram such as 
S R 
a> y— B. 


Rather, relational composition is a kind of dual of functional compo- 
sition in the sense that R| S = SoR. (This kind of duality is different 
from the duality of relational addition mentioned above. We shall have 
more to say about the various kinds of duality in Chapter 4.) 

The effects of the Boolean operations and converse on relations are 
easily visualized and are illustrated in Figure 1.4. For example, the 
graph of the converse of a relation R is just the reflection of the graph 
of R across the diagonal (see Figure 1.4(f)). The relational composi- 


@|@/© 
o| Gl 


Fig. 1.4 The graphs of the union, intersection, difference, and symmetric 
difference of two relations R and S, and the complement and converse of a 
relation R. 


tion and the relational sum of two relations is more complicated to 
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visualize. Assume for simplicity of notation that U is the set of real 
numbers. In order to depict relational composition, one must pass to a 


Z-axis 


@-axis 


Z-axis 
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Fig. 1.5 The graph of the composition of two relations R and S. 


three-dimensional coordinate system and treat the graphs of relations 
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as subsets of one of the planes, say the xy-plane. From an analytic 
perspective, this means representing each relation R as the graph of 
the ternary relation 


R* = {(a,7,0) : (a, 7) € R}. 


In order to visualize the composition of R and S, one first rotates the 
graph of R* by 90° to the xz-plane to arrive at the graph of the ternary 
relation 
{(a,0,7) : (a, 7) € Bh 
(see Figure 1.5(a)), and then forms the cylinder 
R™ = {(a, 6,7): (a,7) € Rand 6 € U} 


in the direction of the y-axis with the rotated graph of R* as its base 
(see Figure 1.5(b)). Similarly, one rotates the graph of 


So =4(70,0)2 2) eS} 


by 90° onto the yz-plane to arrive at the graph of the ternary relation 


4 (0,857) 2 (8) 8 f 


(see Figure 1.5(c)), and then forms the cylinder 


S™ = {(€, 8,7) : (7,8) € S and € € U} 


in the direction of the x-axis with the rotated graph of S* as its base 
(see Figure 1.5(d)). One then intersects the two cylinders to obtain the 
graph of 


RES™ = {(a, 8,7) : (a,7) € Rand (7, 6) € S} 


(see Figure 1.5(e)) and projects the result onto the xy-plane to arrive 
at the graph of the ternary relation that represents the composition 
of R and S (see Figure 1.5(f)), 


(R| S)* = {(a, 6,0) : (a, y) € R and (7,8) € S for some y € U}. 


We shall follow the usual conventions regarding the order in which 
operations are to be performed when parentheses are omitted: unary 
operations take precedence over binary operations, and among binary 
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operations, multiplications take precedence over additions and sub- 
tractions. For example, RM S~! is to be understood as RN (S74), 
and R|S UT is to be understood as (R|S)UT. 

Some of the operations on relations that are discussed above are de- 
finable in terms of the others. For example, intersection and difference 
can be defined in terms of union and complement as follows: 


RNS=<(~RU~S) and RxXS=RNAWS=<(~RUS). 


Similarly, relational addition can be defined in terms of composition 
and complement: 


RiS =A(WR|9). 


The empty relation, the universal relation, and the diversity relation 
can all be defined in terms of the identity relation, using the operations 
of union and complement: 


B= ~(~vidy Vidy), Ux U =~idy Uidy, diy = ~idy. 


Consequently, in a formal development of calculus of relations, it is 
convenient to select union, complement, composition, converse, and the 
identity relation as the primitive notions, and to define the remaining 
notions in terms of them. 


1.3 Relational laws 


A primary concern of the calculus of relations in its original form 
was the study of laws that govern operations on relations. Many of the 
most important laws have the form of equations. Examples include the 
associative laws for (relational) composition and relational addition, 


R\(S|T) = (RIS) |T, RUST) = (RTS)FT, 


the right- and left-hand identity laws for composition and relational 
addition, 


R\idy = R= idy|R, Ridiy =R=diyt R, 
the first and second involution laws, 


Ra (RS) Se a 


1.3 Relational laws 11 
the right- and left-hand distributive laws for composition over union, 
(RUS)|T = (R|T)U(S|T), T|\(RUS) = (T|R)U(T|S), 

and relational addition over intersection, 
(ROS){T=(RIT)O(STT), T(ROS) = (TTR)N(TTS), 

and the distributive laws for converse over union and intersection, 
RUS =h Gs (Ris) =F ons 


Each of these laws can be established by a straightforward set the- 
oretic argument. For example, here is a set-theoretic derivation of the 
second involution law. For any elements @ and § in the universe U, 
each of the following statements is equivalent to its neighbors: 


(a, 8) € (R|S)~*, 

(B,a)ER|S, 

la a) € S for some y EU , 
(a,y) € S7} and (7,8) € R7 for some y € U, 
ee cae 


by the definitions of the operations of converse and composition. 
Some laws have the form of equivalences between equations. For 
example, the De Morgan- Tarski laws state that 


(R|S)NT=@  ifandonlyif (R'IT)NS=2, 
if and only if (TiS *)nR= oS. 


As in the case of equational laws, equivalences can usually be estab- 
lished by straightforward set-theoretic arguments. For example, the 
first of the De Morgan-Tarski laws follows from the equivalence of each 
of the following assertions to its neighbors, where a, 3, and 7¥ are ar- 
bitrary elements in the universe U: 
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(R|S)AT =, 

for all a, 8, either (a, 8) ¢ R|S or (a, 8) ZT, 

for all a, 8,7, either (a, y) ¢ R or (7, 8) ¢ S or (a, 6) €T, 
for all 7, 8,a, either (a, y) ¢ R or (a, 8) ¢ T or (7,8) ZS, 
for all 7,3, a, either (y,a) ¢ R™ or (a, 8) ¢ T or (7,8) €S, 


for all +, 8, either (7,8) ¢ R~*|T or (7,6) € S, 
(APs =sB, 


by the definitions of the operations of intersection, composition, and 
converse, and the definition of the empty relation. 

Many important laws take the form of inequalities. Examples in- 
clude the inequalities 


idy CR{~(R), — -R|~(R™) C div, 
and 
(RTS)|TORTUS|T), R\(STT) C (RIS) FT. 
Notice that every inequality can be expressed as an equation, since 
RCS if and only if RUS=S. 


Consequently, an inequality can always be treated as an equation, and 
in fact we shall often refer to inequalities as equations. 

Inequalities may be established by means of the same kinds of set- 
theoretical arguments that apply to equations. For example, to estab- 
lish the first inequality above, observe that a pair (y, 3) of elements 
from U belongs to the relation ~(R~') just in case the pair (3, y) does 
not belong to R. Consequently, a pair (a, 3) of elements from U be- 
longs to the right side of the inequality just in case for all elements + 
in U, either (a,7) is in R or (8,7) is not in R, by the definition of 
relational addition. If (a, 3) belongs to the left side of the inequality, 
then a = 3; and since (a, y) either is, or is not, in R, no matter what > 
is, it follows that (a, 3) belongs to the right side of the inequality. 


1.4 Relational properties 


A number of important properties that a (binary) relation may possess 
can be expressed very simply and neatly within the calculus of rela- 
tions, without any references to elements, by means of equations (and 
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inequalities) using the operations on relations defined in Section 1.2. 
In this section, we shall give a few examples to illustrate the general 
ideas. 

The property of a relation R on a set U being reflexive, that is to 
say, the property that the pair (a, a) is in R for every element a in U, 
is expressed by the inclusion idy C R. Similarly, the property of a 
relation R being symmetric, that is to say, the property 


(a, B)ER implies (B,a)ER, 


is expressed by the inclusion R~! C R. The property of a relation R 
being transitive, that is to say, the property 


(ay ER and (7,B)ER implies (a, B) € R, 


is expressed by the inclusion R|R C R. These observations may be 
combined to conclude that R is an equivalence relation on the set U, 
that is to say, a reflexive, symmetric, and transitive relation on U, if 
and only if it satisfies the inequality 


idy UR+U(R|R) CR, 
or, equivalently, if and only if it satisfies the equation 
idy U(R| R71) = R. 


Just as the notions associated with equivalence relations are express- 
ible in terms of equations (and inequalities), so too are the notions as- 
sociated with partial orders. For example, the property of a relation R 
on a set U being anti-symmetric, that is to say, 


(a,B)ER and (B,a)ER implies a=), 
is expressed by the inequality 
RNR" C idy. 


It follows that R is a partial order on the set U, that is to say, a 
reflexive, anti-symmetric, and transitive relation on U, if and only if 
it satisfies the equation 


[(idy U(R| R)) ~ RJU[(RN BR) ~ idy] = @. 
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Indeed, the preceding equation is true just in case each of the two 
equations 


(idy U(R|R))~R=@2 and (RNR) idy =o 
is true, and these two equations respectively express the inclusions 
idy U(R|R)CR and RAR" C idy. 


The standard notions associated with functions are also expressible 
by means of equations in the calculus of relations. For example, a 
relation R on a set U is a function, that is to say, 


(a,B)ER and (a,y)ER implies p=; 
just in case R satisfies the inequality 
R-1|RC idy. 
A function R is a one-to-one, that is to say, 
(a,y)ER and (B,y)ER implies a= 8B, 
just in case it satisfies the inequality 
R| Ro! Cidy. 


The domain of the relation R, that is to say, the set of left-hand 
coordinates of the pairs in R, is the entire set U just in case R satisfies 
the equation 


RIQXU HU KV; 


and the range of R, that is to say, the set of right-hand coordinates of 
the pairs in R, is the entire set U just in case R satisfies the equation 


(UxU)|R=UxU. 


As the preceding remarks imply, there is a way of talking about sets 
within the calculus of relations, without referring to elements. Indeed, 
an element a belongs to the domain, respectively the range, of an 
arbitrary relation R on aset U just in case the pair (a, a) belongs to the 
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relation R|(U x U), respectively the relation (U x U) | R. Consequently, 
the relations 


(R\(UxU))Nidy and = ((U x U)| R) Nidy 


can be used to talk about the domain and range of R. 

Properties of finite sequences of relations may also be equationally 
expressible. For example, two relations R and S' on a set U are said 
to be conjugated quasi-projections on U if they are functions with the 
property that, for any two elements a and £ in U, there is always an 
element y in U such that 


(y,e)ER and (7,8)€S. 


If one thinks of the element as encoding the ordered pair (a, 3), then 
the relations R and S may be viewed as the left- and right-projection 
functions that map each ordered pair to its left- and right-coordinate 
respectively. The property of relations R and S being conjugated quasi- 
projections on U is expressible in the calculus of relations by the equa- 
tion 


[~[(R71| R)U (S71 |. $)] Uidy] nN (RS) =U x U. 
Indeed, the preceding equation is true just in case each of the equations 
~[(R71|R)U(S1|S))Uidy =UxU and R'S=UxU 


is true. The first of these two equations expresses that the rela- 
tions R-!| R and $~!|S are both included in idy, or put a different 
way, the complement of the union of these two relations includes the 
diversity relation. In other words, the first equation expresses that R 
and S' are both functions. The second equation expresses that, being 
functions, R and S possess the characteristic property of conjugated 
quasi-projections. 

Conjugated quasi-projections play a crucial role in establishing one 
of the most important metamathematical applications of the calculus 
of relations. Though it is far from obvious, it turns out that all of 
mathematics may be formalized in a variable-free version of the cal- 
culus of relations. This version contains no variables, quantifiers, or 
sentential connectives of any kind; its only formulas are equations be- 
tween relational terms, and its only rule of inference is the high school 
rule of replacing equals by equals. Yet this highly simplified formal 


16 1 The calculus of relations 


system suffices for the development of all of classical mathematics. In 
particular, variables, quantifiers, and sentential connectives may be 
dispensed with in the development of classical mathematics. See the 
article Givant [35], which may also be found at 


doi:10.1007/s10817-006-9062-x, 


for more extensive remarks about this result. 

In view of the observations made above, it is natural to ask which 
properties of relations or of systems of relations are expressible by 
means of equations in the calculus of relations. The rather surprising 
answer is that precisely those properties are expressible that can be 
defined in the first-order language of relations (see Section 2.5) using 
at most three distinct variables (and no individual constant symbols). 
If a pair of conjugated quasi-projections is available, then every first- 
order definable property of relations and systems of relations (with no 
restriction on the number of variables) can be expressed in the calculus 
of relations. Again, see the article cited above for more details. 


1.5 Boolean matrices 


There is a very interesting and illuminating connection between bi- 
nary relations and Boolean matrices. In this section we discuss these 
matrices and the natural operations on them, and in the next section 
we explore the connections between relations and matrices. 

Some preliminary remarks about the two-element Boolean algebra 
are in order. The universe of this algebra is the set consisting of the 
numbers 0 and 1. Following traditional set-theoretic notation, this set 
is denoted by 2, so that 

2 = {0,1}. 


Binary operations of addition + and multiplication -, and a unary 
operation of complement — are defined on this universe in Table 1.1. 
Multiplication is definable in terms of addition and complement by the 
equation 


r-s=—[(-r)+(-s)], (1) 


so it is often omitted from the list of fundamental operations on 2. 
For every set V, we can form the Boolean algebra that is the Vth 
direct power of 2. Its universe is the set 2” consisting of all functions 
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+ Joli {01 = 
ofoli| , of0 I 
T/afi Tloli I 


Table 1.1 Addition, multiplication, and complement tables for the two- 
element Boolean algebra. 


whose domain is V and whose range is included in 2. For instance, if V 
is the set 
3 = {0, 1, 2}, 


then there are eight such functions, two examples of which are the 
functions M and N defined in Table 1.2. 


M(r) N(r) 
1 1 
I 0 
0 0 


dN] rR] oO] 3 
bol Re] Oo] 3 


Table 1.2 Functions M and N in 2°. 


The operations of addition, multiplication, and complement on 2 in- 
duce corresponding operations on 2” that are defined coordinatewise. 
For example, the sum of functions M and N in 2” is the function L 
in 2” defined by 

L(a) = M(a) + N(a) 


for every element a in V, where the addition on the right is performed 
in 2. The product of M and N, and the complement of M, are defined 
in an analogous fashion. The same symbols are used to denote addi- 
tion, multiplication, and complement on 2” as are used to denote the 
corresponding operations on 2. For example, M+ N denotes the sum 
of functions M and N in 2”. In this notation, the preceding definition 
of addition assumes the form 


(M+ N)(a) = M(a) + N(a). 


The context will always make clear whether the symbol being used 
denotes an operation on 2 (as on the right side of the preceding equa- 
tion) or the corresponding operation on 2” (as on the left side of the 
equation). For a concrete example, take MW and N to be the functions 
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in 2° defined in Table 1.2. The sum M+N is the function in 2? defined 
by 


(M + N)(0) = M(0) + N(0) =14+1=1, 
(M +.N)(1) =M(1)+N(1) =14+0=1, 
(M + N)(2) = M(2) + N(2) =0+0=0, 


while the complement —M is the function in 2° defined by 


Fix a set U, and take V to be the Cartesian product 
V=UxU. 
The functions from U x U into 2, that is to say, the elements of the 
set 


QV = 9UxU 


are called U-by-U Boolean matrices, or simply matrices for short. To 
represent such a matrix M in the traditional fashion as a square array, 
consider the case when U is the set 


n = {0,1,2,...,n—1}. 


Number the rows of the array from 0 to n — 1, with row 0 at the top 
and row n—1 at the bottom, and number the columns from 0 to n—1, 
with column 0 on the left and column n— 1 on the right. For each pair 
of indices a and ( between 0 and n — 1, the ath entry of the array, 
that is to say, the entry in the ath row and the {th column of the 
array, is M(a, 3) (see Table 1.3). For example, the matrices on the set 


3=40,1,2} 
may be represented as 3-by-3 arrays, and there are 
PF = Pao 


of them. Two concrete examples of such matrices are 
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012 B n—l1 
0 ; 
1 
2 
a M(a, B) 
n—1|- 


Table 1.3 Form of an n x n matrix. 


101 110 
M={|001 and N={101]. (2) 
110 O11 


There are certain distinguished matrices, namely the zero matriz, 
whose entries are all 0, the unit matrix, whose entries are all 1, the 
identity matrix, whose afth entry is 1 when a = 8, and 0 whena $ £6, 
and the diversity matrix, whose ath entry is 0 when a = £6, and 1 
when a # (. In the case when U is the set 3, these matrices have the 
forms 


000 111 100 011 

O00], 111], 010], 101 

000 111 001 110 
respectively. 


The definitions of the operations of (Boolean) addition and comple- 
ment, defined above on 2” for an arbitrary set V, assume the form 


(M+ N)(a, 6) = M(a, 8) + N(a, 8), 
(—M)(a, 8) = —(M(a, 6) 


for U-by-U matrices. These are just the traditional linear algebraic 
definitions of the operations of forming the sum of two matrices and 
the negative of a matrix (except that the operations on the right sides 
of the definitions are the Boolean operations on 2, not the standard 
operations of forming sums and negatives of real or complex numbers). 

For example, suppose M and N are 3-by-3 matrices in which the 
entries in, say, row 1 are mj, ™41, M12, and N49, 211, M12 respectively, 
then the entries in row 1 of the sum matrix M+ N are 
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mio + N10, mii +711, mi2 + 12, 
and the entries in row 1 of the complement matrix —M are 
—™10; —mi1, —my2. 


For a concrete example in the case of 3-by-3 matrices, take M and N 
to be the matrices defined in (2). The sum M + N and the comple- 
ment —M are the 3-by-3 matrices determined by 


14+1 0+1 140 111 
M+N= {041 04+0 14+1]={[{101 
14+0 141 O01 111 
and 
—-1 -0 -1 010 
—M={-0O -0 -1l = {110 
—1 -1 -0 001 


The operation of (Boolean) multiplication on matrices is defined 
in a similar manner, but this operation does not have a traditional 
analogue in linear algebra. Notice that, for matrices, multiplication is 
definable in terms of addition and complement by the equation in (2), 
just as in the case of the two-element Boolean algebra. 

There are two non-Boolean operations on U-by-U matrices that are 
suggested by the analogy with traditional matrices in linear algebra, 
namely the binary operation of matrix multiplication and unary op- 
eration of matrix transposition. The matrix product of two U-by-U 
matrices M and N is the U-by-U matrix L defined by 


La, B) = diveu M(a,7) -N (7, 8) 


for every pair of elements a and @ in U, where the sums and products 
on the right are formed in the two-element Boolean algebra. We use 
the symbol © to denote the operation of matrix multiplication, so 
that L= MON. 

For instance, suppose M and N are 3-by-3 matrices. If the entries in, 
say, row 1 of M are mio, ™11, ™12, and if the entries in, say, column 2 
of N are nog, 212, N22, then the entry in row 1 and column 2 of the 
matrix product M © N is 


Myo * Nog + M11 -° N42 + M412 ° N22. 
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For a concrete example in the case of 3-by-3 matrices, let M and N 
be the matrices defined in (2); then 


eval 110 inet 
MON=1[001)06]101] =[011], 
110 011 iva 


where the third matrix is obtained from the first two by means of the 
following computation: 


LelQeisgd0: eis 0404s eG fp 02i 41 
PEDO OLSO041s1 t-G40-14i 
ieee tale T ed itp 


The transpose of a U-by-U matrix M is the U-by-U matrix L defined 
by 
L(a, 8) = M(B, a) 


for every pair of elements a and ( in U. We use the traditional 
superscript T to denote the operation of matrix transposition, so 
that L = M7. 

For instance, if M is a 3-by-3 matrix in which the entries in, say, 
row 2 are the values m9, ™21, ™22, then these values become the en- 
tries in column 2 of the transpose matrix M7. For a concrete example 
of matrix transposition, take M to be the 3-by-3 matrix with zeros 
above the diagonal and ones everywhere else; then 


io, fr 
MT=[110] =]011 
101 001 


As has already been pointed out, the matrix operation of Boolean 
multiplication does not have an analogue within the traditional theory 
of matrices, but in the theory of Boolean matrices it plays an impor- 
tant role, in part because it is the dual operation of Boolean addition 
in the sense of equation (1). There is an analogous situation for the 
operation of matrix multiplication on Boolean matrices: correspond- 
ing to this operation, there is a dual operation of matrix addition that 
does not have an analogue within the traditional theory of matrices. 
The definition of this operation is obtained by interchanging the role of 
addition and multiplication in the definition of matrix multiplication. 
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In more detail, the matrix sum of two U-by-U matrices M and N is 
the U-by-U matrix DL defined by 


L(a, 8) = Tye (M(a,7) + Ny, 8)) 


for every pair of elements a and 8 in U, where the products and 
sums on the right are formed in the two-element Boolean algebra. 
We use the symbol © to denote the operation of matrix addition, so 
that L= MAN. 

For instance, suppose M and N are 3-by-3 matrices. If the entries in, 
say, row 1 of M are mio, ™11, ™12, and if the entries in, say, column 2 
of N are no2, N12, N22, then the entry in row 1 and column 2 of the 
matrix sum M @ N is 


(mio + N02) - (M11 + N12) - (M12 + N22). 


For a concrete example in the case of 3-by-3 matrices, let IM and N 
be the matrices defined in (2); then 


101 110 101 
MON={001] 61101) =1100], 
110 O11 O11 


where the third matrix is obtained from the first two by means of the 
following computation: 


(1+1)-(0+1)-(4 +1)-(14+1) 


14 
(0+1)-(+1)-(140) (0+1)-(0+0)-(1+1) (0+0)-(0+1)-+1) 
(1+1)-(14+1)-(04+0) (14+1)-(1+0)-(0+1) (1+0)-(14+1)-(04+1) 


+ 0 
+ 0 


Matrix addition is definable in terms of matrix multiplication and 
complement by the equation 


M@®N=-—((-M)0(-N)), 


so it is often omitted from the list of fundamental matrix operations. 
Notice the very close analogy between this equation and the equation 
in (1). 


1.6 Relations and Boolean matrices 


The similarity between the calculus of relations and the calculus of 
Boolean matrices goes beyond simple analogy; they are really two sides 
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of the same coin. Every relation has a corresponding matrix, and ev- 
ery matrix has a corresponding relation, and this correspondence is 
bijective in nature and preserves all operations. Here are the details. 

A relation on a set U is a subset of the Cartesian product U x U. 
With each such relation R, we may associate a U-by-U matrix Mp 
that is defined by 


Mr(a, B) = 


for all a and 6 in U. For example, if R is the relation 


R= {(0,0), (0, 2), ( 2), (2, 1), (2, 2)} 
on the set U = 3, then 


101 
Mr={|001 
O11 


Similarly, with every U-by-U matrix M, we may associate a rela- 
tion Ry on U that is defined by 


(a, 8) € Ru ifand only if M(a,B) =1. 


For example, if M is the 3-by-3 matrix 


then 
Ru = {(0,0), (0,1), (0,2), (1,1), (1, 2), (2,0), (2, 2)}. 


Start with a relation R, pass to the corresponding matrix Mp, and 
then pass to the relation corresponding to the matrix Mp; the defini- 
tions of the correspondence given above make clear that the result is 
the original relation R. Similarly, start with a matrix M, pass to the 
corresponding relation Ray, and then pass to the matrix corresponding 
to the relation Ry; the result is the original matrix M. This state of 
affairs may be summarized by saying that the function mapping each 
relation R on U to the U-by-U matrix Mp is a bijection from the set 
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of relations on U to the set of U-by-U matrices, and the inverse of 
this bijection is the function that maps each U-by-U matrix M to the 
relation Ry on U. 

The correspondence between relations on a set U and U-by-U ma- 
trices maps the empty relation, the universal relation, the identity 
relation, and the diversity relation to the zero matrix, the unit matrix, 
the identity matrix, and the diversity matrix respectively. Moreover, 
the correspondence preserves operations in the sense that for any re- 
lations R, S, and T on U, 


TH=HUS ifand only if Mr=Mrt+Ms, (1) 
F=RNS ifand only if Mr=Mr-Ms, (2) 
T=~R if and only if Mr =—Mp, (3) 
T=RitS if and only if Mr = Mr® Msg, (4) 
T=R|S if and only if Mr= MRO Ms, (5) 
i? ee if and only if Mr =(Mp)’. (6) 
For example, to establish (1), observe that for any elements a and 3 


in U, 


(a,B)E RUS if and only if (a, 8) € Ror (a, 8) €S, 
if and only if Mr(a, 8) = 1 or Mg(a, B) = 1, 
if and only if Mr(a, 8) + Ms(a, 8) = 1, 
if and only if (Mr+Ms)(a,6)) =1, 

by the definition of the union of two relations, the definition of the 


matrix corresponding to a relation, the definition of addition in 2, and 
the definition of the sum of two matrices. Thus, 


(a,8)€E RUS if and only if (Mr+ Ms)(a, 8) = 1. (7) 
Also, 
(a, 8) ET ifand only if Mr(a,@)=1, (8) 


by the definition of the matrix corresponding to a relation. The defi- 
nition of relational equality implies that 


T=RUS' just in case, for all a and £ in U, 
(a,6)€T ifandonlyif (a,6)Ee RUS. (9) 
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Similarly, the definition of matrix equality implies that 


Mr = Mr+Msg_ just in case, for all a and 6 in U, 
Mr(a,6)=1 if and only if (Mre+Ms)(a,8)=1. (10) 


Use (7) and (8) to replace 


(a,8)E RUS and (a, 6B) ET 
in (9) with 
(Mr + Ms)(a, 8) = 1 and Mr(a, 8) = 1 


respectively, and combine the result with (10), to arrive at (1). 

To give one more example, here is the derivation of (5). Observe 
that for any elements a and £ in U, each of the following assertions is 
equivalent to its neighbor: 


(a, A) ERS, 

(a,y)ER and (7,8)€S forsomeyeU, 
Mr(a,y)=1 and Ms(7,8)=1 for some y€U, 
Mr(a,y): Ms(y,8)=1 for some 7 € U, 

yeu Mr(a,7) - Ms(y, 8) = 1, 

(Mr © Ms)(a,8) =1. 


The first equivalence uses the definition of relational composition, the 
second uses the definition of the matrix corresponding to a relation, 
the third uses the definition of multiplication in 2, the fourth uses the 
definition of addition in 2, and the fifth uses the definition of matrix 
multiplication. Thus, 


(a, 8)ER|S if and only if (Mr © Ms)(a, 8) = 1. (11) 
The definition of relational equality implies that 


T=R|S just in case, for all a and 6 in U, 
(a,8)€T ifandonlyif (a,8)ER|S. (13) 


Similarly, the definition of matrix equality implies that 
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Mr = Mr© Ms _ just in case, for all a and 6 in U, 
Mr(a,B)=1 ifandonly if (Mr©Ms)(a,8)=1. (14) 


Use (11) and (8) to replace 


(a, 8)ER|S and (a, 6) ET 
in (13) with 
(Mr©Ms)(a,8)=1 and Mr(a,8)=1 


respectively, and combine the result with (14), to arrive at (5). 

The reader may have noticed a similarity between the matrix rep- 
resentation of a relation R and the graphical representation of R as 
described in Section 1.1. In fact, if we place the horizontal axis (labeled 
in order of increasing size, as is traditional) at the top of the graph, 
instead of at the bottom in the traditional way, and if we label the 
vertical axis (placed on the left, as is traditional) from the top to the 
bottom of the graph in order of increasing size, instead of from the 
bottom to the top in the traditional way, then the graph representing 
the relation R has a filled-in square at exactly those places where the 
matrix representing R has a 1. For example, if R is the relation 


R= {(0,1), (0,2), (0,3), (1,0), (1,3), (1,4), (2; 0), (2,3), (4,0), (4,4) } 


that is illustrated by the graph in Figure 1.1(b), then in this non- 


0 12 3 4 


rFwnrere © 


Fig. 1.6 Graph of the relation R with the axes presented in a different way. 


traditional way of placing and labeling the axes, the graph of R as- 
sumes the form given in Figure 1.6, while the matrix representation 
of R assumes the form 
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01101 
10000 
Mrp=|10000 
11100 
01001 


Observe that the graph representing R in Figure 1.6 has a filled-in 
square at the same places where matrix Mp has a 1. 

The preceding discussion shows that the calculus of relations and 
the calculus of Boolean matrices really amount to the same thing. The 
latter provides a different perspective on the former, one that is very 
closely tied to the traditional theory of matrices in linear algebra. It 
may seem surprising at first that matrices are just another way of 
looking at relations, and that the standard matrix operations are all 
analogues of standard operations on relations; in particular, matrix 
multiplication is the analogue of relational composition. A moment’s 
reflection, however, reveals that the same situation exists in linear alge- 
bra: matrices are just another way of looking at linear transformations, 
and the standard matrix operations are all analogues of standard op- 
erations on linear transformations; in particular, matrix multiplication 
is the analogue of the operation of composition on linear transforma- 
tions. 


1.7 Historical remarks 


The development of the calculus of relations is due primarily to Augus- 
tus De Morgan [26], Charles Sanders Peirce—see in particular [88]— 
and Friedrich Wilhelm Karl Ernst Schréder [98]. Concerning this de- 
velopment, Alfred Tarski [104] wrote the remarks quoted in the his- 
torical section of the introduction to the present volume. 

The definition of the notion of a binary relation as a set of or- 
dered pairs dates back to Schréder [98]. The Boolean operations on 
relations are particular cases of the more general operations on sets 
that were first studied by George Boole and William Stanley Jevons. 
De Morgan [26] appears to have been the first to investigate certain 
other natural operations on relations (albeit in a verbal form), in- 
cluding the binary operation of composition and the unary operations 
of converse and of converse-complement; and he formulated various 
laws regarding these operations. It was Peirce (see [88]) who, after 


28 1 The calculus of relations 


much experimentation, arrived at the final set of fundamental opera- 
tions on binary relations, and the distinguished binary relations, that 
form the foundation of the theory of relations today. Peirce also for- 
mulated many of the important basic laws that these operations and 
distinguished relations obey, including all of the laws mentioned in 
Section 1.3 except the De Morgan-Tarski laws. The latter go back to 
equivalences that were studied by De Morgan; in their present form 
they are due to Tarski. 

Interest in the expressive power of the calculus of relations dates 
back at least to Schréder [98]. In particular, explicit equations express- 
ing properties such as transitivity, functionality, and one-to-oneness are 
given in [98]. Schréder also recognized that unary relations, or sets, 
could be discussed within the framework of the calculus of relations. 
The problem of characterizing the properties of relations that are ex- 
pressible in the calculus of relations dates back to Schréder as well; he 
seems to have believed that all first-order properties of relations are so 
expressible (see pp.550-551 of [98]). The first example showing that 
not every first-order property of relations is expressible in the calculus 
of relations was found by Korselt and published in Lowenheim [65]. 
Tarski [104] sharpened Korselt’s negative result, and later proved that 
a property of relations or sequences of relations is expressible in the 
calculus of relations if and only if it is definable in the first-order the- 
ory of relations using at most three variables (see [113]). The notion 
of a conjugated quasi-projection is due to Tarski. He used these re- 
lations to prove that first-order set-theory, and hence all of classical 
mathematics, can be formalized in a variable-free (equational) version 
of the calculus of relations (see [113]). For more historical information 
on the early history of the calculus of relations, see Lewis [63] and 
Maddux [76]. 

The interpretation of relations as Boolean matrices, and the inter- 
pretation of operations on relations as operations on matrices, is due 
to Schréder [98] (see, in particular, pp. 43-57 of that work). 

Abstract formulations of the observations in Exercises 1.13—1.18 be- 
low are due to Tarski (see [23]). 


Exercises 


1.1. Let R be the relation on the set 
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U ={0,1,2,3,4,5} 
that is defined by 
R= {(0,0), (0, 1), (0, 2), (0,3), (1,3 
(3, 1), (3, 5), (4, 0), (4, 4), (5, 0), (5, 1), (5, 3)}. 


Draw a picture of R analogous to the one in Figure 1.1(b), and then 
draw a directed graph that represents R, as in Figure 1.3. 


— 
wa 
— 
wa 
— 
i) 
YS 
— 
Na 


1.2. List the ordered pairs in the equivalence relation on the set 
U =40,1,2,3,4, 5} 


whose equivalence classes are {0, 1,2}, {3}, and {4,5}. Draw a picture 
of this relation analogous to the one in Figure 1.1(b), and then draw 
a directed graph that represents this relation, as in Figure 1.3. 


1.3. List the ordered pairs in the relation on the set 
U ={0,1,2,3,4,0} 


that holds between two numbers a and £ just in case a is congruent 
to 6 +3 modulo 6. Draw a picture of this relation analogous to the 
one in Figure 1.1(b), and then draw a directed graph that represents 
this relation, as in Figure 1.3. 


1.4. Consider the set A of all (binary) relations on a given set U. For 
each binary operation O on A defined below, describe the set of ordered 
pairs that belong to the relation O(R,S) in terms of the ordered pairs 
that belong to the given relations R and S in A, and then give a 
geometric description of O(R,S) in terms of R and S. 


(i) The operation O of implication, defined by 
O(R, S) =~RUS. 
(ii) The operation O of equivalence, defined by 
O(R, S) = (RNS)U(WRN~S). 
(iii) The operation O defined by 


O(R,S)= RNS". 
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(iv) The operation O defined by 
O(R,S)=R| st. 


1.5. Consider the set A of all relations on a given set U. For each unary 
operation O on A defined below, describe the set of ordered pairs that 
belong to the relation O(R) in terms of the ordered pairs that belong 
to the given relation R, and then give a geometric description of O(R) 
in terms of R. 


(i) The operation O of converse-complement, defined by 
O(R) =~(R™). 
(ii) The operation O defined by 
O(R) = R|(U x U). 
(iii) The operation O defined by 
O(R) =(U x U)|R. 
(iv) The operation O defined by 
O(R) =(U x U)| R\|(U x U) 
(v) The operation O defined by 
O(R) = RTS. 
(vi) The operation O defined by 
O(R) = S7 R. 
(vii) The operation O defined by 
O(R) = Rt~(R"}). 


1.6. Prove that the relational sum of two finite relations on an infinite 
set is always empty. 


1.7. A relation on the set of real numbers is said to be bounded if its 
graph is entirely included in some circle of finite radius. Prove that the 
relational sum of two bounded relations on the set of real numbers is 
always empty. 
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1.8. Give a geometric interpretation of the relational sum of two rela- 
tions R and S. 


1.9. If the graphs of R and S are circles in the real plane, what is the 
graph of the composition R |S? 


1.10. Prove that the following laws are valid for any relations R and 
Sona set U. 


(i) RNS =~(~RU~S). 

(ji) R~S=ROAW~S=-~(~RUS). 
(iii) Rt S=~(~R|~S). 

(iv) B = ~(~idy Vidy). 

v) Ux U =~idy Vidy. 

(vi) diy = ~idy. 


1.11. Prove that the following laws are valid. 


(i) The associative law for relational composition. 
(ii) The associative law for relational addition. 
(iii) The identity laws for relational composition. 
(iv) The identity laws for relational addition. 
(v) The first involution law. 
(vi) The distributive laws for relational composition over union. 
(vii) The distributive laws for relational addition over intersection. 
(viii) The distributive law for converse over union. 

(ix) The distributive law for converse over intersection. 

) The second of the De Morgan-Tarski laws. 


(x 
1.12. Prove that each of the following inequalities is valid. 
(i) dy © RtW(R-Y). 
(ii) RI ~(R7) C div. 
(iii) (RT S)|TC RT(S|T). 
(iv) R|(STT) C (RIS) TT. 


1.13. Prove that a relation R on a set U is symmetric and transitive 
if and only if it satisfies the equation R| R~' = R. Conclude that R is 
an equivalence relation on U if and only if R satisfies the equation 


idy U(R| R71) = R. 
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1.14. Prove that an equivalence relation R on a non-empty set U has 
exactly two equivalence classes or at least three equivalence classes 
respectively, according to whether the equation 


(~R)\(AR)=R oor (WR) [(~R) =U XU 
is valid. 


1.15. Let R be an equivalence relation on a set U with at least three 
elements. Prove that the equations 


(RN diy) |(RN diy) = 2, 
(RN diy) |(RN diy) = RNidy, 
(RN diy) |(ROdiy)=R 


respectively express that every equivalence class of R has exactly one 
element, exactly two elements, or at least three elements. 


1.16. Prove that if a relation R on a set U is symmetric and transitive, 
then so is the relation ~R|~R. 


1.17. Suppose S is a relation on a set U, and R= $|(U x U). Prove 
that R|R=R. 


1.18. Prove that a relation R on a set U is a function if and only if 
(R| diy) { P=. 


1.19. If R and S are functions on a set U, prove that R|S is also a 
function. 


1.20. In Section 1.5, it was observed that multiplication in the two- 
element Boolean algebra is definable in terms of addition and comple- 
ment. Show that, conversely, addition is definable in terms of multi- 
plication and complement. 


1.21. Given tables for each of the eight functions from the set 3 into 
the set 2. Choose two of these functions, and write tables for the sum, 
product, and complements of your two functions. 


1.22. How many 2-by-2 Boolean matrices are there? List them all using 
matrix notation. 
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1.23. How many 4-by-4 Boolean matrices are there? Give the zero 
matrix, the unit matrix, the identity matrix, diversity matrix, and two 
other 4-by-4 matrices of your choice. 


1.24. If M and N are the 3-by-3 matrices 


Moo Mo1 ™Mo2 noo No1 N02 
M= {mio mi M12 and N= [m0 n11 m2], 
M9 M21 M22 N29 N21 N29 


write out formulas in matrix notation for each of the following matri- 
ces. 


1.25. If M and N are the 3-by-3 matrices 


011 111 
M= 1001 and N=1{011], 
000 001 


write each of the following matrices using matrix notation. 


(i) M+N. 


1.26. If R is the relation on the set 3 = {0,1,2} given by 
R= {(0, 1); (1, 0), (1, 2), (2, 0), (2, 1}, 


what is the corresponding matrix Mp? 


1.27. If R is the relation on the set 4 = {0,1, 2,3} given by 


R= {(0,0), (0,2), (1,0), (1,3), (2,0), (2,3), (3, 1), (3, 2)}, 


what is the corresponding matrix Mp? 
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1.28. If M is the 3-by-3 matrix 


what is the corresponding relation Rj? 
1.29. If M is the 4-by-4 matrix 


1011 
1000 
0101 ]’ 
1110 


what is the corresponding relation Rj? 


1.30. Prove equivalences (2), (3), (4), and (6) in Section 1.6. 


Chapter 2 
Relation algebras 


The theory of relation algebras is an abstract algebraic version of the 
calculus of relations that was outlined in Chapter 1. There are four new 
components to the theory. First, ten simple laws from the calculus of 
relations have been singled out as axioms of the theory; in particular, 
the theory is axiomatic in nature. Second, each of the axioms has the 
form of an equation, and the only rules of inference that are permit- 
ted are the rule of substitution and the rule of replacement of equals 
by equals, both familiar from high school algebra. Derivations of laws 
are therefore no longer set-theoretical arguments in which one shows 
that a pair of elements from the universe belongs to the relation on 
one side of an equation if and only if it belongs to the relation on the 
other side; rather, they are equational derivations from the ten axioms. 
Third, the equational setting implies that one can apply standard alge- 
braic methods—such as the formation of homomorphic images, direct 
products, and subalgebras—to analyze the models of the theory, that 
is to say, to analyze relation algebras, and to construct new relation 
algebras from old ones. This leads to a rich algebraic theory that is 
similar in spirit to the algebraic theories of groups (an abstraction 
of the theory of permutations), rings (an abstraction of the theory 
of polynomials), and Boolean algebras (an abstraction of the calcu- 
lus of classes). Fourth, although the intended models of the theory 
are algebras of relations (to be defined in Chapter 3), there are other 
kinds of algebras in which the axioms of the theory are all valid. This 
generality leads to a variety of beautiful and unexpected models, and 
to interconnections with other important mathematical domains such 
as group theory and projective geometry. It also leads to a host of 
interesting questions that otherwise would not arise. 
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36 2 Relation algebras 


2.1 Fundamental notions and axioms 


The notion of a relation algebra is a special case of a more general 
notion of algebra from the theory of general algebraic structures. An 
algebra is a system consisting of a non-empty set called the universe 
of the algebra, and a family of operations on the universe. These op- 


erations are called the fundamental operations of the algebra. 
Definition 2.1. A relation algebra is an algebra 


SUS (Adah mele) 


in which + and ; are binary operations on the universe A, while — 
and ~ are unary operations on A, and lV’ is a distinguished constant 
of A, such that the following axioms are satisfied for all elements r, s, 


and ¢ in A. 
(Rl)r+s=s4r. 


(R2) r+(s+t)=(rt+s)+t. 
(R3) —(—r +s) +—(-r+-—-s) =r. 
(R4) r;(s;t) =(r;8)5t 
(Ro) 71 =, 

(R6) r-~ =r. 

(Riites) Se" a9 

(R8) (r+s);t=r3;t+s;t. 

(R9) (r+ 8) =rvtsy. 


(R10) r¥ ;-(r;s)+-s =-—s. 


The set A is called the universe of 2. The Boolean operations + 
and — are called (Boolean) addition and complement (or comple- 
mentation) respectively. The Peircean operations ; and ~ are called 
relative multiplication and converse (or conversion) respectively. The 


distinguished Peircean constant 1’ is called the identity element. 


O 


The axioms in the preceding definition are commonly referred to us- 
ing the following names: (R1) is the commutative law for addition, (R2) 
is the associative law for addition, (R3) is Huntington’s law, (R4) is 
the associative law for relative multiplication, (R5) is the (right-hand) 
identity law for relative multiplication, (R6) is the first involution law, 
(R7) is the second involution law, (R8) is the (right-hand) distributive 
law for relative multiplication, (RQ) is the distributive law for converse, 
and (R10) is Tarski’s law. 
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As the notation of the preceding definition implies, we shall use up- 
per case (German) fraktur letters to refer to relation algebras (and, 
much later on, to relational structures). When referring to other al- 
gebraic or geometric structures such as groups, Boolean algebras, or 
projective geometries, we shall usually use the upper case italic let- 
ter that denotes the universe of the structure. This will simplify the 
notation and make it more readable. We shall adopt one more sim- 
plification of notation. In order to distinguish carefully between the 
operations of different relation algebras 2{ and %8, one should employ 
different notations to distinguish the operations of the two algebras, 
for example, by using superscripts such as 


A= (A, +%,—7, 5%, Tee) 


In practice, the context usually makes clear when the operation sym- 
bols in question refer to the operations of 2 and when they refer to 
the operations of 8; so we shall always omit such superscripts when 
no confusion can arise. 

It is common practice in algebra to identify the universe of an alge- 
bra with the algebra itself, therefore to speak of algebra as if one were 
speaking of universe, and vice versa. We shall follow this practice to a 
certain extent. For example, we shall often speak about elements in 2 
and subsets of 21, instead of elements in, and subsets of, the universe 
of 2. We shall also speak about the cardinality of 21, by which is meant 
the cardinality, or size, of the universe of 2. 

The conventions regarding the order in which operations are to be 
performed when parentheses are omitted are the same as those men- 
tioned in Section 1.2 for the calculus of relations: unary operations 
take precedence over binary operations, and among binary operations, 
multiplications take precedence over additions and subtractions. For 
example, in fully parenthesized form, Axioms (R7), (R8), and (R10) 
might be written as 


(rss) =(8)507), = (rts);t=(r5t)+(550), 
and 


((r~) 5 (-(@ 3. 8))) + (-8) = -8. 


Axioms (R1)—(R3) imply that the Boolean part of a relation alge- 
bra 21, namely the algebra (A, +, —), is a Boolean algebra. In partic- 
ular, the notions and laws from the theory of Boolean algebras apply 
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to relation algebras. For example, the binary operations of (Boolean) 
multiplication, difference or subtraction, and symmetric difference are 
respectively defined by 


r-s=-—(-r+-s), r—-s=r--s, rOs=(r—s)+(s—r) 


for all r and s in 2. The dual use of the symbol — to denote the 
unary operation of complement, and the binary operation of Boolean 
difference should cause no confusion. The same dual use of this symbol 
occurs in the arithmetic of the integers. The context always makes clear 
whether the unary or the binary operation is intended. Regarding the 
order of operations when parentheses are omitted, multiplications take 
precedence over differences. For example, r;s—r;t is to be understood 
as (r; s) — (r;t). The Boolean constants zero and one (or the unit) 
are respectively defined by 


0=-(-l4+T) and 1=-V+TI. 


Note that when the terms “addition” and “multiplication”, or their 
analogues “sum” and “product”, are used without any modifier, they 
refer to the Boolean operations and not the Peircean operations, unless 
the context makes another intention clear. 

It is well known and easy to check that the operation © of sym- 
metric difference is associative and commutative in the sense that the 
equations 


ro(set)=(res)ot and rQOs=soer 
always hold. Zero is the identity element for this operation because 
re0=06rer, 


and every element is its own inverse with respect to this operation 
because r © r = 0. Conclusion: the elements of a relation algebra form 
a Boolean group (that is to say, a group in which each element is its 
own inverse) under the operation of symmetric difference. 

A partial order < is defined on the universe of a relation algebra 
by 

r<s ifandonlyif r+s=s. 

This definition makes clear that every inequality r < s may be viewed 


as an equation, namely the equation r + s = s (or, equivalently, the 
equation r-s =r). We writer <sifr<sandr¥s. 
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The sum, or supremum, of a set X of elements in a relation algebra is 
defined to be the least upper bound of X, provided such a least upper 
bound exists. In other words, r is the supremum of X if r is an upper 
bound for X in the sense that s < r for every s in X, and if r is below 
every other upper bound ¢ of X in the sense that r < t. Of course, the 
supremum of an infinite set of elements may not exist. The product, or 
infimum, of the set X is defined to be the greatest lower bound of X, 
provided such a greatest lower bound exists. In other words, r is the 
infimum of X if r is a lower bound for X in the sense that r < s for 
every s in X, and if r is above every other lower bound t of X in the 
sense that t < r. We shall denote the sum and product of X, when 
they exist, by }> X and [|] X respectively. Notice that if X is a finite 
set, say 

Xe Se ngey th, 


then 
YX =rote- + rn-1 and [LX Sto ea 


The sum of a system of elements (r; : 7 € JI) is defined to be the 
supremum of the set {rj : i € I}. We shall write >7,.; ri to denote 
this sum (when it exists), and if the context makes clear what index 
set J is intended, then we shall often omit any reference to it and 
write simply 5), 7;, or even just 5) 7;. Analogous remarks apply to the 
product of a system of elements. 

The supremum of the empty subset is, by convention, 0. Indeed, 0 
is an upper bound of the empty subset (it is vacuously above every 
element in the empty set), and it is obviously the least such upper 
bound. Similarly, the infimum of the empty subset is, by convention, 1. 
Indeed, 1 is a lower bound of the empty subset (it is vacuously below 
every element in the empty set), and it is obviously the greatest such 
lower bound. 

A relation algebra is said to be complete if every subset of the uni- 
verse has a supremum and an infimum. As with Boolean algebras, it 
suffices to require the existence of the supremum of every subset; the 
existence of the infimum of every subset then follows easily. A relation 
algebra is said to be countably complete, or o-complete, if every count- 
able subset of the universe has a supremum and an infimum. Again, 
it suffices to require the existence of the supremum of every countable 
subset; the existence of the infimum of every countable subset then 
follows. 
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An atom in a relation algebra is defined to be a minimal, non-zero 
element. In other words, r is an atom if r ~ 0, and if s < r always 
implies that either s = 0 or s = r. A relation algebra is said to be 
atomic if every non-zero element is above an atom, and atomless if it 
contains no atoms at all. Warning: the relation algebra with just one 
element in its universe, namely zero, is both atomic and atomless. It is 
called the degenerate relation algebra. A non-degenerate relation alge- 
bra may be atomic, or atomless, or neither. However, a finite relation 
algebra is necessarily atomic, and therefore a non-degenerate atomless 
relation algebra is necessarily infinite. 

Two elements r and s in a relation algebra are said to be disjoint if 
their product r-s is 0. More generally, a set of elements is said to be 
disjoint if any two distinct elements in the set are disjoint. Similarly, a 
system (r; : 7 € I) of elements is called disjoint if i 4 7 always implies 
that r; and r; are disjoint. A partition of an element r is a disjoint 
set, or system, of elements that has r as its supremum. With a few 
exceptions (that will be explicitly pointed out), it is always assumed 
that the elements in a partition are all non-zero. 

A Boolean homomorphism from a relation algebra 2 to a relation 
algebra 8 is a mapping y from the universe of 2 to the universe of B 
that preserves the Boolean operations of addition and complement in 
the sense that 


g(r+s)=plr)+y(s) and  y(-r) =—-¢(r) 


for all elements r and s in 2. It is easy to check that a Boolean homo- 
morphism must also preserve the defined operations of multiplication, 
subtraction, and symmetric difference, and it must map zero and one 
to zero and one respectively. If a Boolean homomorphism y is one- 
to-one, or onto, or both, then y is called a Boolean monomorphism, 
epimorphism, or isomorphism respectively. A Boolean isomorphism 
that maps 2 to itself is called a Boolean automorphism of 2. 

Axioms (R4)—(R7) imply that the Peircean part of a relation alge- 
bra 2, namely the algebra (A, ;, ~, 1’), is a monoid with involution. 
In other words, it is a semigroup under the operation ;, with an iden- 
tity element 1’, and with a unary operation ~ that satisfies the two 
involution laws. In this respect, the Peircean part of a relation alge- 
bra is somewhat similar in nature to a group (which is also a monoid 
with an involution). In relation algebras, however, elements do not in 
general have inverses with respect to the operation of relative multi- 
plication. Nevertheless, the arithmetic of relation algebras is a curious 
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and fascinating blend of the laws of Boolean algebra and of group the- 
ory. The distributivity axioms (R8) and (R9) ensure that a relation 
algebra is a Boolean algebra with operators (see below), so the entire 
theory of Boolean algebras with operators can be applied to relation 
algebras. 

A binary Peircean operation + of relative addition and a distin- 
guished Peircean constant 0’ called the diversity element are defined 
by 

PS e==(—P 5s) and = -L 
respectively. 

Tarski’s law, that is to say, Axiom (R10), is the real workhorse of the 
theory, and most of the important laws are directly or indirectly de- 
rived with its help. It is clear from the definition of the partial order < 
that (R10) is just an equational form of the inequality 


r~ ;—(r3s8)<-—s. 


In the presence of (R1)—(R3) and (R6)-(R9), this inequality is equiv- 
alent to the implication 


if (r;s)-t=0, then (r~;t)-s=0 (R11) 


(the details are left as an exercise). In fact, in the presence of the other 
axioms, (R10) is equivalent to the following De Morgan-Tarski laws: 


(rja)et=0 if and only if (eo 22) a= 0, 
if and only if (iia jar =0, 
if and only if (a sr jet =a, 
if and only if aries =U, 
if and only if (ssi jer = 


(see Lemma 4.8 and Corollary 4.9). As one passes from one of these 
equations to another, the variables are permuted in a cyclic fashion. 
For this reason, the De Morgan-Tarski laws are sometimes called the 
cycle laws. We shall use the term cycle law to refer to (R11) alone. 


2.2 Boolean algebras with operators 


A number of the deepest and most important results about relation 
algebras hold for a much broader class of algebras called Boolean al- 
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gebras with operators. In this section, we take a preliminary look at 
these algebras. 

Consider an arbitrary Boolean algebra (A, +, —). A binary opera- 
tion ; on the universe A is said to be distributive (over addition), or 
additive, if it is distributive in each argument in the sense that for any 
elements r, s, and t in A, 


rs(st+tt)=r;s4+r;t and (r+s);t=r;t+s;5t. 
The operation is said to satisfy the general finite distributivity law 
(over addition) if for all finite, non-empty subsets X and Y of A, 


O5X);OCY) =dS{rjs:rexX andseY} 


It is a straightforward matter to extend the preceding definitions to 
operations on A of arbitrary rank n > 0. A word about terminology: 
when speaking of the distributivity of an operation, we shall always 
mean its distributivity over addition, unless explicitly stated otherwise. 


Lemma 2.2. An operation on a Boolean algebra is distributive if and 
only if it satisfies the general finite distributivity law. 


Proof. Obviously, an operation that satisfies the general finite distribu- 
tivity law must be distributive (in each argument). To establish the 
reverse implication, consider the case of a binary distributive oper- 
ation ;. A straightforward argument by induction on natural num- 
bers n > 0 shows that 


p;(8o+---+8n-1) =p; 80 ++: +P} Sn-1, (1) 
(ype tet) 3 e = To ge + tons , (2) 
whenever the elements involved belong to the given Boolean algebra. 


Suppose now that X and Y are finite non-empty sets of elements in 
the Boolean algebra, and write 


p= dX and ee 


Use the preceding definitions of p and q, the equations in (1) and (2), 
and the associative and commutative laws for addition to arrive at 


pa =p; 0 Y) = MApis: 2 €Y}=sHO A) ets] Y} 
=S{V{rj3s:rEeX}:seVY} = {rjs:rexX andseY}. 


The proof for operations of ranks different from two is completely 
analogous. Oo 
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A binary operation ; on a Boolean algebra A is said to be monotone 
if it is monotone in each argument in the sense that s < t¢ implies 


PES ST st and s3r<tj5r 


for all elements r, s, and t in A. A monotone operation ; clearly 
satisfies the following general monotony law: 


r<u and s<v implies r;s<u;v. 


This definition and observation easily extend to operations of other 
ranks. Distributive operations are always monotone. 


Lemma 2.3. A distributive operation on a Boolean algebra is mono- 
tone. 


Proof. Consider the case of a distributive binary operation ; on a 
Boolean algebra. If r, s, and ¢ are elements in the given algebra, and 
ifs <t, then s+t¢=t, by the definition of <, and therefore 


r;(st+t)=r;t and St) FP Ste 
Since 
r;(s+tt)=r;s+r;t and (st+tt);r=s;rt+t;r, 
it may be concluded that 


r3;str3jtar3t and Sorttyrajtyr. 


Consequently, r;s<r;tands;r<t;r, by the definition of <. O 


Distributive laws for operations on Boolean algebras have infinitary 
versions as well. A binary operation ; on a Boolean algebra A is said 
to be quasi-completely distributive, or quasi-complete for short, if for 
all elements r in A and all non-empty subsets X of A, the existence of 
the sum )> X implies that the sums 


Yi{rj;s:sEX} and So{s;r:seX} 
exist, and that 


OLX) = Sree eX} and OFX) r= fsirsse x} 
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The operation ; is said to satisfy the general quasi-complete distribu- 
tivity law if for all non-empty subsets X and Y of A, the existence of 
the suprema )> X and )°Y in A implies that the supremum of the set 


{r;s:reEX andseY} 


exists, and (as in the case of finite subsets) that 


OSX); OC Y) =dtrjs:rexX andseY}. 


If, in the preceding two definitions, the sets X and Y are allowed 
to be empty, then the operation ; is said to be completely distributive, 
or complete for short, and is said to satisfy the general complete dis- 
tributivity law respectively. Warning: some authors use the term “com- 
pletely distributive” to refer to what we have called “quasi-completely 
distributive” . 

The preceding definitions are easily extended to operations on A of 
arbitrary rank n > 0. Nullary operations are completely distributive 
by convention. As in the case of finite distributivity, unless explic- 
itly stated otherwise, it will always be understood that the phrases 
“quasi-complete distributivity” and “complete distributivity” refer to 
distributivity over addition. 


Lemma 2.4. An operation on a Boolean algebra is quasi-completely 
distributive if and only if it satisfies the general quasi-complete dis- 
tributivity law, and analogously for complete distributivity. 


Proof. If an operation on a Boolean algebra satisfies the general quasi- 
complete distributivity law, then it is certainly quasi-completely dis- 
tributive (in each argument). To establish the reverse implication, con- 
sider the case of a binary operation ; that is quasi-completely distribu- 
tive. Let X and Y be non-empty subsets of the given Boolean algebra 
such that the sums 


p=OX and g=DY (1) 


exist. The assumption of quasi-complete distributivity and the second 
equation in (1) imply that 


Pig— Pi OLY) =dApi es eY}. (2) 


In other words, the sum on the right exists and is equal to p; q. Sim- 
ilarly, the assumption of quasi-complete distributivity and the first 
equation in (1) imply that for each element s in Y, 
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Pi8=QIX);8=Ditrss:re X}. (3) 


In other words, for each element s in Y, the sum on the right side 
exists and is equal to p; s. Combine these observations to arrive at 


p3q=d{p3s:sE VY} = {Sf{rjs:rexX}:seVv} 
=Dir;s:reX andseY}, 


by (2), (3), and the infinite associative law for addition. 

A completely analogous argument applies to operations of ranks dif- 
ferent from two. The proof that an operation is completely distributive 
if and only if it satisfies the general complete distributivity law can be 
obtained from the preceding proof by omitting everywhere the words 
“non-empty” and “quasi”. O 


It is not difficult to see that complete operations are just quasi- 
complete operations that are normal in the sense that their value on 
a sequence of elements is 0 whenever one of the arguments is 0. In the 
case of a binary operation ;, this means that 


rs0=0 and 0;r=0 
for every element r in the algebra. 


Lemma 2.5. An operation on a Boolean algebra is complete if and 
only if it is quasi-complete and normal. 


Proof. Focus on the case of a binary operation ;. The definitions of 
complete distributivity and quasi-complete distributivity for this op- 
eration differ only in one point: the set X involved in the defining 
equations 


PMS A= Sirieiee Xx}, OCA)ir as fepriee A} (1) 


is allowed to be empty in the former definition, but not in the latter. 
Consequently, in order to prove the lemma it suffices to show that the 
operation ; is normal if and only if the equations in (1) hold when the 
set X is empty. 

Assume that X is empty, and observe that the sets 


{r;s:sEx} and {s;r:sExX} 


are then also empty, so that 
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VX =dMirjs:seX}=Vissr:seX}=0. (2) 


If ; is normal, then 


r Ol X)=r 570 =0= 3 {rists ex} and 
(YAH 0srH=0= > ley ieee, 


by (2) and the assumption that ; is normal, so the equations in (1) 
hold. On the other hand, if the equations in (1) hold, then 


r;0=r;QO°(X)=d{rjs:sexX}=0 and 
Ora Xier =] ferrets eX} =O, 


by (1) and (2), so the operation ; is normal. O 


An element in a Boolean algebra is called a quasi-atom if it is either 
an atom or zero. The set of quasi-atoms in a Boolean algebra is just the 
set of atoms together with the zero element. A binary operation ; on 
an atomic Boolean algebra A is said to be quasi-completely distributive 
for quasi-atoms, or quasi-complete for quasi-atoms for short, if for any 
non-empty sets X and Y of quasi-atoms in A, the existence of the 
suprema ))X and }°Y in A implies that 


OSX); OC Y) =dNrjs:reX andseY}. 


In other words, existence of the sums }> X and )°Y implies that the 
sum on the right side of the preceding equation exists and is equal to 
the element on the left side. 


Lemma 2.6. An operation on an atomic Boolean algebra is quasi- 
completely distributive if and only if it is quasi-completely distributive 
for quasi-atoms. 


Proof. A quasi-completely distributive operation is obviously quasi- 
completely distributive for quasi-atoms. To prove the reverse implica- 
tion, consider the case of a binary operation ; on an atomic Boolean 
algebra A, and assume that ; is quasi-completely distributive for quasi- 
atoms. Let X and Y be non-empty subsets of A such that the suprema 


=> and qg=SlY 


exist in A. It is to be shown that p;q is the supremum of the set 
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Z={r;s:rEeX andseyY}. (1) 


For each element t in A, write A; for the set of quasi-atoms in A that 
are below t. The set A; is never empty, because it contains 0. Every 
element in an atomic Boolean algebra is the supremum of the set of 
quasi-atoms that it dominates, so t is the supremum of A;. Observe 
that 


Ap = Unex A, and Ag = Usey Ag. (2) 


For instance, if u is in A, for some r in X, then u < r < p, and 
therefore u is in Ay. On the other hand, if u is in Ap, then 


oe ee 


so u <r for some r in X, because u is a quasi-atom and the set X is 
not empty. Therefore, u is in A, for some r in X, by the definition of 
the set A,. 

Write 


Urs = {u;v:ue A, and v € As} (3) 
for each r in X and s in Y, and write 

W ={u;v:ueé Ay and v € Ag}. (4) 
It follows from (2)—(4) that 

W =U{U-.:r eX andseY}. (5) 
Use (4), the assumed quasi-complete distributivity of ; for quasi- 


atoms, and the fact that each element in A is the sum of the quasi- 
atoms that it dominates, to obtain 


Psd = (2 Ap) QU Ag) 
=Yi{u;v:uwe A, andve Ag}=> W. (6) 


A similar argument, using (3) instead of (4), implies that 


r33= (7 A,r); (0 As) 
= \{u;v:we A, andve€ As} =>°U;5 (7) 


for each r in X and sin Y. 
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Since }> W exists, by (6), and }>U;s exists for each r in X and s 
in Y, by (7), it follows from (5) and the infinite associative law for 
addition that 


YW =S{>0 Urs: rE X and se Y}. (8) 


In other words, the sum on the right exists and is equal to the sum 
on the left. Combine (6), (7), and (8) with (1) to arrive at the desired 
conclusion: 


pP3d=>Y W=d{>0U 5: rE X ands EY} 
=\{rjs:reXandseY}= YZ. 


The argument for operations of any finite non-zero rank is entirely 
analogous. O 


A binary operation ; on an atomic Boolean algebra A is said to be 
completely distributive for atoms, or complete for atoms for short, if 
for any sets X and Y of atoms in A, the existence of the suprema )> X 
and )\Y in A implies that 


OX); OCY) =>4rjs:rexX andse VY}. 


In other words, existence of the sums }> X and )>Y implies that the 
sum on the right side of the preceding equation exists and is equal to 
the element on the left side. Notice that the sets X and Y are allowed 
to be empty. 


Lemma 2.7. An operation on an atomic Boolean algebra is completely 
distributive if and only if it 1s completely distributive for atoms. 


Proof. One approach to proving the lemma is to imitate the proof of 
Lemma 2.6, deleting the term “quasi-” everywhere, and allowing the 
sets X and Y to be empty. Another approach is to derive the lemma 
directly from Lemma, 2.6. We take the latter approach. 

A completely distributive operation is obviously completely dis- 
tributive for atoms. To prove the reverse implication, consider the case 
of a binary operation ; on an atomic Boolean algebra A, and assume 
that ; is completely distributive for atoms. Notice that ; must be a 
normal operation. For example, for any element p in A, take X to be 
the set of atoms below p, and Y to be the empty set. Clearly, 


p= > x and =0=)CY, (1) 
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by the assumption that A is atomic. Consequently, 


e0=]O04)°O Y) = dilrisire x ands €¢ Y} =} o=0, 


by (1), the assumed complete distributivity of the operation ; for 
atoms, and the assumption that the set Y is empty. An analogous 
argument shows that 0;7r = 0. 

To prove that ; is quasi-completely distributive for quasi-atoms, 
consider non-empty sets X and Y of quasi-atoms in A such that the 
suprema 


p=SX and g=SY (2) 


exist in A. It is to be shown that p;q is the supremum of the set 
Z={r;s:rexX andsey}. (3) 

Take Xo and Yo be the sets of atoms in X and Y respectively, and put 
Zo = {r3s:reéXo ands € Yo}. (4) 


The sets Xo and Yo differ from X and Y only in that they cannot 
contain 0 and may therefore be empty. Clearly, 


p=>X and gq=d%, (5) 


by (2). The assumption that the operation ; is completely distributive 
for atoms implies that 
P3q=) 4, (6) 
by (4) and (5). 
If 0 does not belong to either of the sets X and Y, then 


x=%, VHS, end F7=7%;, 


by (3) and (4). If 0 does belong to at least one of the sets X and Y, 
then 0 belongs to the set Z, by (3), because the operation ; is normal; 
and therefore Z = Zp U {0}. In either case, 5) Z = )> Zp, so 


pi¢=>) 40= > 2; 


by (6). Consequently, ; is quasi-completely distributive for quasi- 
atoms, as claimed. 

Apply Lemma 2.6 to conclude that ; is quasi-completely distribu- 
tive. Since ; is also normal, it follows by Lemma 2.5 that ; is com- 
pletely distributive. The argument for operations of any finite non-zero 
rank is entirely analogous. O 
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An operation on a Boolean algebra that is distributive (in each 
argument) is traditionally called an operator. Distinguished constants 
are vacuously seen to be operators. A Boolean algebra that has been 
expanded by adjoining to it a system of operators as fundamental 
operations is called a Boolean algebra with operators. If each of the 
operators of rank at least one is normal, then one speaks of a Boolean 
algebra with normal operators. Similarly, if each of the operators of 
rank at least one is quasi-complete, or complete, then one speaks of a 
Boolean algebra with quasi-complete operators, or complete operators, 
respectively. 

In order to keep the notation as simple as possible when considering 
Boolean algebras with operators, we shall restrict our attention to 
algebras of the form 


= eA SEs ea sl) 


where + and ; are binary operations, while — and ~ are unary 
operations, and 1’ is a distinguished constant. Such algebras are said 
to be similar to, or of the same similarity type as, relation algebras. 
When speaking of a Boolean algebra with operators, we shall always 
assume that the algebra in question has the preceding form, so for us, a 
Boolean algebra with operators is an algebra 2 of the same similarity 
type as a relation algebra, in which Axioms (R1)—(R3), (R8), the dual 
of (R8), and (RY) hold in 2. It is very important to note, however, 
that all definitions and results given in this work for such Boolean 
algebras with operators can, with minor and obvious modifications 
in the statements and proofs, be extended to Boolean algebras with 
operators of an arbitrary similarity type. 

In referring to the operations and distinguished constants of a re- 
lation algebra (or a Boolean algebra with operators), we shall usually 
use the same symbol to refer to the corresponding operations or distin- 
guished constants of different algebras. For instance, we shall usually 
use the symbol + to refer to the operation of addition in relation 
algebras 2 and 88, even when speaking about both algebras at the 
same time. Similarly, we shall usually use the symbol 1’ to refer to 
the identity element in 2 and in %8, even when speaking about both 
algebras at the same time. This convention is very common in mathe- 
matical practice; it simplifies the notation, renders the notation easier 
to read, and usually does not lead to confusion because the context 
makes clear whether the symbol being used is referring to an opera- 
tion (or distinguished constant) in 2 or in 8. (For a concrete example 
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from ordinary mathematics, the symbol + is used to denote addition 
of natural numbers, of rational numbers, of real numbers, of complex 
numbers, of elements in an arbitrary abelian group, and of elements 
in an arbitrary Boolean algebra.) In ambiguous cases, it is possible 
to clarify the intended use of the symbol explicitly, either in words or 
with the help of some sort of symbolism. For example, we could use 
notation such as +* and +® to distinguish the operations of addition 
in 2 and in B. 


2.3 Verifying axioms 


The process of verifying that a given algebra satisfies the axioms of 
relation algebra is often a rather tedious task. If the given algebra 
is constructed from a Boolean algebra—for example, from a Boolean 
algebra of subsets of a given set—and if that Boolean algebra is atomic, 
then the process can usually be streamlined. It may only be necessary 
to check the validity of a few of the relation algebraic axioms, and then 
only with respect to the atoms of the algebra. The next theorem gives 
an example of this phenomenon. 


Theorem 2.8. Suppose (A, +, —) is an atomic Boolean algebra. If ; 
and ~ are, respectively, binary and unary operations on A that are 
completely distributive for atoms, and if 1 is an element in A, then 


t=(A,44=,3) 42) 


is a relation algebra if and only if (R4)-(R7) and (R11) hold for all 
atoms r, s, andt in 2. 


Proof. The implication from left to right is trivially true. To estab- 
lish the reverse implication, it must be shown that that if (R4)-(R7) 
and (R11) are true for all atoms in 2%, then they are true for all el- 
ements in 21. Notice that (R1)—(R3) hold by assumption, and (R8) 
and (R9) hold by Lemma 2.7 and the assumption that ; and ~ are 
completely distributive for atoms. 

As an example, here is the verification of (R11). Assume (R11) holds 
for atoms, and consider arbitrary elements r, s, and ¢ in 2. It is to be 
shown that (R11) holds for r, s, and t. Let U, V, and W be the sets of 
atoms in 2 that are below these elements respectively. Every element 
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in an atomic Boolean algebra is the supremum of the set of atoms that 
it dominates, so 


r=SU,  s=SV, t=DW, (1) 
and therefore 

(r;8)-t=((2U) (OV) (lM) (2) 
and 

(r 5t)-8= [LU (HW) (LV). (3) 


The operations ; and ~ are assumed to be completely distributive 
for atoms, so they are completely distributive, by Lemma 2.7; and the 
Boolean operation of multiplication is also completely distributive. The 
sets 


X={(u;v)-w:vweU,veV,wew} (4) 
and 
Y={(u";w)-v:weU,veVwew} (5) 
therefore have suprema in 2l, and in fact 
2a) ee) (6) 
and 
2 SE) WI) (7) 
by (1). 
The hypothesis of (R11) is that (r; s)-¢ = 0. From this equation, 
together with (2) and (6), it follows that }> X = 0. Consequently, 
(u;v)-w=0 


for all elements u, v, and w in U, V, and W respectively, by (4) and 
Boolean algebra. Apply (R11) for atoms to obtain 


a0) 39 =O 
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for all u, v and w in U, V, and W respectively. Therefore, }> Y = 0, 
by (5). Combine this equation with (7) to arrive at 


(Uy UW) oY) =0. 


In view of (3), it may be concluded that (r~ ; t) - s = 0, as desired. 
The verification of (R4)—(R7) can be handled in an entirely analo- 
gous fashion. The details are left as an exercise. O 


There are several key points that allow the preceding proof to go 
through. First, the only operations that occur in (R4)—(R7) and (R11) 
are operations that are completely distributive. In particular, the op- 
eration of complement does not occur in these axioms. Second, each of 
these axioms has the form of an equation or of an implication between 
equations. Third, in each equation a given variable occurs at most once 
on each side of the equation. Finally, it is necessary to assume com- 
plete distributivity for atoms instead of quasi-complete distributivity 
for atoms because it is necessary to take into account the cases when 
one or more of the elements r, s, and ¢ are zero. 

Theorem 2.8 is quite useful, but it has a drawback: the verification 
of (R4), (R5), and (R7) for atoms may involve computations of relative 
products and converses of elements that are not atoms. For example, 
in order to verify (R4) for atoms r, s, and t, one must first compute the 
relative products r;s and s;t. Neither of these relative products need 
be an atom, so in computing (r;s);t and r;(s;t), one is computing 
relative products of atoms with elements that may not be atoms. It 
is sometimes more advantageous to use a form of Theorem 2.8 that 
involves computations of relative products and converses for atoms 
only. 


Theorem 2.9. Suppose (A, +, —) is an atomic Boolean algebra. If ; 
and ~ are, respectively, binary and unary operations on A that are 
completely distributive for atoms, and if is an element in A, then 


AS (A545 55 


is a relation algebra if and only if the converse of every atom is an 
atom, and the following conditions hold for all atoms p, r, 5s, and t 
in A. 


(i) Ifp<r;q for some atom q < s;t thenp<q;t for some atom 
q<r;s. 
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(ii) r;s =0 orr;s=r whenever s is an atom below 1’, andr;s=r 
for at least one such atom s. 

(ii) fis rss, thent” < sr. 

Gv) Ft< ys, then es <r st. 


Proof. We begin with two preliminary observations. First, under the 
hypothesis that 2( is an atomic relation algebra, the operation of 
converse in 21 must map the set of atoms bijectively to itself (see 
Lemma 4.1(vii)) and Axiom (R6) must hold for all atoms, that is 
to say, 

r =r (1) 


for every atom r in 2. Second, under the hypothesis that 2 is an 
algebra satisfying the conditions of the theorem, the operation ~ must 
map the set of atoms bijectively to itself, and (1) must hold for all 
atoms. To prove this second observation, fix an atom r in 2, and 
notice that r~ and r~~ are also atoms, by the assumption that ~ 
maps atoms to atoms. There is an atom s below I’ such that r=1T;, 
by the second part of (ii). Apply condition (iv) twice, first with r in 
place of t to obtain s < r~ ;r, and then with r~, r, and s in place 
of r, s, and t respectively to obtain r < r~~ ;s. The product r~~ ;s is 
either 0 or r~~, by the first part of condition (ii), and it cannot be 0, 
because the product is above the atom r. Consequently, r~~ ;s = r~~ 
and therefore r < r~~. The validity of (1) for r follows at once from 
this last inequality and the fact that r and r~~ are atoms. 

The validity of (1) for atoms easily implies that the operation 
maps the set of atoms bijectively to itself. Indeed, if r and s are atoms 
such that r~ = s~, then r~~ = s~~, and therefore r = s, by (1). 
Also, every atom r is the image under ~ of an atom, namely the atom 


VY 


r 


VY 


On the basis of the observations of the preceding paragraphs— 
namely that under either hypothesis, the operation ~“ maps the set 
of atoms bijectively to itself, and (1) holds for atoms—we shall show 
that conditions (ii), (iii), and (iv) are respectively equivalent to the 
validity of (R5), (R7), and (R11) for atoms, and on the basis of (iii) 
and (1), condition (i) is equivalent to the validity of (R4) for atoms. 
The theorem then follows from Theorem 2.8. In the arguments below, 
the variables p, g, r, s, and t range over the set of atoms in 2. 

If condition (iv) holds for all atoms r, s, and t, then by replacing r 
with r~ and interchanging s and ¢ in (iv), and applying (1), we arrive 
at the implication 
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s<r-3t implies t<r;s, 


which is just the contrapositive of (R11) for atoms. On the other hand, 
if (R11) holds for all atoms, then by replacing r with r~ and inter- 
changing s and ¢ in (R11), and applying (1), we arrive at the contra- 
positive of condition (iv), namely 


(eo sts) implies (fasta, 


Thus, condition (iv) is equivalent to the validity of (R11) for atoms. 

Turn next to the proof that condition (iii) is equivalent to the va- 
lidity of (R7) for atoms. Assume first that condition (iii) holds for all 
atoms r, s, and t. Take atoms s~, r~, and t~ for r, s, and t respectively 
in condition (iii), and then invoke (1), to obtain 


t <s~jyr7 implies t<r;s. 


This implication, together with condition (iii) and the fact that ~ is 
a bijection of the set of atoms, shows that ~ maps the set of atoms 
below r;s bijectively to the set of atoms below s~ ;r~. Consequently, 


1 266 ee HAG 2h t. (2) 


Since 2 is atomic, every element is the sum of the atoms it dominates. 
In particular, 


Pe > {[t: trips} and a ee = yg ge er} (3) 


VY 


The operation ~ is assumed to be completely distributive for atoms, 
so the supremum of the set {t~ :t <r; s} exists, and in fact 


LAe teriss= Ob tar sy) = is); (4) 


by the first equation in (3). Combine (4) with (2) and the second 
equation in (3) to arrive at 
(r; 8)" =s > 5r. (5) 


Thus, (R7) holds for atoms. 

To prove the reverse implication, assume (R7) holds for all atoms. 
In particular, (5) holds for two given atoms r and s. The hypothesis 
that the operation ~ is completely distributive for atoms implies that 
it is completely distributive, by Lemma 2.7, and therefore monotone, 
by Lemma 2.3. Consider now an arbitrary atom t in &.Ift<r;s, 
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VY 


then t~ < (r;s)~, by the monotony of ~ , and therefore t™ < s~ ;r%, 
by (5). Thus, condition (iii) holds. 

The remaining two arguments are similar in spirit to the preceding 
ones, so we shall be briefer in our presentation. Consider first the 
equivalence of condition (i) with (R4) for atoms. On the basis of (1) and 
condition (iii), condition (i) implies its own converse. Indeed, suppose 
condition (i) holds for all atoms p, r, s, and t. To establish the converse, 
assume that 


oz ort for some qsr;s. (7) 


As was shown in the preceding paragraphs, on the basis of (1), con- 
dition (iii) implies (R7) for atoms. Therefore, by applying the oper- 
ation ~ to both inequalities in (7), and using the monotony of ~ , 
together with (R7) for atoms, we obtain 


ie ae a for some Ge Ps (8) 


If the atoms p, q, r, 8, and t in condition (i) are respectively replaced by 
the atoms p~, g~, t”, s~, and r~, then the hypothesis of condition (i) 
assumes the form of (8), and the conclusion of the condition assumes 
the form 


p <q 3jr~ for some qu. <t 3s~. (9) 


Apply ~ to the inequalities in (9), and use the monotony of ~ , (R7) 
for atoms, and (1) to conclude that 


pa Tsg for some Ga35t. (10) 


Thus, the hypothesis (7) implies the conclusion (10), which is just what 
the converse of condition (i) says. 
The equality 
r3(s;t)=(r;8);¢ (11) 


holds for atoms r, s, and t just in case every atom p below the left side is 
also below the right side, and vice versa. The complete distributivity of 
the operation ; for atoms implies that p will be below the left side just 
in case there is an atom q below s;¢ such that p < r;q. Similarly, p 
will be below the right side just in case there is an atom q <1r;5s 
such that p < q;t. Consequently, equation (11) holds atoms just in 
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case condition (i) and its converse hold. Since condition (i) implies its 
converse, by the observations of the preceding paragraph, it follows 
that condition (i) is equivalent to the validity of (R4) for atoms. 

It remains to treat condition (ii). The element I’ is the sum of the 
atoms in 2 that it dominates, so 


rer ae ifandonly if rjs<r (12) 


for every atom s < 1’, by the complete distributivity of the operation ; 
for atoms. Since r is an atom, the inequality on the right side of (12) 
is equivalent to saying that r;s = 0 orr;s =r for every atom s < I’. 
Consequently, the equality r; 1’ = r is equivalent to the validity of the 
inequality on the right side of (12) for all atoms s < I’, together with 
the requirement that r;s =r for some atom s < 1’. O 


The preceding proof establishes more than is claimed in the state- 
ment of the theorem. It shows that if (R6) is valid in an atomic Boolean 
algebra with completely distributive operators 21, then (R5) is valid 
in 2 if and only if condition (ii) of the theorem holds for all atoms, (R7) 
is valid in 2 if and only if condition (iii) holds for all atoms, and (R11) 
is valid in 2 if and only if condition (iv) holds for all atoms. It also 
shows that if (R6) and (R7) are valid in 2, then (R4) is valid in 2 
if and only if condition (i) holds for all atoms. Since (R10) is equiv- 
alent to (R11) in any Boolean algebra with operators in which (R6) 
and (R7) are valid (see the relevant remarks at the end of Section 2.1), 
it follows that if (R6) and (R7) are valid in 2, then (R10) is valid in 2 
if and only if condition (iv) holds for all atoms. These consequences 
are particularly helpful when verifying that some, but not necessarily 
all, of (R4)—(R7) and (R10) hold in a Boolean algebra with completely 
distributive operators. 


2.4 Language of relation algebras 


For the most part, the development of the theory of relation algebras 
can proceed in an informal fashion, without any reference to logic—just 
as is the case with most algebraic theories such as group theory and 
ring theory. At times, however, notions and methods of first-order logic 
do play an important role. The purpose of this section is to provide a 
brief introduction to the relevant logical notions and notation that we 
shall need. 
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The first-order language of relation algebras—also called the ele- 
mentary language of relation algebras—is a language £ with two types 
of symbols, logical and non-logical. The logical symbols of £ include a 
countably infinite sequence of variables 


U0 U1) U2, +265 Un s+ 5 


and we occasionally write x, y, and z for the first three of these vari- 
ables. There is also a binary relation symbol = denoting the relation 
of equality between individuals. In addition, there are two sentential 
connectives, namely a symbol — for negation and a symbol —> for im- 
plication, there is a symbol V for universal quantification, and there 
are parentheses ( and ). 

The non-logical symbols of £ consist of an individual constant sym- 
bol 1’, two binary operation symbols + and ;, and two unary op- 
eration symbols — and ~. Formally speaking, we should use some 
notational device to distinguish between the operation symbols of £ 
and the operations of a relation algebra 2, for example by writing 
the former in boldface and the latter in lightface, or by writing both 
in lightface but adding a superscript 2% to the latter, as in +7. In 
practice, there is usually little danger of confusion, so the cumbersome 
additional notation may for the most part be omitted. We employ it 
only when it seems necessary. 

An expression is any string of symbols in £. Terms and formulas are 
special kinds of expressions. Terms are built up from variables and the 
individual constant symbol by an inductive process using the operation 
symbols: variables and the individual constant symbol l’ are atomic 
terms (this is the base case, or base clause, of the definition); if o and r 
are terms, then so are 


(o +7), (—o), (oes); and (a) 


(this is the induction case, or the induction clause, of the definition); 
and an expression is a term if and only if it can be shown to be a term 
by a finite number of applications of the base clause and the induction 
clause. In order to simplify notation, we follow the standard conven- 
tions regarding the way in which terms are to be read when parentheses 
are omitted: unary operation symbols take precedence over binary op- 
eration symbols, and among binary operation symbols, multiplication 
symbols take precedence over addition symbols (and outer parentheses 
are always omitted). For example, 
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Vg +—U15 Uo abbreviates ((vg ) + ((—v1) ; (vy ))) 


The notation o(v9,...,Un—1) indicates that o is a term and the vari- 
ables occurring in o form a subset of {vo,..., Un—1}.- 

The inductive definition of a term carries with it a method for prov- 
ing that all terms possess a given property: one shows first that all 
variables and the individual constant symbol 1’ possess the property 
(this is called the base case of the proof), and then one shows that 
if terms o and 7 possess the property, then so do the terms obtained 
from o and 7 by the induction clause of the definition (this is called 
the induction step of the proof). This method of proof is called proof 
by induction on terms. The definition of a term also carries with it 
an analogous method for defining notions that apply to terms; such a 
definition is called a definition by induction on terms. 

Formulas are also defined by an inductive process, using sentential 
connectives and quantifiers. Atomic formulas are equations 0 = 7, 
where o and 7 are terms (this is the base case, or base clause, of the 
definition); if [ and A are formulas, then so are 


(> A), (=D), and (Vul’) 


for every variable v (this is the induction case, or the induction clause, 
of the definition); and an expression is a formula if and only if it 
can be shown to be a formula by a finite number of applications of 
the base clause and the induction clause. The symbols V, A, ©, 
and 4 for disjunction, conjunction, equivalence (or bi-implication), and 
existential quantification respectively, are introduced as abbreviations 
in the usual manner: 


Tv A) abbreviates 
TAA) abbreviates 
[To A) abbreviates 


Ju;I) abbreviates 


( 
( 
( 
( 


We follow the standard conventions regarding the omission of paren- 
theses when writing formulas: — has priority over V and A, which in 
turn have priority over + and + (and outer parentheses are always 
omitted). For example, the formula 


Io A+++ AIn-1 7 In 
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is to be understood as follows: the conjunction of formulas Io,..., Ln—1 
implies the formula I,. 

Just as with the definition of a term, the inductive definition of a 
formula carries with it a method for proving that all formulas possess 
a given property: one shows first that all atomic formulas possess the 
property (this is the base case of the proof), and then one shows that 
if formulas I’ and A possess the property, then so do the formulas 
obtained from I’ and A by the induction clause of the definition (this 
is the induction step of the proof). This method of proof is called proof 
by induction on formulas. The definition of a formula also carries with 
it an analogous method for defining notions that apply to formulas; 
such a definition is called a definition by induction on formulas. 

Here is an example: the definition of the notion of a variable occur- 
ring free in a formula proceeds by induction on formulas. Base clause: 
a variable v; occurs free in an atomic formula I’ if v; is one of the 
symbols in I’. Induction clause: the variable v; occurs free in 7I° if it 
occurs free in I’, it occurs free in [' + A if it occurs free in I’ or in A, 
and it occurs free in du;I’ if it occurs free in I’ and is not equal to v;. 
Warning: a variable v; may occur free in a formula I’, and still be bound 
in some subformula of I’ in the sense that v; occurs in the subformula 


but is not free in that subformula. The notation I'(vo,...,Un—1) indi- 
cates that I is a formula and the variables occurring free in I’ form a 
subset of {vo,...,Un—1}. 


Various special kinds of formulas are of particular importance in the 
study of relation algebras. Here are some examples. A sentence is a 
formula in which no variables occur free. A quantifier-free formula, or 
an open formula, is a formula in which no quantifiers occur at all. A 
universal formula is a formula of the form Vu, ...Vv;,,_, A, where A is 
a quantifier-free formula, and an existential formula is defined analo- 
gously, with V replaced by 4; if the formula is in fact a sentence, then 
we speak of a universal sentence or an existential sentence respectively. 
A positive formula is a formula built up from equations using only con- 
junction, disjunction, and existential and universal quantification, and 
a positive sentence is a positive formula that is also a sentence. A 
conditional equation is a quantifier-free formula of the form 


(Eo \€1 A+++ A En-1) > En; 


where €0, €1,...,€n are equations. A universal Horn formula is a uni- 
versal formula in which the quantifier-free part A is either a disjunction 
of negations of equations or else a conditional equation; equivalently, A 
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is a disjunction consisting of negations of equations and at most one 
unnegated equation; if the formula is in fact a sentence, then we speak 
of a universal Horn sentence, and if it is quantifier-free, then we speak 
of a (basic, or open) Horn formula. An identity is a universal sentence 
in which the quantifier-free part is a single equation. 

Associated with the language of relation algebras are a series of 
semantic notions that we shall need. Fix an algebra 


Me (Aye = $5 re) 


of the same similarity type as relation algebras, and write A” for the 
set of sequences of the form 


r= (r0,---,Tn—1); 
where ro,.--,7n—1 are all in 2. 
Every term ¥(vo,.--,;Un—1) (whose variables are, by convention, 
among Ug,.--,;Un—1) determines an operation of rank n on the uni- 


verse of 2. This operation is called the polynomial (of rank n) induced 
by y, and it is denoted by 7. It is defined by induction on terms. The 
base clause of the definition concerns variables and constants. If y is a 
variable v; (for some i < n), then y™ is the ith projection (of rank n), 
that is to say, it is the operation of rank n that maps each sequence r 
in A” to its ith coordinate r;. If 7 is the constant symbol 1’, then 7” 
is the constant operation of rank n that maps each sequence r in A” 
to the distinguished constant 1’ in 21. For the induction clause of the 
definition, suppose that y has one of the forms 


o+T, —~O, 0 3T, Oo, 


where o and 7 are terms for which the polynomials o™ and r™ of 
rank n have already been defined. The polynomial y™ is defined by 
specifying that for each sequence r in A”, the value of y*(r) is 


or) +7 (r), oF (r), or) srr), (ry 


respectively. (The first occurrences of +, — , ; , and ~ above re- 
fer to symbols in £, while the second occurrences refer to the cor- 
responding operations in 2.) When the context makes clear which 
algebra 2 is intended, we shall usually omit the superscript and write 
simply y(ro,---,T?n—1) or y(r) for the value of y* on r, and we shall 
even refer to 7(7) as the value of the term y on r. 
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There is an ambiguous point in the preceding definition that should 
be clarified. A term y with variables among vo, ..., Um—1 also has vari- 
ables among vo,...,Un—1 for each natural number n > m, and there- 
fore y induces a polynomial of rank n in 2 for each such n. For example, 
the term vp + v2 induces a polynomial of rank 3 in 2 that maps each 
triple (79,71, 72) to the sum rp + r2, and it also induces a polynomial of 
rank 4 that maps each quadruple (79,71, 72,73) to the sum r9 +12. The 
notation y(vo,...,Un—1) is used to indicate that the intended polyno- 
mial induced by ¥ is the one of rank n. 

The notion of a sequence of elements satisfying a formula in 2 is 
defined by induction on formulas. Let I” be a formula whose free and 
bound variables are among vo,...,Un—1, and let r be a sequence of n 
elements in 2. The base clause of the definition says that if I’ is an 
equation of the form o =7, then r satisfies I in 2 just in case the 
values of o and 7 on r—that is to say, the elements o(r) and T(r) 
in 2—are the same. The induction clause splits into three cases: if I” 
is the formula 7A, then r satisfies I (in 2l) just in case r does not 
satisfy A; if I is the formula A > 2, then r satisfies I’ just in case r 
satisfies 2 whenever it satisfies A; and if I’ is the formula Vu;A, then r 
satisfies I’ just in case every sequence s obtained from r by replacing r; 
with an arbitrary element in 2 satisfies the formula A. It is easy to 
check that r satisfies a disjunction A V (2 just in case r satisfies at 
least one of A and 2, and r satisfies a conjunction A A (2 just in 
case r satisfies both A and 2. Also, r satisfies the formula 4vu;A just 
in case there is a sequence s obtained from r by replacing r; with 
some element in 2 such that s satisfies A. Notice that only the free 
variables occurring in I’ really matter in the definition of satisfaction. 
In other words, if r and t are two n-termed sequences of elements in 2 
such that r; = t; whenever v; occurs free in I’, then either r and t 
both satisfy I’, or neither of them satisfies I’. For that reason, we shall 
usually not bother to refer to the bound variables of I’ in the future. 

The semantical notions of truth and model are defined in terms 
of satisfaction. A formula I with free variables among v9,..., Un—1 is 
true in 2 if it is satisfied by every n-termed sequence (ro0,...,1n—1) 
of elements in 2, and I” fails in 2 if there is some n-termed sequence 
of elements in 2 that does not satisfy I’. If I’ is true in 2, then 2 is 
called a model of I’. These notions are extended from formulas to sets 
of formulas, and from individual algebras to classes of algebras, in the 
obvious way: a set of formulas S is true in 2 if every formula in S is 
true in 2, and in this case 2 is called a model of S. More generally, S 
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is true in a class of algebras K if S is true in every algebra in K. The 
class of all models of a set of formulas S is denoted by Mo(S). 

The language CL is also provided with a deductive apparatus: a set 
of logical axioms and a set of finitary rules of inference (such as modus 
ponens and the rule of substitution). The precise nature of this de- 
ductive apparatus is not important for our development. What does 
matter is that it is strong enough to prove the Completeness Theorem 
for first-order logic, which says that a formula I’ is derivable from a set 
of formulas S with the help of the logical axioms and rules of inference 
of £ if and only if every algebra 2 that is a model of S is also a model 
of I’. A consequence of the Completeness Theorem is the Compactness 
Theorem. It says that a set of formulas S in £ has a model whenever 
every finite subset of S has a model. 

A set of formulas 7 in CL is called a first-order theory, or an elemen- 
tary theory, if it is closed under the relation of provability, that is to 
say, if a formula I" is provable from a set of formulas in J using the 
deductive apparatus of £, then I belongs to 7. An axiomatization, or 
a set of axioms, of a theory 7 is a set of formulas S such that 7 is 
the set of formulas in £ that are provable from S using the deductive 
apparatus of L. 

Certain kinds of theories play an important role in the study of 
relation algebras. A theory is said to be universal if it has an axiom- 
atization consisting of universal formulas. Similarly, a theory is said 
to be universal Horn, conditional equational, or equational, if it has 
an axiomatization consisting of universal Horn formulas, conditional 
equations, or equations respectively. The set of all formulas that are 
true in a class K of algebras is easily seen to be a theory. It is called 
the elementary theory, or the first-order theory, of K, and it is denoted 
by Th(K). 

Sometimes the word “theory” is used in a looser sense to refer to an 
arbitrary set of first-order formulas, or to a set of first-order formulas of 
some specific type. For example, the set of all universal formulas that 
are true in K is called the universal theory of K, the set of all universal 
Horn formulas that are true in K is called the universal Horn theory 
of K, the set of all conditional equations that are true in K is called the 
conditional equational theory of K, and the set of all equations that 
are true in K is called the equational theory of K. The latter is denoted 
by Eq(K). 

The theory of relation algebras is equational in nature: its axioms 
all have the form of equations, and the basic laws that are studied 
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have the form of equations or implications between equations. The 
deductive apparatus, and in particular the set of rules of inference, 
required for deriving equations from equations is much more elemen- 
tary than the one required for deriving arbitrary first-order formulas. 
In fact, the following rules suffice. (1) Tautology Rule: every equation 
of the form o = @ is provable. (2) Symmetry Rule: from the equa- 
tion o = 7, the equation tT = o is provable. (3) Transitivity Rule: 
from equations 0 = 7 and Tt = 74, the equation 0 = y¥ is provable. 
(4) Replacement Rule: from equations o = 7 and y = 6, each of the 
equations 


ot+y=T+H+46, —o =-T, O;V=T305, oS aE 
is provable. (5) Substitution Rule: from an equation ¢(v9,...,Un—1), 
each substitution instance €(70,..-,%n—1) obtained by simultaneously 


replacing each variable v; with a term 7; is provable. 

In addition to its use in describing a certain type of first-order the- 
ory, the phrase equational theory is also used in a more restrictive sense 
to describe a set of equations that is closed under the relation of prov- 
ability using the rules of inference (1)—(5). The sufficiency of these 
rules is captured in the Completeness Theorem for equational logic, 
which says that an equation ¢ is derivable from a set of equations € 
using the rules of inference (1)—(5) if and only if every model of € is 
also a model of €. 


2.5 Language of relations 


There is another first-order language that is often used in the study of 
relation algebras. We call it the (first-order or elementary) language of 
the theory of (binary) relations, or more simply, the language of rela- 
tions, and we denote it by £*. The logical symbols of £* are the same 
as those of £. The non-logical symbols of £* consist of an unspecified 
number of binary relation symbols. For the purpose of illustration, it 
may be assumed for now that these relation symbols are enumerated in 
a sequence indexed by ordinal numbers: Ro, Ri, Ro,.... Occasionally, 
it is also advantageous to include a sequence of individual constant 
symbols (also called operation symbols of rank zero). We shall always 
state explicitly when such symbols are assumed to be present in the 
language. Again, for the purpose of illustration, it may be supposed 


2.6 Historical remarks 65 


that these individual constant symbols, if any, are enumerated in a 
sequence indexed by ordinal numbers: ao, a 1,@2,.... There are no 
operation symbols of rank higher than zero in L*. 

The terms of £* are the variables and the individual constant sym- 
bols, if any. The atomic formulas of £* are the expressions of the 
form R,;o7r and the equations o = 7, where o and 7 are terms. Arbi- 
trary formulas of £* are built up from atomic formulas in exactly the 
same way as in L£. 

A relational structure appropriate for this language is a system 


U=(U, Ro, Ri, Ra,..., 0, 01, Q2,..-.), 


where R; is a distinguished binary relation on the universe U for each 
index i, and a; is a distinguished constant (that is to say, an element) 
in U for each index j. These relations and constants are the inter- 
pretations in LU of the relation symbols R; and individual constant 
symbols a; in £*. Occasionally, we shall suppress explicit mention of 
the distinguished constants, and write simply 


U=(U, Ro, Ri, Ro,.-.). 


The definition for £* of the value of a term y on a sequence r of n 
elements in LU is a simplified form of the definition for £, as only a base 
clause is needed: the value of 7(r) in L is r; when ¥ is a variable uj, 
and it is the distinguished constant a; when ¥ is the individual con- 
stant symbol a;. The definition for £* of the notion of a sequence r 
satisfying a formula I’ with variables among vo,...,Un—1 in LL is very 
close to the definition for £. Only the base clauses of the definition 
need to be extended in the following way: if I’ is an atomic formula of 
the form R,o7, then the sequence r satisfies I’ in U just in case the 
pair (o(r),7(r)) belongs to the distinguished relation R;. The remain- 
ing semantical notions such as truth and model are defined for £* just 
as they are for L. 


2.6 Historical remarks 


The idea of an axiomatic approach to the calculus of relations via a 
finite set of equational axioms goes back to Tarski [104]. In writing 
about a set-theoretical approach to the foundations of the theory of 
relations (see Chapter 1), he said the following. 
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The above [set-theoretical] way of constructing the elementary theory 
of relations will probably seem quite natural to anyone who is familiar 
with modern mathematical logic. If, however, we are interested not in 
the whole theory of relations but merely in the calculus of relations, 
we must admit that this method has certain defects from the point of 
view of simplicity and elegance. We obtain the calculus of relations in 
a very roundabout way, and in proving theorems of this calculus we are 
forced to make use of concepts and statements which are outside the 
calculus. It is for this reason that I am going to outline another method 
of developing this calculus. 

In constructing the calculus of relations according to the second 
method we use only one kind of variables, namely relation variables, 
and we use the same constants as in the first method, with the excep- 
tion of the quantifiers. [Tarski permitted the use of sentential connec- 
tives in [104], but avoided this usage in his later constructions of the 
calculus of relations.] From these constants and variables we construct 
relation designations exactly as before. In the construction of sentences, 
however, certain modifications are necessary on account of the absence 
of individual variables and quantifiers. As elementary sentences we take 
only sentences of the form ‘R=S’, where ‘R’ and ‘S’ stand for relation 
designations; and we form compound sentences from simpler ones by 
means of the connectives of the sentential calculus. 

Moreover we single out certain sentences which we call axioms... . 


The set of axioms given in [104] is somewhat different from the 
one given in Definition 2.1. In particular, it is not equational in nature 
since sentential connectives are used. However, the possibility of giving 
an equational axiomatization of the calculus of relations is explicitly 
mentioned on p. 87 of [104]. The axiomatization given in Definition 2.1 
was worked out by Tarski some time during the period 1942-1944, and 
was explicitly used by him in an unpublished manuscript dating from 
that period. A minor variant of this axiomatization was published 
in 1951 in Chin-Tarski [23]. 

The theory of Boolean algebras with operators was developed by 
Bjarni Jonsson and Tarski [54], and Lemmas 2.2-2.4 and 2.6 (in the 
more general forms given in Exercises 2.12—2.14 and 2.16) are due 
to them. Lemmas 2.5 and 2.7 (in the more general forms given in 
Exercises 2.15 and 2.17) are due to Givant. Also, Theorems 2.8 and 
2.9 in their present form are due to Givant, but variants of them may 
have been known to others as well. There are, of course, versions of 
these theorems that apply to more general classes of Boolean algebras 
with complete operators. Also, there is a very close connection between 
Theorem 2.9 and a corresponding result regarding an axiomatization 
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of the class of atom structures of atomic relation algebras (see Chapter 
19, in particular Theorems 19.12, 19.16, and 19.30). 

The observation in Exercise 2.7 is explicitly made in Givant [34] 
(see Lemma 1.2 of that work). The results in Exercises 2.8 and 2.9 are 
due to Tarski; see Theorem 2.2 of [23]. The results in Exercises 2.18 
and 2.19 are formulated in Theorem 1.5, and the subsequent remark, 
of Jénsson-Tarski [54]; but the proof given there for the case when the 
rank of the operation is greater than one is incorrect, as was pointed 
out by Richard Kramer. The correct proof given in the solutions section 
is due to Kramer. 


Exercises 


2.1. Prove that in any Boolean algebra (possibly with additional op- 
erations), if the supremum of every subset exists, then the infimum of 
every subset exists as well. Prove that, dually, if the infimum of every 
subset exists, then the supremum of every subset exists as well. 


2.2. Prove that the following infinite associative laws hold in an arbi- 
trary Boolean algebra (possibly with additional operations). Consider 
a system of index sets (Jj : 7 € J) with union J, and for each 7 in J, 
suppose that r; is an element in the given Boolean algebra. 


(i) If the sum s; = )j¢7, 71 exists for each index j in J, and if the 
sum )/ jc $j exists, then the sum )7/,-, Ti exists and 


ier i = Dies 53. 
In other words, under the given hypotheses, we have 
ier Mi = Doe (Siex, ri) 


(ii) If the sum s; = eh r; exists for each index 7 in J, and if the 
sum ) icy Ti exists, then the sum )/; 5; exists and 


yes 83 = Vier M- 


In other words, under the given hypotheses, we have 


Doaee (ies ri) = ier Ti 
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2.3. Prove that the following conditions on an element r in an arbitrary 
Boolean algebra (possibly with additional operations) are equivalent. 


(i) r is an atom. 

(ii) For every element s, either r < s or r- s =0, but not both. 
(iii) For every element s, either r < s or r < —s, but not both. 
(iv) r £0, and whenever r <s+t, we haver<sorr<t. 

(v) r £0, and whenever r < 5°, s;, we have r < s; for some i. 


2.4. Prove that the following conditions on a Boolean algebra (possibly 
with additional operations) are equivalent. 


(i) The algebra is atomic; 
(ii) Every element in the algebra is the supremum of the set of atoms 
that it dominates; 
(iii) The unit in the algebra is the supremum of the set of all atoms. 


2.5. Prove that a non-degenerate atomless Boolean algebra (possibly 
with additional operations) is necessarily infinite. 


2.6. The purpose of this and the next exercise is to show that (R10) 
and (R11) are equivalent on the basis of (R1)—(R3) and (R6)-(R9). 
Prove that the left-hand distributive law for relative multiplication, 


rs(s+tt)=r3s4+r3t. 


follows from (R6)—(R9). Use this law to derive the right-hand mono- 
tony law for relative multiplication, 


S<t implies r3s<r3t. 


2.7. Prove that (R10) is equivalent to the implication (R11) on the ba- 
sis of the Boolean axioms (R1)—(R3) and the left-hand distributive law 
(or even just the right-hand monotony law) for relative multiplication 
(see Exercise 2.6). 


2.8. Prove that (R10) is equivalent to the De Morgan-Tarski laws in 
the presence of the other axioms of relation algebra. 


2.9. Prove that an algebra 2 (of the same similarity type as relation 
algebras) is a relation algebra if and only if the axioms (R1)—(R5) 
and the De Morgan-Tarski laws hold in 2. This gives an alternative 
(non-equational) axiomatization of the theory of relation algebras. 
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2.10. Complete the proof of Theorem 2.8 by treating each of the ax- 
ioms (R4)-(R7). 

2.11. Assuming the hypotheses of Theorem 2.8 on an algebra 2 (of 
the same similarity type as relation algebras), give a simple set of nec- 
essary and sufficient conditions for 21 to be a relation algebra when ~ 
is the identity function on the set of atoms. Do the same when the 
operation ; is commutative on the set of atoms. What if ~ is the 
identity function, and ; is commutative, on the set of atoms? 


2.12. Prove Lemma 2.2 for an operation of arbitrary rank n > 0. 
2.13. Prove Lemma 2.3 for an operation of arbitrary rank n > 0. 
2.14. Prove Lemma 2.4 for an operation of arbitrary rank n > 0. 
2.15. Prove Lemma 2.5 for an operation of arbitrary rank n > 0. 
2.16. Prove Lemma 2.6 for an operation of arbitrary rank n > 0. 
2.17. Prove Lemma 2.7 for an operation of arbitrary rank n > 0. 
2.18. Let (A, +, —) be a Boolean algebra. 


(i) Prove that a unary operation f on A is distributive (or quasi- 
completely distributive) if and only if there is a normal and dis- 
tributive (or quasi-completely distributive) operation g on A and 
an element ¢ in A such that 


f(r) =g(r) +t 
for all elements r in A. 

(ii) Prove that a binary operation f on A is distributive (or quasi- 
completely distributive) if and only if there is a normal and dis- 
tributive (or quasi-completely distributive) operation g on A, two 
unary normal and distributive (or quasi-completely distributive) 
operations fA and k on A, and an element t in A such that 


f(r, s) = g(r,s) + h(r) + k(s) +t 


for all elements r and s in A. 


2.19. Formulate and prove a version of Exercise 2.18 that applies to 
distributive (or quasi-completely distributive) operations of arbitrary 
ranks n > 1. 


2.20. Prove that Theorem 2.8 continues to hold if references to com- 
pletely distributivity and to atoms are replaced by references to quasi- 
completely distributivity and to quasi-atoms respectively. 


Chapter 3 
Examples of relation algebras 


Interesting and important examples of relation algebras may be con- 
structed in a variety of ways: from sets of binary relations, from sets of 
Boolean matrices, from sets of formulas, from Boolean algebras, from 
groups, from projective geometries, from modular lattices, and from 
relatively small abstract algebraic structures. In this chapter we shall 
look at some of these constructions. 


3.1 Set relation algebras 


The classic example motivating the entire theory of relation algebras 
is the algebra of all relations on a set U. The universe of this algebra 
is the set of all (binary) relations on U. The operations of the algebra 
are union, complement (with respect to the universal relation U x U), 
relational composition, and converse. The distinguished constant is the 
identity relation idy on U. The algebra is called the full set relation 
algebra on U, or the algebra of all relations on U, and it is denoted 
by Re(U). 

A more general set-theoretic example is obtained by allowing the 
universe to be an arbitrary set of relations on U that contains the 
universal relation U xU and the identity relation idy, and that is closed 
under the operations of union, complement (with respect to U x U), 
relational composition, and converse. Such an algebra is called a set 
relation algebra on U, or a proper relation algebra on U, or an algebra of 
relations on U. Alternatively, we may also speak of a square set relation 
algebra, because the unit U x U is a Cartesian square. Arguments 
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similar to the ones given in Section 1.3 show that every proper relation 
algebra on a set satisfies Axioms (R1)—(R10). 

A still more general example is obtained by allowing the universe 
to be an arbitrary set A of relations on U that contains a largest 
relation EF and the identity relation idy, and that is closed under the 
operations of union, complementation with respect to E (that is to say, 
if R is in A, then so is E ~ R), relational composition, and converse. 
Set-theoretic arguments similar to those in Section 1.3 show that the 
algebra 

M=(A,U,~,|, 7, id) 


(complements being formed with respect to E) satisfies (R1)—(R10). 
The algebra is called a set relation algebra, or a proper relation algebra, 
or an algebra of relations, and U is called the base set of 2. The 
largest relation & in 2 must in fact be an equivalence relation on U. 
Indeed, the relations idy, E~', and E'| E all belong to A, because 
of the assumption that A contains idy and F, and is closed under 
converse and composition. Consequently, these three relations are all 
included in the largest relation F', which implies that F is a reflexive, 
symmetric, and transitive relation, by the remarks at the beginning 
of Section 1.4. A concrete example may be obtained by selecting an 
arbitrary equivalence relation F on U, and taking A to be the set of all 
relations on U that are included in E. The resulting algebra is called 
the full set relation algebra on EF, or the full algebra of relations on E, 
and is denoted by Re(£). 

Among the various examples of square set relation algebras, there 
are four very simple ones that have a minimal number of relations. 
Fix an arbitrary set U, and consider the set A consisting of the empty 
relation @, the identity relation idy, the diversity relation diy, and 
the universal relation U x U. It is obvious that A is closed under 
the Boolean operations of union and complement. The closure of A 
under converse is equally clear, since every relation in A is symmetric 
and therefore equal to its converse. The values of the operation of 
relational composition are completely determined on all but three pairs 
of relations in A, as Table 3.1 makes clear. The value in each of the 
three blank entries depends upon the size of the set U. If U has at 
most one element, then the relation diy is empty, and in this case 


diz | digg = dig |(U x U) = (U x U) | dig = 2. 


If U has at least two elements, then 
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| @| idy |diy}UxU 
D D D D D 
idy |@| idy |diy|UxU 
dip |@| div 
UxU|S|UxU UxU 


Table 3.1 Relational composition table for minimal square set relations al- 
gebras. 


dl <UVS 0 RU) dip XT, 


and in this case the only entry in the table that remains undetermined 
is that of diy | diy. The value of this last entry is idy when U has two 
elements, and U x U when U has at least three elements. In any case, 
the set A is closed under composition, and is therefore the universe of 
a set relation algebra 2 on U. 

The structure of 2( does not depend on the particular elements that 
belong to the base set U, but rather on the number of these elements. 
When U is empty, the four relations in A all coincide—they are all 
empty—and 2 has just one element. When U has one element, the 
relations @ and diy coincide, as do the relations idy and U x U, so 
that 21 has exactly two elements. When U has at least two elements, 
the four relations in A are distinct from one another, so that 2 is a 
set relation algebra with four elements. There are two possibilities in 
this case. For sets U with at least three elements, the corresponding 
set relation algebras all have the same composition table, irrespective 
of the size of U, since the entry for diy |diy is always U x U; these 
algebras are therefore all structurally the same. If U has exactly two 
elements, however, then the entry for diy | diy in the composition table 
is not U x U, but rather idy, so that these algebras are structurally 
different from the others. 

Summarizing, there are (up to isomorphism) exactly four set relation 
algebras that are obtained by taking the universe to be the smallest 
possible set of relations (on a set U) that contains the identity relation 
and is closed under the basic operations of union, complement (with 
respect to the universal relation U x U), composition, and converse. We 
denote these minimal set relation algebras by 2No, 9%, Me, and Ms, 
according to whether U has zero, one, two, or at least three elements 
respectively. The algebra No is the only one of the four in which the 
equation 0 = 1 is valid, and up to isomorphism it is characterized by 
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the validity of this equation. Algebras in which this equation is valid 
are said to be degenerate, because they have exactly one element and 
all of the operations are constant. The remaining three algebras are 
distinguished from one another by the value of the term 0’ ; 0’. More 
precisely, in 90), te, and MNt3 we respectively have 


0’;0’ = 0, 0;0=17', and 0’;0° = 1. 


3.2 Matrix algebras 


Another classic example motivating the theory of relation algebras is 
the algebra of Boolean matrices on a set U. The universe of this al- 
gebra is the set of all U-by-U Boolean matrices; the operations of the 
algebra are (coordinatewise) addition and complementation of matri- 
ces, and matrix multiplication and transposition; and the distinguished 
constant is the identity matrix (see Section 1.5). The algebra is called 
the matrix algebra on U, and it is denoted by ta(U). 

As was observed in Section 1.5, the Boolean part of a matrix algebra 
is a direct power of the two-element Boolean algebra, so obviously ax- 
ioms (R1)-(R3) are valid. Axioms (R4)—(R9) express well-known laws 
governing matrix multiplication, matrix transposition, and addition, 
laws that are taught in every introductory course on linear algebra. 
For instance, (R4) says that matrix multiplication is an associative 
operation, while (R7) says that for matrices M and N, the transpose 
of the matrix product M©N coincides with the matrix product of the 
transposes N™ and M7, in symbols, 


(M©N)T=NTOM?. 


The only axiom whose verification in a matrix algebra INa(U) 
presents any difficulty is (R10). An indirect proof of its validity may 
be obtained by observing that the axiom is valid in the full set relation 
algebra Re(U) (see Section 1.3). Thus, for any relations R and S$ on U, 


[Rt |A(R|S)JUnS =. 


The function mapping each relation T on U to the associated ma- 
trix Mr preserves all of the standard operations, by the observations 
in Section 1.6 (see, in particular, the equivalences (1), (3), (5), and (6) 
in that section), so we at once obtain 
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[(Mr)* © —(Mr © Ms)| + —Ms = —Msg. 


Since the function mapping relations to corresponding matrices is a 
bijection, and therefore onto, the preceding implication implies that 
for any matrices M and N in Sa(U), 


[M?©-(MON)|+-N=—N. 


Thus, (R10) is valid in Na(U). The validity of the other relation alge- 
braic axioms in 9ta(U) may be verified in a similar fashion. Conclu- 
sion: INa(U) is a relation algebra. 

We shall see in Section 7.5 that the full set relation algebra Re(U) 
and the matrix algebra SIa(U) are really two sides of the same coin in 
the sense that they are isomorphic. 


3.3 Formula relation algebras 


The next examples of relation algebras are metamathematical in na- 
ture, and are constructed using the formulas in the elementary lan- 
guage L* of relations (see Section 2.5). Consider the set F of all for- 
mulas in £* that have at most two free variables, namely the first two 
variables 2 and y of L*. It is allowed that a formula in # may have 
just one free variable—either x or y — or even no free variables at 
all. If 7’ is a formula in ¥, and if u and v are variables in £*, then 
write I’(u, v) to denote the formula obtained from I” by simultaneously 
substituting u and v for all free occurrences of x and y respectively, 
bound variables being changed to avoid collisions. 

Fix a set S of formulas in £*, and define two formulas I’ and A in F 
to be equivalent modulo S if the sentence 


VaVy(I 4 A) 


is provable from the formulas in S using the deductive apparatus of L*. 
(If S is the empty set of formulas, then only the logical axioms and 
rules of inference of £* are used in the proof, so in this case [’ and A 
are said to be logically equivalent.) It is easy to check that equivalence 
modulo S really is an equivalence relation on the set F. Write [I’] for 
the equivalence class of a formula I’. Let A be the set of equivalence 
classes of formulas in F, and define on A two binary operations + 
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and ;, two unary operations — and ~ , and a distinguished constant 1’, 
as follows: 


[P+ [A] = [Pv Al, = Sikh 
[P] [A] = (Aza, 2) A Alz,y))], TT = (Py, @)], 


for all formulas [and A in F, and 1’ is the equivalence class of the 
formula x = y (where = is the binary relation symbol for equality 
in £*). In other words, the sum and relative product of the equivalence 
classes of formulas I and A are defined to be the equivalence classes 
of the formulas 


PVA and 4Jz(I(a,z)A A(z,y)) 


respectively, and the complement and converse of the equivalence class 
of I are defined to be the equivalence classes of the formulas 


aT and I(y,z) 


respectively. It is not difficult to verify that these operations on A are 
in fact well defined and that the resulting algebra 


Aira aise eke) 


is a relation algebra. It is called the formula relation algebra of L* 
modulo S, or the formula relation algebra of S, for short. 

To give a sense of how one proves that 2 is a relation algebra, 
here are the verifications of Axioms (R7) and (R8). Let I’ and A be 
formulas in ¥. According to the definition of the operations ; and ~ , 
the element ([I’];[A])~ is the equivalence class of the formula obtained 
from dz(I'(a,z) \ A(z,y)) by simultaneously substituting y for a, 
and a for y—a substitution that may be indicated diagrammatically 
by writing x +> yand y+ @. The (inductive) definition of substitution 
therefore implies that 


(2); [Al)~ = A2zy, 2) A Atz, &))].- 


Similarly, 
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The notation A(y, x)(x, z) denotes the formula obtained by applying 
the substitution #  y and y +> a to the formula A to obtain the 
intermediate formula A(y,x) (the equivalence class of which is the 
value of |A]~), and then applying the substitution 2 > x and y> z 
to the intermediate formula A(y,x). The result is a formula that is 
logically equivalent to the formula obtained by applying the composite 
substitution « +> z and y+> =x to A, that is to say, it is logically 
equivalent to A(z,a). (The two formulas may differ in their bound 
variables, since a substitution can change some bound variables in 
order to avoid collisions between free and bound variables.) Similarly, 
the notation I'(y,x)(z,y) denotes the formula obtained by applying 
the substitution +> y and y +> « to the formula I’ to obtain the 
intermediate formula ['(y,a) (the equivalence class of which is the 
value of [I]~), and then applying the substitution +> z andy y 
to the intermediate formula I'(y,z). The result is a formula that is 
logically equivalent to the formula obtained by applying the composite 
substitution « + y and y+> z to I, that is to say, it is logically 
equivalent to the formula I’(y, z). Compare the formulas on the right 
sides of the equations, and use the (logically provable) commutativity 
of conjunction, to arrive at the desired conclusion: 


(Ts [AD™ = {Alms IT. 


The verification of Axiom (R8) is similar. Let ', A, and 2 be for- 
mulas in #. Apply the definitions of the operations + and ;, the 
definition of substitution, the (logically provable) distributivity of con- 
junction over disjunction, and the (logically provable) distributivity of 
existential quantification over disjunction to obtain 


(2) + [A] ; LQ] = e(Pv A)(@, 2) A Q(z, y))] 
= Be((P(@, 2) V Al@,z)) A 22,y))] 
= Az(((@, 2) \ Q(z, y)) v (Ala, 2) A Q(z, y)))] 
= [Az(I(a, z) A Q(z, y)) V Az(A(a, z) A Q(z, y))| 


3.4 Boolean relation algebras 


Examples of relation algebras can be constructed in a rather trivial 
way from Boolean algebras. Fix a Boolean algebra (A, +, —), and 
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define operations ; and ~ , and a distinguished constant 1’, as follows: 
r;s=Pr-s, r- =r, eS 

for all r and s in A. The resulting algebra 
A=(A,+,-,3;,~,1) 


is easily seen to be a relation algebra. For example, the validity of the 
associative, distributive, and identity laws for relative multiplication 
in 2—that is to say, the validity of (R4), (R8), and (R5)—follows di- 
rectly from the validity of the corresponding laws for (Boolean) multi- 
plication. Axioms (R6), (R7), and (R9) are trivially true in 2, because 
converse is defined to be the identity operation on A and multiplication 
is commutative. The only axiom whose validity in 2 is not immedi- 
ately obvious is (R10). In view of the definition of the operations ; 
and ~ , the verification of (R10) reduces to checking the validity of the 
Boolean inequality 
r-—(r-s)<-—s, 


and this is easy: 


r-—(r-s)=r-(-r4+-—s) =(r--r)+(r--s) =0+r--s<-s. 


A relation algebra in which relative multiplication, converse, and 
the identity element satisfy the three defining equations given above 
is called a Boolean relation algebra. Here is a useful characterization 
of these algebras. 


Lemma 3.1. The following conditions on a relation algebra 2X are 
equivalent. 


(i) 2 ts a Boolean relation algebra. 
(ii) Relative multiplication in A coincides with multiplication. 
(iii) The identity element in 2 coincides with the unit. 


Proof. Condition (i) obviously implies condition (ii). The proof that 
condition (ii) implies condition (iii) is easy: if condition (ii) holds, then 


1=1;V=1-V=?, 


by the identity law (R5), condition (ii), and the fact that every element 
in 2 is below 1. The proof that condition (iii) implies condition (i) 
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is somewhat more involved. We make use of the following relation 
algebraic laws that will be proved in Lemma 5.20(i): 


r<V and s<V implies r~ =r and r;s=r-s. (1) 


Suppose now that condition (iii) holds for a relation algebra 2. For 
any elements r and s in 2, we have 


r<1l=T and s<1=TI, 


by condition (iii), so r~ =r and r;s =r-s, by (1). Thus, condition (i) 
holds. O 


Despite their trivial nature, Boolean relation algebras are quite use- 
ful. They are, in particular, a good source of examples. Since they 
are just notational variants of Boolean algebras, all results concerning 
Boolean algebras apply automatically to Boolean relation algebras. 
We shall see several examples of this later on. In the reverse direction, 
every notion and theorem about relation algebras has a Boolean alge- 
braic version that is obtained by interpreting relative multiplication, 
converse, and the identity element as multiplication, the identity func- 
tion, and the unit respectively. In fact, the Boolean algebraic version 
of such a theorem is an immediate consequence of the relation alge- 
braic version. This observation applies in particular to every law in the 
theory of relation algebras: if relative multiplication and the identity 
element in such a law are replaced by multiplication and the unit re- 
spectively, and if all occurrences of converse are deleted, the result is 
a law in the theory of Boolean algebras. 


3.5 Group complex algebras 


Relation algebras can also be constructed from groups, and in fact this 
construction has played a very important role historically as a source 
of examples and problems in the theory of relation algebras. A group 
is an algebra 

(Gi a) a ’ L) 


with a binary operation ° , a unary operation ~!, and a distinguished 
constant z, in which the associative law, the identity law, and the in- 
verse law, 
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fe(geh)=(feg)eh, fer=erf=f, fef=fief=e 


respectively, hold for all elements f, g, and h in G. As is customary, 
we use the universe of a group to refer to the group itself. 

Consider an arbitrary group G as above, and take A to be the set 
of all subsets of G. Obviously, A is closed under arbitrary unions and 
under complements (formed with respect to G). Define operations of 
complex multiplication and complex inverse by 


X;VY={feog:feXandgeY} and X~={f-': fe x} 


for all subsets X and Y of G, and take the distinguished element 1’ 
to be the singleton of the group identity element, {v}. The resulting 
algebra 
A=(A,+,-,;,~,1) 

(where + denotes the operation of forming the union of two subsets 
of G, and — denotes the operation of forming the complement of a 
subset of G with respect to the unit element G) is a complete and 
atomic Boolean algebra with operations ; and ~ that are completely 
distributive for atoms, by their very definition. It is called the complex 
algebra of the group G, and is denoted by €m(G). The name stems 
from the fact that the elements of the algebra are the subsets—or, to 
use a somewhat archaic synonym, the complexes—of G. 


Theorem 3.2. The complex algebra of a group is a relation algebra. 

Proof. Let G be a group, and put 2% = €m(G). In order to show that 2 
is a relation algebra, it suffices to verify that (R4)—(R7) and (R11) hold 
for atoms in 2, by Theorem 2.8. Here are the verifications of (R4) 


and (R11) as examples. The atoms in 2 are the singletons of elements 
in G. Let f, g, and h be three such elements, and put 


P= tF\. s=1a} and t= {hi}: 


The definitions of these atoms, the definition of the operation ; in 2, 
and the associative law for groups imply that 


r3(s3t)={f}s ahs {hb = (ft s {oekt = {fe(geh)t 
={(feg)ch} ={fog}s {ht = (Fs tah) 5 {hh = (v3 s)3t 


Thus, (R4) is valid for atoms in 2. 
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The validity of (R11) for atoms in 2 is a consequence of the following 
equivalences: 


(eta)t=0 if and only if {fog} N{h} =2, 
if and only if h# feg, 
if and only if focohsg, 
if and only if {f~leh}n{g} =2, 
if and only if (r~ ;t)-s=0. O 


The terminology group relation algebra is commonly employed to 
refer to the complex algebra of a group. 

In order to simplify notation, the elements of a group are often 
identified with their singletons, provided no confusion can arise. In 
other words, an element f in G may often be treated as if it were an 
atom in €m(G), namely the atom {f}. 


3.6 Geometric complex algebras 


Important examples of relation algebras can also be constructed from 
projective geometries. A projective geometry—called here a geometry, 
for short—consists of a set of points, a set of lines, and a relation of 
incidence between the points and the lines, such that the following 
axioms hold. (1) Through any two distinct points, there passes one 
and only one line. (2) Every line has at least three points. (3) For 
distinct points p, q, s, and t, if the line through p and q intersects 
the line through s and t, then the line through p and s intersects the 
line through q and t (see Figure 3.1). Statements such as “a point p 


Fig. 3.1 The Pasch Axiom of projective geometry. 
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lies on a line @” or “a line @ passes through a point p” mean that 
the point p is incident with the line 2. To say of two lines that they 
intersect means that there is a point incident with both lines. A set 
of points is said to be collinear if all of the points lie on one line. 
We shall follow the customary practice of using the set P of points in 
the geometry to refer to the entire geometry. The unique line through 
two distinct points r and s is usually denoted by rs. The third axiom 
above is often called the Pasch Axiom. Intuitively speaking, it says 
that if two lines ps and qt are coplanar in the sense that they lie 
in a common plane, namely the plane determined by the intersecting 
lines pg and st, then the lines ps and qt must intersect. (The plane 
determined by pq and st is defined to be the set of all points that lie 
on one of the lines intersecting pq and st in distinct points.) A classic 
and elementary result about projective geometries is that all lines in a 
given geometry P have the same number m > 3 of points; ifm = n+1, 
then P is said to be of order n. For instance, if every line has exactly 
four points, then the order of P is three. 

Fix a geometry P, and adjoin to P a new element v (which we shall 
also call a “point”) to form the set 


PS Pa 


The set A of all subsets of P* is obviously closed under arbitrary 
unions and under complements (formed with respect to P*), and is 
therefore the universe of a complete and atomic Boolean set algebra. 
In order to simplify notation and reduce the number of braces, we 
shall follow the common geometric practice of identifying each point r 
with its singleton {r}, so that the points in P+ may be thought of as 
coinciding with the atoms in A. 

Define a function ; of two arguments from Pt to A as follows: for 
each r in P, put 


L if P has order 2, 
ee ee 
fir if P has order > 2; 


for distinct r and s in P, put 
r;s={t€ P:t is collinear with, but distinct from, r and s}; 


and for each r in Pt, put 
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Extend ; to a binary operation on A by requiring it to be completely 
distributive for atoms: 


X;Y=U{rjs:rexX andseY} 


for all subsets X and Y of P*. The element v (really the singleton of v) 
acts as an identity element in A for the operation ; in the sense that 


b;X=X;1=X, 
so put 1’ =v. Define a unary operation ~ on A by 
X~ =X 
for all subsets X of Pt. The resulting algebra 
A=(A,+,-,;,~,1’) 


(where + denotes the operation of forming the union of two subsets 
of Pt, and — denotes the operation of forming the complement of a 
subset of P* with respect to the unit element Pt) is a complete and 
atomic Boolean algebra with operations ; and ~ that are completely 
distributive over atoms. We shall refer to 2( as the complex algebra of 
the geometry P from which it is constructed, because the elements 
of the algebra are subsets, or complexes, of P* (P augmented by an 
identity point); and we shall denote 2 by €m(P). 


Theorem 3.3. The complex algebra of a projective geometry is a re- 
lation algebra. 


Proof. Let P be a geometry, and write 21 = €m(P). In order to prove 
that 2 is a relation algebra, it suffices, by Theorem 2.9, to check that 
conditions (i)—(iv) of that theorem are valid in 2. In order to carry 
out this task, it is helpful to observe first that the operation ; is 
commutative. Indeed, r;s = s;r is certainly true for atoms r and s 
in 2, by the definition of ; on pairs of atoms, and this commutativity 
extends to arbitrary elements X and Y in 2 by the definition of ; on 
pairs of subsets of P*. 

Conditions (ii)—(iv) of Theorem 2.9 are not difficult to check, us- 
ing the definitions of the operations ; and ~ on atoms, and the 


84 3 Examples of relation algebras 


commutativity of ;. Here, as an example, is the verification of condi- 
tion (iv). Consider atoms r, s, and t in 21, and assume as the hypothesis 
that t < r;s. The argument splits into four cases. If r and s are distinct 
points in P, then the hypothesis and the definition of ; imply that t 
is a point collinear with, but distinct from, r and s. Consequently, s is 
a point that is collinear with, but distinct from, r and t, so 


SSrst=r" st, 


by the definitions of ; and ~ . If r and s are the same point in P, then 
the hypothesis and the definition of ; imply that t is . when P has 
order two, and that ¢ is either 1 or r when P has order at least three. 
In either case, we obtain 


sS=T eran ot, 


by the definitions of ; and ~. If s =v, then the hypothesis and the 
definition of ; imply that t = r. Consequently, 


S=i<r;r=r ;t, 


by the definitions of ; and ~. Finally, if r = 1, then the hypothesis 
and the definition of ; imply that t = s, so that 


s=t=i;t=r 5t. 


The verifications of conditions (ii) and (iii) of Theorem 2.9 are very 
easy and are left as an exercise. Turn now to the verification of con- 
dition (i), or equivalently, to the verification of (R4) for atoms (see 
the proof of Theorem 2.9). Focus on the case when the order of the 
geometry P is at least three, so that each line has at least four points. 
Let r, s, and t be atoms in 2. As might be expected, the argument 
splits into a number of cases. If at least one of the three atoms is 1, 
then the argument is trivial; for example, if s =v, then 


ri(ssH=rj; (jst) =rjt=(rje)st=(r;3 8) 5. 


Assume therefore that all three atoms are actually points in P. For 
conciseness, write Col (x, y, z) if, y, and z are distinct collinear points 
in P. 

Suppose first that the points r, s, and t are distinct. The definition 
of ; implies that 


3.6 Geometric complex algebras 85 


st = {gq : Col (s,t,q)}, 
and therefore 
r;(s;t)=Uf{rs@: Col(s,t,a)}, 
by the complete distributivity of the operation ;. If r, s, and t are not 


collinear, then the preceding equation and the definition of ; imply 
that 


r;(s;t) ={p:Col(r,q,p) for some q such that Col (s,t,q)}. 


In geometric terms, this equation says that r;(s;t) is the set of all 
those points p that lie on some line passing through r and intersecting 
the line st in a point different from s and t, with the points of inter- 
section and the point r removed from the set. Because the points of 
intersection are different from s and t, the points on the lines rs and rt 
are all excluded from the set; and because the points of intersection 
are themselves removed from the set, the points on the line st are also 
excluded from the set. Thus, r; (s;t) is the set of points lying in the 
plane through r, s, and t, but with the points on the lines rs, rt, and 
st all removed (see Figure 3.2). Since 


Fig. 3.2 The points in the set r;(s;t). 


(eis ip= tes) S287), 


by the commutativity of the operation ;, the same argument with r 
and t interchanged shows that (r;s);t is the set of points lying in the 
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plane through t, s, and r, but with the points on the lines ts, tr, and sr 
all removed. Conclusion: the two sets of points r;(s;t) and (r;s);t 
coincide, so the associative law 


r3(s;t)=(r3s);t 


holds in this case. 

If r, s, and ¢ are collinear (but distinct), then the argument breaks 
into two subcases. When the order of the geometry P is three, the 
line st has four points—say q, r, s, and t—so that s;t = {q,r} and 
therefore 


Pats tl) = (Peg wl rer) = fect fea} = ss 


The commutativity of ;, and the preceding argument with r and t 
interchanged, imply that 


(r;s);t=t;(r;s)=t;(s;r) ={r,s,t,e}, 


so the associative law holds in this case. When the order of the ge- 
ometry is greater than three, there must be at least five points on the 
line st. The product s;¢ is the set of all points on st that are different 
from s and t, and 


r;(s;t)=(r;r)UU{r;¢q:q lies on st and q #7, s,t}, 


by the complete distributivity of ;. There are at least two points— 
call them p and g—that lie on the line st and are distinct from r, s, 
and t. The product r;p consists of all points on st except r and p, and 
in particular it contains the point g. The product r ;q consists of all 
points on st except r and q, and in particular it contains the point p. 
The product r;7r consists of r and v. Consequently, the set r ; (s ; t) 
consists of all points on the line st and the point v. The commutativity 
of ;, and the preceding argument with r and ¢ interchanged, imply 
that (r;s);t—which coincides with t; (s;1r)—is the same set of points, 
so the associative law holds in this case as well. 

There remain the cases when at least two of the three points r, s, 
and ¢ are equal. Suppose r = s # t. The line st has at least four 
points, so there are two points on the line—call them p and q—that 
are different from s and t. The set s;t includes these two points, so 
the set 

r;(s;t) =s;(s;%) 
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includes the set s ; p, which consists of all points on st (including q) 
except s and p, and it includes the set s;q, which consists of all points 
on st (including p) except s and q. Therefore, r ; (s ; t) is the set of 
points on st that are different from s. On the other hand, 


Pie] s1o=1 5,4), 
SO 


(r;8);t=(s;)U(;t) = (8; U teh. 


Thus, (r;s);t is also the set of points on st that are different from s, so 
the associative law holds in this case. The case r £4 s = t reduces to the 
preceding case, by the commutativity of ;, and the case r = t (and s 
arbitrary) is a direct consequence of two applications of commutativity: 


rs(sst)=r3(sir)=r3(r38) =(r38)sr = (r38)5t. 


This completes the verification of (an equivalent form of) condition (i) 
in Theorem 2.9. O 


The names Lyndon algebra and geometric relation algebra are often 
used to refer to the complex algebra of a geometry or to the complex 
algebra of specific types of geometries. 

A difficulty with the definition of relative multiplication for geo- 
metric complex algebras arises when one tries to apply it to a zero- 
dimensional geometry, that is to say, to a projective geometry consist- 
ing of a single point r. Such a geometry has no lines, so it is not clear 
what is meant by the order of the geometry. Does the (vacuously) true 
statement “every line has three points” apply, so that r;r = 1, or does 
the equally true statement “every line has more than three points” 
apply, so that r;r = {1,r}? This seemingly innocuous and uninter- 
esting case is important because it is desirable that all subgeometries 
(subspaces) of a geometry P of dimension at least one—including the 
zero-dimensional subgeometries—give rise to complex algebras with 
the same type of relative multiplication operation as €m(P). Perhaps 
the simplest and most direct way of resolving this dilemma is to asso- 
ciate with each geometry (in its list of fundamental notions) a Boolean 
flag—a unary relation that signals whether the order of the geometry 
is two or greater than two. For instance, if the geometry has order 
greater than two, the flag might be the set of all points in the geom- 
etry, while in the case of order two, it might be the empty set. Such 
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a flag would be inherited by subgeometries in the following sense: the 
flag of a subgeometry Q of P would, by definition, be the intersection 
of the flag of P with the set Q. Consequently, the flag of Q would be 
empty or the set of all points in Q, according to whether the flag of P 
was empty or the set of all points in P, that is to say, according to 
whether the order of P was equal to, or greater than, two. Under this 
conception, a zero-dimensional geometry of order two would not be 
isomorphic to a zero-dimensional geometry of order greater than two; 
but two zero-dimensional geometries of order greater than two would 
be isomorphic to one another. It follows that the complex algebra of 
a zero-dimensional geometry of order two would not be isomorphic to 
the complex algebra of a zero-dimensional geometry of order greater 
than two; but the complex algebras of two zero-dimensional geometries 
of order greater than two would be isomorphic to one another. 


3.7 Lattice complex algebras 


Relation algebras can also be constructed from modular lattices in a 
way that is strikingly similar to the construction of relation algebras 
from projective geometries. A lattice is a partially ordered set in which 
every two elements have a least upper bound and a greatest lower 
bound. Equivalently, a lattice is an algebra (L, V , A) with two binary 
operations V and A, called join and meet respectively, in which the 
associative laws, the commutative laws, the idempotent laws, and the 
absorption laws, 


rV(sVt)=(rVs)Vt, and PACER) = (Wey Nt 
rVs=sVr and r\s=sr, 
rVr=r and rATr=r?r, 


rV(rAs)=r and ChE Ss) He 


respectively, hold for all elements r, s, and ¢t in L. The lattice is said 
to be modular if the modular law 


Pt implies rV(sAt)=(rVs)At, 
or equivalently, 


tae implies PA(SVE) HOAs) VE, 
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holds for all elements r, s, and ¢ in L. The modular law may be written 
in the form of an equation instead of an implication: 


(PAD VISA) SP AEy St 


Consider a modular lattice (ZL, V, A) with a smallest element, called 
the zero of the lattice. The set A of all subsets of DL is closed under 
arbitrary unions and under complements (formed with respect to the 
unit L), so it is the universe of a complete and atomic Boolean set 
algebra. As in the preceding two constructions, we shall identify each 
element r in L with its singleton {r}, so that the elements in L may 
be thought of as coinciding with the atoms in A. 

Define a function ; of two arguments from L into A by 


ree={eLerVt=sVt=rv s} 


for all elements r, s, and t in A, and extend ; to a binary operation 
on A by requiring it to be completely distributive for atoms: 


X;Y=U{rjs:rexX andseY} 
for all subsets X and Y of L. Define a unary operation ~ on A by 
XS 


for subsets X of L, and take l’ to be (the singleton of) the zero element 
in L. The resulting algebra 


SCA yy Soa od) 


(where + denotes the operation of forming the union of two subsets 
of L, and — denotes the operation of forming the complement of a sub- 
set of L with respect to the unit L) is a complete and atomic Boolean 
algebra with operations ; and ~ that are completely distributive over 
atoms. We shall refer to 21 as the complex algebra of the lattice L, be- 
cause the elements of 2{ are subsets, or complexes, of L; and we shall 
denote this algebra by €m(L). 


Theorem 3.4. The complex algebra of a modular lattice with zero is 
a relation algebra. 


Proof. Let L be a modular lattice with zero, and write 2% = ¢€m(L). 
In order to prove that 2 is a relation algebra, it suffices to verify that 
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conditions (i)—-(iv) of Theorem 2.9 are valid in 2. As a preliminary 
observation, notice that the commutativity of the join operation in L 
immediately implies the commutativity of the operation ; on atoms, 
and therefore on arbitrary elements in 2. 

Conditions (iii) and (iv) are very easy to check. For example, to 
verify condition (iii), assume that t < r;s. The operation ; is com- 
mutative, so we at once obtain t < s;r. Since ~ is defined to be the 
identity operation, this last inequality implies that t- < s~ ;r~, as 
desired. The verification of condition (iv) is left as an exercise. 

Turn now to the verification of condition (i), which is somewhat 
involved. Consider atoms p, r, s, and ¢ in 2, and assume that there is 
an atom gq in 2 such that 


p<rsq and q<s;t. (1) 
The goal is to construct an atom g in 2 such that 
p<q;t and G<r;s. (2) 


By the convention regarding singletons, all of the atoms above may be 
viewed as elements in L, and consequently, in view of the definition 
of the operation ;, the hypothesis in (1) and the goal in (2) may be 
translated into lattice-theoretic terms as follows: we assume 


pVg=pVr=avr, (3) 
qVs=qVt=sVt, (4) 


and we want to construct an element g in L such that 


pVt=pVq=tvq, (5) 
r¥g=sVqg=rv 5. (6) 


Take g to be the meet of one of the joins in (5) and one of the joins 
in (6), say 
q=(pVt)A(rvs). (7) 


The derivations of equations (5) and (6) all have the same general 
form. They begin with an application of the definition in (7) and the 
modular law (sometimes with the implicit use of the associative and 
commutative laws for join), and they end with an application of the 
second absorption law (possibly with an implicit use of the associative 
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and commutative laws for join). In between the first two steps and the 
last step, the middle steps are based on the equations in (3) and (4) 
and the associative and commutative laws for join, applied in some 
order. To obtain the equality of the first and third terms in (5), the 
middle steps use (4), the commutative and associative laws, and (3): 


tVg@=tV([(rVs)A(pVt)] =(EVrVs)A(pVt) 
=(sVtVr)A(pVt)=(qVtVr)A (pvt) 
=(@VPVUA@VD—@OVaVOAWVE) =pVe 


To obtain the equality of the first and second terms in (5), the middle 
steps use the associative law, (3), and (4): 


PVG=PV((rVs)A(PVEt)] =(VrVs)A (pV t) 
= (pV qV 8s) A(pVt) = (pV qVt)A (pV t) =pVt. 


The derivations of the equations in (6) are analogous. To arrive at the 
equality of the second and third terms in (6), the middle steps use the 
commutative and associative laws, (4), and (3): 


VG@=sV[(pVt)A(rVs)] =(sVpVt)A(rVs) 
=(pVsVt)A(rVs)=(pVqVs)A(rVs) 
=(pVTV syA(F Vs) =r Vs: 


To arrive at the equality of the first and third terms in (6), the middle 
steps use the commutative and associative laws, (3), and (4): 


VG=rV[(pVtA(rVs)] =(rVpVt)A(rVs) 
=(pVrVt)A(rVs)=(aVrvt)A(rVs) 
S(eVvievriAwrevs) —WVavnarvel=rvs. 
This completes the verification of condition (i). 
Turn now to the verification of condition (ii), or equivalently, to 
the verification of (R5) for atoms (see the proof of Theorem 2.9). The 


distinguished constant 1’ in 2 is defined to be the zero element of the 
lattice, which is obviously an atom. By definition, 


PSHE LerVvielViSHrvery (8) 


for every atom r in 2. Since 
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it follows from (8) that r; 1 =r for atoms r in 2. Thus, (R5) holds 
for atoms. O 


It is worth pointing out that Theorem 3.4 essentially applies to all 
modular lattices, since every modular lattice L without a zero can be 
extended to a modular lattice with a zero simply by adjoining a new 
element to LZ and requiring this new element to be below every element 
in L. 

In order to understand the definition of relative multiplication in 
the complex algebra of a modular lattice with zero, it is helpful to 
compare this definition with the definition of relative multiplication in 
the complex algebra of a projective geometry P. A subspace of Pisa 
subset X that contains all of the points lying on any line determined 
by two points in X. In other words, if p and q are distinct points in X, 
and if r is any point lying on the line through p and gq, then r also 
belongs to X. The set L of all subspaces of P is the universe of a lattice: 
the meet of two subspaces is defined to be their intersection, and the 
join of two subspaces is defined to be the intersection of all those 
subspaces of P that include the given two subspaces. Points in P are 
zero-dimensional subspaces, lines in P are one-dimensional subspaces, 
planes in P are two-dimensional subspaces, and so on. The empty set 
is the smallest subspace of P, and by convention it is assigned the 
dimension —1. The lattice Z is modular, and it has a smallest element, 
namely the empty subspace. 

The first observation to make is that the construction of €m(L) 
illuminates the role of the new element 1 that must be adjoined to 
the geometry P in order to obtain an identity element in the complex 
algebra €m(P) (see Section 3.6). The points in the geometry P are 
essentially the elements in L that are zero-dimensional subspaces of P, 
and adjoining v to P is tantamount to adjoining the empty subspace as 
a new element to P. The relative product of the empty subspace and 
a point p (a zero-dimensional subspace) in €m(L) is just p, which is 
the same as the relative product of the new element v and p in €m(P). 

The second observation concerns the difference between the com- 
plex algebras €m(L) and €m(P) with regards to the value of relative 
multiplication on zero-dimensional subspaces. Suppose r and s are 
distinct points in P. The relative product of r and s in the complex 
algebra €m(L) is the set 
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The subspace r V s is the line passing through the points r and s, and 
the subspaces t Vr and t V s are each equal to this line just in case the 
subspace t is either a point that is collinear with, but different from, 
the points r and s, or else ¢t is the one-dimensional subspace that is 
the line through r and s. The relative product of the points r and s in 
the complex algebra €m(P) of the geometry P is the set 


r;s={t¢ P:t is collinear with, but distinct from, r and s}. 


Thus, the relative product of r and s in €m(L) contains one more 
element than it does in €m(P), namely the line passing through r 
and s. 

The relative product of a point r with itself in €m(L) contains pre- 
cisely two subspaces: the empty subspace and r itself. The same rela- 
tive product in €m(P) consists of the element « and the point r when 
the order of P is at least three, and it consists of just the identity 
element 4 when the order of P is two. Thus, if P has order at least 
three, then the relative product of r with itself is essentially the same 
in €m(L) as it is in €m(P), but if P has order two, then this relative 
product contains one more element in €m(L) than it does in €m(P), 
namely the subspace r itself. 

It may be helpful to give a few more examples of computations of 
relative products of atoms in €m(L). For the first example, observe 
that the relative product of any atom r with itself is always the set of 
all subspaces of P (that is to say, the set of all elements in L) that are 
included in r. For the second example, suppose that r is a point and s 
a line not passing through r. The join r V s is the uniquely determined 
plane that contains both the point r and the line s. An element ¢ in L 
belongs to r; s just in case t is a subspace of the plane r V s with the 
property that the join of t with each of r and s is equal to the plane. 
The element r is a point, and t Vr is a plane, so the subspace ¢t cannot 
be empty or a point, nor can ¢ be a line that contains the point r. 
The element s is a line, and ¢ V s is a plane, so t cannot coincide with 
the line s. Conclusion: ¢ is either a line distinct from s that does not 
contain r, or else t is the entire plane r V s. For the third example, 
suppose r and s are distinct coplanar lines. The join r V s is again the 
uniquely determined plane that includes both lines. An element ¢ in L 
belongs to r;s just in case t is a subspace of the plane r V s with the 
property that the join of t with each of r and s is equal to the plane. 
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Consequently, t must be one of three types of subspaces: it can be a 
point in the plane that lies neither on r nor on s, or it can be a line 
in the plane that is distinct from both r and s, or it can be the entire 
plane r Vs. For the last example, suppose r and s are lines that are not 
coplanar. The join r V s is the uniquely determined three-dimensional 
space—call it p—that includes both lines. An element t in L belongs 
to r;s just in case t is a subspace of p with the property that the join 
of t with each of r and s is equal to p. Because each of r and s is a line, 
and p is a three-dimensional space, the subspace ¢t cannot be empty or 
a point, nor can ¢ be a line that is coplanar with r or with s, nor can t 
be a plane that includes r or s. Thus, t is either a line included in the 
three-dimensional space p that is coplanar with neither r nor s, or it 
is a plane included in p that contains neither r nor sg, or it is all of p. 

Complex algebras of modular lattices are also called Madduax alge- 
bras or lattice relation algebras. 


3.8 Small relation algebras 


Occasionally, relation algebras are constructed by brute force meth- 
ods (sometimes with the help of a computer). This approach is often 
applied to finite relation algebras with a small number of atoms, and 
proceeds in the following way. The set of atoms of a finite Boolean 
algebra is given, along with two tables, one specifying the relative 
product of each pair of atoms, and the other specifying the converse 
of each atom. The operations of relative multiplication and converse 
on atoms are extended to arbitrary elements in the Boolean algebra 
so as to be distributive for atoms. A proposed identity element is also 
specified. In order to prove that the resulting algebra is a relation alge- 
bra, it suffices by Theorem 2.8 to verify (R4)—(R7) and the implication 
in (R11) for atoms; alternatively, one can verify conditions (i)—(iv) of 
Theorem 2.9. In practice, (R5) and (R6) are usually trivial to ver- 
ify, while (R4) and (R11) involve rather messy case arguments with a 
substantial number of cases. 

Two concrete examples may serve to illustrate the main ideas of this 
method. Consider first a Boolean algebra (A, + , —) with three atoms, 
say l’, s, and t. The relative product of two atoms and the converse of 
an atom are specified as in Table 3.2 and extended to all of A so as to 
be distributive. Write 
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Table 3.2 Relative multiplication and converse tables for atoms in 2. 
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for the resulting algebra. The column for 1’ in the relative multipli- 
cation table shows that (R5) holds for all atoms, while the converse 
table makes clear that (R6) holds for all atoms. 

The associative law (R4) for relative multiplication involves three 
variables, and there are three atoms in 2, so in principle there are 27 
cases to consider in order to verify this axiom for atoms. Some prelim- 
inary observations can reduce the number of cases considerably. Any 
case that involves 1’ is trivial, because 1’ is the identity element. For 
instance, 

Sit iS es base ek 

This observation reduces the number of cases that must be considered 
to eight. Also, the table for relative multiplication is symmetric across 
the diagonal, so relative multiplication between atoms (and therefore 
between any two elements) is commutative. The validity of one case 
of the associative law therefore implies the validity of all commuted 
versions of this case. For instance, the commutativity of relative mul- 
tiplication alone implies that 


8;(s;s)=(s;s);s and — 8;(t;s) =(s;t);s, 
and also that 
SU (Get rH Ss ose implies LASS) = (is es. 


This reduces the number of cases that need to be considered to two. 
The definitions of relative multiplication and converse for atoms are 
symmetric with respect to the elements s and t in the sense that the 
correspondence mapping the atom 1’ to itself and interchanging the 
atoms s and ¢t extends to an automorphism of 2. The validity of one 
case of the associative law therefore implies the validity of the cor- 
responding case in which the roles of s and t are interchanged. For 
instance, 
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Finally, the relative product of any atom with 1 is 1. For instance, 
s;l=s;(V+s4+t)=s;V+s;s+s;t=s+s+1=1. 


As a consequence of all of these observations, there is essentially only 
one case to consider when verifying (R4) for atoms, and this case is 
easily dealt with: 


S(ett) j=s3ljl=s1t =e 53) 26 


Considerations similar to those involved in the verification of (R4) 
for atoms show that only two cases of (R7) for atoms need to be 
checked, and they are easy: 


(35) =s =f =s “se. 


and 


(0a) SHI" a= lag26= tT se: 


The situation regarding the verification of (R11) is more compli- 
cated. Since all of the elements that need to be considered are atoms, 
it suffices to verify the form of (R11) that is given in condition (iv) of 
Theorem 2.9, namely 


p<q;r implies r<q ;p. (1) 


This implication involves three variables, so in principle there are 
again 27 cases to check. The preliminary observations made above 
reduce the number of cases considerably, but some care must be exer- 
cised. For instance, it is no longer true that every case in which one 
of the atoms is 1’ is trivial. It seems easiest to proceed by considering 
first the various ways in which atoms can be assigned to the variables q 
and r, and then for each of these cases to treat the subcases that re- 
sult from the various possible assignments of atoms to the variable p. 
If g = I’, then the hypothesis of (1) reduces to p = r, as does the 
conclusion, so (1) holds trivially. If r = 1’, then the hypothesis of (1) 
reduces to p = q, and the conclusion to Il’ < q~ ; q. Since the relative 
product of each atom and its converse includes 1’, the conclusion of (1) 
follows at once. If r= q=s, then g;r = 5;s = 5, so in this case we 
must have p = s. Since 
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q ;p=s ;s=t;s=1, 
the conclusion of (1) again follows at once. If q=t and r = s, then 
q;r=t;s=1. 


The product q~ ; p = s;>p includes s, and therefore r, for all three 
possible values of p, so the conclusion of (1) holds. The cases g = r = t 
and q = s and r = ¢t follow by the symmetry mentioned earlier. This 
completes the proof that 2 is a relation algebra. 

As the number of atoms of the given Boolean algebra increases, 
the verifications of the relation algebraic axioms for atoms become 
ever more complicated: in principle, the order of difficulty increases 
as the cube of the number of atoms. For instance, let (A, +, —) be 
a Boolean algebra with four atoms, say 1’, d, s, and t, and suppose 
that the relative product of two atoms and the converse of an atom 
are specified as in Table 3.3. Extend the operations ; and ~ to all 
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Table 3.3 Relative multiplication and converse tables for atoms in 2. 


of A so as to be distributive, and write 
A= (A, 3 ~~ 9 +5 ~ 1’) 


for the resulting algebra. The verification of the associative law (R4) 
and condition (1) for atoms in principle now involve 64 cases each. 
However, several of the initial observations made about the algebra 
determined by Table 3.2 remain true of the algebra 21 determined by 
Table 3.3, and simplify the verification task. For instance, if one of the 
atoms is 1’, then the verification of the resulting statement is usually 
trivial, but some care must be exercised with regards to the verification 
of condition (1) in such cases. Also, relative multiplication is again 
commutative, so the validity of an equation under a certain assignment 
of atoms implies the validity of all commuted versions of this equation 
under the same assignment of atoms. Furthermore, the definitions of 
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relative multiplication and converse are again symmetric with respect 
to the atoms s and t in the sense that the correspondence mapping the 
atoms 1’ and d to themselves and interchanging s and t extends to an 
automorphism of the algebra. Consequently any statement that is true 
for the atoms remains true when the elements s and t are interchanged. 
Finally, the relative product of any atom with 1 is 1. 

With the help of these observations, the verification that 2 is a 
relation algebra becomes manageable. For example, the 64 cases that 
are in principle needed in order to verify (R4) for atoms reduce to 4 
essential cases that are easily checked: 


eet = 601 = leet = (435) 21, 
;(s;d)=s;(d+s)=s;d+s;s=d+s=s;d=(s;s);d, 
s(d;s)=d;(d+s)=d;d+d;s=V4+s+t+d=1 
=V;s+s;s+t;s=(l+s+4+t);s=(d;d);s, 
S:Uid) =si (dt) j=sidtestaH=l aj 1d = (957) ia. 


Qh 


The initial observations also imply that the 16 cases needed in order 
to verify the second involution law (R7) for atoms can be reduced to 
four cases: 


(sos) =e t=t;t=s;s", 

(d;d)- =(V+s+t)) =l~ +84 
=V+t+s=d;d=d ;d, 

si =] 1" Salas r 3s, 

(s;d)- =(d+s)° =d-+s~ =d+t=d;t=d";s”. 


The verifications of (R5) and (R6) for atoms are easy. 

The verification of condition (1) for atoms also splits into 64 cases, 
but again there is a substantial reduction in the actual number of cases 
that need to be considered. If g = 1’, then the hypothesis and conclu- 
sion of (1) reduce to p =r, so (1) is trivially true in this case. If r = 1’, 
then the hypothesis of (1) reduces to p = q, and the conclusion reduces 
to l <q ;q. The product q~ ; q includes I’ for every atom q, so (1) 
holds in this case as well. There remain in principle nine cases to con- 
sider, one for each assignment of non-identity atoms to the variables q 
and r; but four of these cases can be deduced from the remaining five 
using the automorphism that interchanges s and t. In order to verify 
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each of the remaining five cases, assume the hypothesis of (1). If ¢q=t 
and r = s, then 


so p can be any atom. The product 
q ;p=t ;p=s;p 


includes s—and therefore r—for any atom p, as a glance across the row 
for s in the right-hand table of Table 3.3 makes clear; so the conclusion 
of (1) holds in this case. If g =r = s, then 


so p= s and 


Clearly, the conclusion of (1) holds in this case. If gq = s and r = d, 
then 
g;r=s;d=d+s, 


so p is one of d and s, and therefore 
q ;p=s ;p=t;p 


is one of t; d and t; s. Both of these products include d, which is r, 
so the conclusion of (1) holds. If g = d and r = s, then p is again 
one of d and s, by the preceding case and the commutativity of the 
operation ;, so 
q ;p=a@ ;p=d;p 

is either d;d or d; s. Both of these products include s, which is r, so 
the conclusion of (1) holds in this case as well. Finally, if ¢q = r = d, 
then 

q;r=d;d=V+s+t, 


so p is one of 1’, s, and t, and 
q ;p=d ;p=d;p 
is one of d; 1’, d; s, and d;t. Each of these products includes d and 
therefore 7, so the conclusion of (1) holds in this last case. 
The verifications of (R4), (R7), and condition (1) for atoms in the 


preceding two examples have been greatly simplified by two proper- 
ties of the algebras under consideration: the commutativity of relative 
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multiplication and the existence of a non-trivial automorphism. As the 
number of atoms increases, the likelihood that a given constructed al- 
gebra will have one of these properties decreases, and therefore the 
chance of a substantial reduction in the number of distinct cases that 
must be treated is diminished. Little wonder, then, that small rela- 
tion algebras with more than four atoms have for the most part been 
investigated with the aid of computers. 


3.9 Independence of the axioms 


An axiom in a given set of axioms is said to be independent of the 
remaining axioms in the set if it is not derivable from those axioms. 
A set of axioms is said to be independent if each of the axioms in the 
set is independent of the remaining axioms in the set. The standard 
method for establishing the independence of an axiom is to construct 
an independence model in which the axiom fails and the remaining 
axioms are valid. A classic example is the proof of the independence of 
the parallel postulate from the remaining axioms of Euclidean geom- 
etry via the construction of a model of non-Euclidean geometry. The 
problem of the independence of a given axiomatization of a theory is 
really a foundational question. If an axiom is shown to be dependent, 
then it is usually removed from the set of axioms and derived as a 
theorem in the subsequent axiomatic development of the theory. 

From this perspective, it is natural to inquire whether the axiom- 
atization of the theory of relation algebras given in Definition 2.1 is 
independent. This turns out to be the case. The proof follows the stan- 
dard method outlined above: for each natural number n = 1,..., 10, 
an algebra 2, is constructed in which (Rn) fails and the remaining 
axioms hold. We demonstrate the method by showing that (R4), the 
associative law for relative multiplication, is independent of the re- 
maining axioms. 

To construct an independence model for (R4), start with a three- 
element partial algebra (G, °, ~!, z), of the same similarity type as 
a group. The universe G of this partial algebra is the set {0,1,2}, the 
binary operation © is determined by Table 3.4, the unary operation ~! 
is the identity function on G, and the distinguished constant 1 is 0. The 
values of 1°2 and 2¢1 in the operation table for ° are left undefined. 
Form the complex algebra 24 of this partial algebra in exactly the same 
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° |}O];1)] 2 
0 /O0)1)2 
1} 1 

2 |2 0 


Table 3.4 Table for the operation °. 


way as the complex algebras of groups are formed. The operation of 
relative multiplication in 24 is given by Table 3.5, while converse is 
the identity function on the universe of 2%4, and {0} is the identity 
element with respect to relative multiplication. 


; | @ | {0} | {1} | {2} | {0,1} | {0,2} | {1,2} |{0,1,2} 
2) DO DO DO DO DO i) 2) DO 
{0} | S | {O} | {1} | {2 | {0,1} [ {0,2} | {1,24 [{0, 1, 2} 
{1} | S| {1} | tO} | @ | {0,0 | {1} | {0} | {0,1} 
{2} | S| {2} | @ | {0} | {2} | {0,2} | {0} | {0,2} 
{0,1} | @ |) {0,1} |{0,1}} {2} | {0,1} ]{0,1,2}){0, 1, 2})/{0, 1, 2} 
{0,2} | @ |) {0,2} | {1} |{0,2}/{0,1,2}) {0,2} |{0, 1, 2})/{0, 1,2} 
{1,2} | @ |) {1,2} | {0} | {O} |{0,1,2$){0,1,2}) {0} |{0,1,2} 
{0,1,2}] @ |{0,1,2}|{0, 1}/{0, 2}/{0, 1, 2}/{0, 1, 2}/{0, 1, 2}}{0,1, 2} 
Table 3.5 Operation table for relative multiplication in 24. 


To see that (R4) fails in 24, take r to be the atom {1}, and take s 
and t to be the atom {2}, to obtain 


r3(s3t) = {1}; 42} 5 {2}) = {1}; 10} = th, 


and 


(r 58) ;¢ = ({1}; {2}) {2} = 9 5 {2} =o. 


Turn now to the proof that the remaining axioms of Definition 2.1 
are valid in 24. The Boolean part of 24 is, by definition, a Boolean 
algebra of sets, so (R1)—(R3) are certainly valid in 214. The operation of 
relative multiplication is commutative and distributive over addition 
in 2, because ° is a commutative partial operation (see Table 3.4), 
and because the very definition of the complex operation ; in terms 
of © (see Section 3.5) implies that it distributes over arbitrary sums. 
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From these observations, together with the fact that converse is the 
identity function on the universe of 214, and {0} is an identity element 
with respect to operation of relative multiplication, it easily follows 
that (R5)—(R9Y) all hold in 24. 

It must still be shown that (R10) is valid in 24. Since (R1)-(R3) 
and (R6)-(R9) all hold in 4, the validity of (R10) is equivalent to 
that of (R11), which in turn equivalent to that of condition (iv) in 
Theorem 2.9 (see the remarks following that theorem). In the present 
situation, the verification of condition (iv) reduces to showing that 


ee ere implies sa rtt (1) 


for all atoms r, s, and t. If r is the identity element {0}, then (1) reduces 
to the triviality that t = s implies s = t. If s is the identity element, 
then the hypothesis of (1) reduces to t = r; in this case r;t = r;r, which 
is always the identity element when r is an atom (see Table 3.5), so the 
conclusion of (1) holds. It may therefore be assumed that r and s are 
atoms distinct from the identity element. If r = s, then the hypothesis 
of (1) is only satisfied if t is the identity element (see Table 3.5), and in 
this case the conclusion of (1) holds trivially. The only remaining case 
is when r and s are, in some order, the two subdiversity atoms {1} 
and {2}. In this case the relative product r;s is the empty set (see 
Table 3.5), so the hypothesis of (1) is never satisfied, and therefore the 
implication in (1) is always true. 


12) 2) | 
{0} | {0} | 
{1} [| {2} | 
{2} | {1} | 
{0,1} | {0,2} | 
{0,2} | {0,1} | 
{1,2} | {1,2} | 
{0, 1, 2}]£0, 1, 2}| 


Table 3.6 Converse table for the complex algebra of the group of integers 
modulo 3. 


The proofs that the remaining axioms in Definition 2.1 are also in- 
dependent are similar in spirit to the preceding argument. In each case, 
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the most difficult step is the construction of a suitable independence 
model for the axiom under consideration. See [3] for details. 


3.10 Historical remarks 


Full set relation algebras on a set U are implicit in the work of Peirce 
and Schroder, although they did not conceive of algebras of relations 
in the same way that we think of them today. Set relation algebras 
in the more general sense discussed in Section 3.1, where the unit is 
an arbitrary equivalence relation, were proposed by Tarski. As Tarski 
well understood, the inclusion of these algebras into the class of set 
relation algebras implies that, up to isomorphism, the class is closed 
not only under subalgebras, but also under direct products. 

The construction of formula relation algebras is due to Tarski, as 
are the results in Exercises 3.12—3.14. Boolean relation algebras go 
back to Tarski as well. In particular, Lemma 3.1 and the observation 
in Exercise 3.15 are due to him. The construction of group complex 
algebras is due to John Charles Chenoweth McKinsey, who initially 
called them Frobenius algebras—see [53]. 

The history of geometric complex algebras is somewhat involved. 
Jonsson [49] constructed examples of (non-representable) relation al- 
gebras from non-Desarguesian projective planes. His construction al- 
ready contains most of the key ideas that are involved in the definitions 
of relative multiplication, converse, and the identity element for geo- 
metric complex algebras (see Section 3.6). He did not, however, have 
the current definition of the relative product of an element with itself, 
nor did he have the direct derivation of the associative law for rela- 
tive multiplication from the axioms of projective geometry. Instead, 
his construction uses a transfinite inductive procedure to arrive at an 
algebra in which the associative law is valid. 

Roger Conant Lyndon [70] substantially simplified Jénsson’s con- 
struction, giving the definition of relative multiplication in these al- 
gebras that is used today, and giving a direct derivation of the asso- 
ciative law from the axioms of projective geometry, thereby obviating 
the need for a construction by transfinite induction. Lyndon also saw 
that his construction yields examples of relation algebras for every 
underlying projective geometry of dimension at least one. He charac- 
terized when such relation algebras are completely representable in the 
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sense that they are isomorphic to set relation algebras via mappings 
that preserves all sums as unions (see Theorem 17.14). Lyndon was 
motivated not only by Jénsson’s construction, but also by a problem 
from Jénsson-Tarski [53], which asks whether every integral relation 
algebra—that is to say, every relation algebra in which the relative 
product of two non-zero elements is always non-zero—is embeddable 
into the complex algebra of a group. Lyndon considered only projective 
geometries of dimension at least one and order at least three, but he 
was aware of how to handle the cases of a projective geometry of order 
two and a projective geometry of dimension 0 or —1. (He seems not 
to have been aware of the need for a Boolean flag in the case dimen- 
sion 0.) The theorem in Exercise 3.26 is essentially due to Lyndon [70]. 
The observation in Exercise 3.28 is from Jénsson [50]. 

Complex algebras of modular lattices with zero were created by 
Roger Duncan Maddux [73] in order to answer positively the question 
in Jonsson [49] of whether every modular lattice is isomorphic to the 
lattice of commuting equivalence elements of some relation algebra. 

Small relation algebras were first investigated by Lyndon, who dis- 
covered that every finite relation algebra with at most three atoms is 
representable in the sense that it is isomorphic to a set relation algebra 
(see Footnote 13 on the last page of Lyndon [68]). The results in Ex- 
ercises 3.2, 3.3, and 3.36-3.39 were certainly known to him, although 
he did not publish any statements or proofs of them. Lyndon’s in- 
vestigations of small relation algebras were extended to finite relation 
algebras with four atoms by Ralph Nelson Whitfield McKenzie [82], 
but McKenzie did not obtain a complete description of all such alge- 
bras, nor did he publish his results in this direction. He did, however, 
succeed in showing that there exist examples of finite relation alge- 
bras with four atoms that are not representable (see [82] and [83]). It 
is likely that the several of the examples in Exercises 3.40-3.41 were 
known to him. Stephen Comer used a computer to study and enumer- 
ate the integral relation algebras with four atoms—see [24] and [25]. 
Maddux continued these computer-aided investigations by enumerat- 
ing the finite relation algebras with five atoms. In particular, his com- 
puter computations led him to the conclusion that there are 4527 finite, 
integral relation algebras with at most five atoms, and these algebras 
are enumerated in Maddux [78]. 

The construction of the independence model 24 in Section 3.9 is due 
to McKinsey, who used it to prove in the early 1940s that the asso- 
ciative law for relative multiplication is independent of the remaining 
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relation algebraic axioms (see the appendix to Tarski [106]). Hyman 
Kamel [57] (see also Kamel [58]) presented an axiomatization of the 
theory of (simple) relation algebras different from the one given in 
Tarski [105], and proved its equivalence to Tarski’s axiomatization (see 
Exercise 4.27). In addition, Kamel proved the independence of some of 
his axioms, but he was unable to establish the independence of all of 
them. Hajnal Andréka, Givant, Peter Jipsen, and Istvan Németi have 
shown in [3] that all of the axioms in Definition 2.1 are independent 
of one another. Their independence models are different from the ones 
used by Kamel. 


Exercises 


3.1. Prove that all degenerate relation algebras are isomorphic. 


3.2. Prove that every relation algebra with two elements must be iso- 
morphic to Ny. 


3.3. If E is the identity relation on a two-element set, then the Boolean 
set relation algebra %e(£) has four elements. Prove that every four- 
element relation algebra is isomorphic to one of IN, M3, and Re( EL). 


3.4. Verify that axioms (R4)—(R9) are valid in every matrix algebra 
by using the correspondence between relations and matrices. 


3.5. Verify directly that axioms (R4)—(R10) are valid in every matrix 
algebra by using the definitions of the operations involved in each 
axiom. 


3.6. Verify that (R4), (R5), (R6), (R9), and (R10) are valid in every 
formula relation algebra. 


3.7. The construction of a formula relation algebra actually goes 
through for any first-order language £*, not just the language of rela- 
tions, and for any set of formulas S in £*. Describe the details of this 
construction. 


3.8. Let £ be a language of first-order logic with one binary relation 
symbol R, and suppose S is the set of sentences expressing that R 
is a dense linear ordering without endpoints. Thus, the sentences in S 
say that: (1) R is a strict ordering that is total in the sense that, for 
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any two elements, one is always greater than, equal to, or less than the 
other; (2) for any elements r and s, if r is smaller than s, then there 
is an element ¢ that is greater than r and less than s; (3) there is no 
greatest and no least element. Describe the resulting formula relation 
algebra. 


3.9. Let £ be a language of first-order logic with one binary relation 
symbol R, and suppose S is the set of sentences expressing that R is 
a dense linear ordering. Thus, the sentences in S say that: (1) Risa 
strict ordering that is total; (2) for any elements r and s, if r is smaller 
than s, then there is an element ¢ that is greater than r and less than 
s. Describe the resulting formula relation algebra. 


3.10. Let £ be a language of first-order logic with one binary relation 
symbol R, and suppose S is the set of sentences expressing that R is 
a permutation without cycles of a set with five elements. Describe the 
resulting formula relation algebra. 


3.11. Let £ be a language of first-order logic with one binary relation 
symbol R, and suppose S is the set of sentences expressing that FR is 
the successor function on the set of integers. Thus, the sentences in S 
say that R is a bijection without cycles. Describe the resulting formula 
relation algebra. 


3.12. The notion of a restricted formula relation algebra is defined in a 
manner similar to that of a formula relation algebra (see Section 3.3), 
except that the set F of formulas in £* having a and y as their only 
free variables is replaced by a more restricted set of formulas. Let £3 
be the set of formulas in £* that contain no variables (free or bound) 
different from a, y, and z, and put 


Fe =FOLh. 


The set of formulas F* is used instead of F to construct the restricted 
formula relation algebras of £*. In order to define an appropriate no- 
tion of substitution for the set of formulas F*, one must change bound 
variables in such a way that variables different from x, y, and z are 
not introduced. Supply the details of this construction, and prove that 
every restricted formula relation algebra is a relation algebra. 


3.13. Prove that every set relation algebra is isomorphic to a restricted 
formula relation algebra (see Exercise 3.12). 
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3.14. Prove that every formula relation algebra is isomorphic to a set 
relation algebra. 


3.15. Prove that every Boolean relation algebra is isomorphic to a 
subalgebra of Re(idy) for some set U. Conclude that every Boolean 
relation algebra is isomorphic to a set relation algebra. 


3.16. Give an example of an atomless relation algebra. 


3.17. Give an example of an atomless relation algebra that is simple 
in the sense that there are exactly two congruence relations on the 
algebra. 


3.18. Complete the proof of Theorem 3.2 by showing that (R5)—(R7) 
hold for atoms in the complex algebra of a group. 


3.19. Prove that the complex algebra of a group is isomorphic to a set 
relation algebra. 


3.20. A relation algebra is called integral if r ;s = 0 always implies 
that r = 0 or s = 0. Prove that the complex algebra of a group is 
integral. 


3.21. Prove that conditions (ii) and (iii) of Theorem 2.9 hold in the 
complex algebra of a projective geometry of order at least three. 


3.22. It was shown in the proof of Theorem 3.3 that an equivalent 
form of condition (i) from Theorem 2.9, namely the associative law for 
atoms, is true in the complex algebra of a geometry of order at least 
three. Prove directly that condition (i) itself holds in this algebra. 


3.23. Prove that conditions (i)—(iii) of Theorem 2.9 hold in the com- 
plex algebra of a projective geometry of order two. 


3.24. Prove that the complex algebra of a geometry is an integral 
relation algebra in the sense defined in Exercise 3.20. 


3.25. Prove that in the complex algebra of a geometry of order two, 
if relative multiplication is defined exactly as in the case of order at 
least three, then the associative law fails. 


3.26. Prove that a relation algebra 2 is isomorphic to the complex 
algebra of a geometry of order at least three if and only if the following 
conditions hold. 
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(i) 2l is complete and atomic. 

(ii) V is an atom. 

(iii) p~ = p for every atom p in 2. 

(iv) p;p=ptT for every atom p4 I’. 


3.27. Prove that a relation algebra 2 is isomorphic to the complex al- 
gebra of a geometry of order two if and only if the following conditions 
hold. 


(i) 2 is complete and atomic. 

(ii) is an atom. 
(iii) p~ = p for every atom p in 2. 
(iv) p;p =T for every atom p. 


3.28. Prove that in the complex algebra of a projective line of order 
at least three, the equation r;r =r;r;r is true. 


3.29. Prove that the complex algebra of a zero-dimensional geome- 
try of order two is not isomorphic to the complex algebra of a zero- 
dimensional geometry of order greater than two, but the complex al- 
gebras of two zero-dimensional geometries of order greater than two 
are isomorphic to one another. 


3.30. Prove that the complex algebra of a modular lattice is an integral 
relation algebra in the sense defined in Exercise 3.20. 


3.31. Complete the proof of Theorem 3.4 by verifying that condi- 
tion (iv) from Theorem 2.9 is valid in 2. 


3.32. Suppose L is the lattice of all subspaces of some projective ge- 
ometry. Let r and s be elements in L and therefore atoms in €m(L). 
Describe the elements that belong to the relative product r;s in each 
of the following cases. 


(i) r is a line and s is a point lying on r. 

(ii) r is a plane and s is a point lying in r. 
(iii) r is a plane and s is a point not lying in r. 
(iv) r is a plane and s is a line lying in r. 

(v) r is a plane and s is a line not lying in r. 
(vi) r and s are distinct planes. 
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3.33. For the algebra 2 discussed in the second example of Section 3.8, 
prove that the first equation below implies all of the remaining equa- 
tions. 


$3 (t20) = (49) <0, £3 (ssa) = (648) 2d, 
Sidi =(ss0)et, todos) = (sds, 
GSH Wisi ate )lH (sess 


3.34. For the algebra 2 discussed in the second example of Section 3.8, 
prove that the first equation below implies all of the remaining equa- 
tions. 


3.35. For the algebra 2 discussed in the second example of Section 3.8, 
assume that for every atom p in 2, the inequality p < s;d implies the 
inequality d < s~ ;p. What other cases of condition (1) for atoms can 
be easily derived from this case? 


3.36. Let (A, +, —) be a Boolean algebra with eight elements and 
three atoms, 1’, s, and t. Define every atom to be its own converse. If 
the relative multiplication table for atoms is any one of the following 


(where 0’ = s+t), prove that the resulting algebra is a relation algebra. 


;/V)s| ¢t ;|l’] s t 
: V\V)s| ¢ "2 VV) s t 
(i) s|s|l’| ¢ (ii) s\js|’+s| t 
tit}/t|Vv4+s t|) ¢ |jV’+s 
;|Vi sit ;|V]} s |t 
oa YP t ; VV} os it 
(itt) s|Vlt iv) ales 
titj|l t t jl 
;|V] s t ;|V) s |t 
Vil} s t . VV) s ft 
y) s\s|V’+t| 0 (vi) s|V’? + t}0’ 
tit] 0 |V’4+s t} 0? | 
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ne 1 
(vii) 7 lo 
t |0’} 1 


3.37. Let (A, +, —) be a Boolean algebra with eight elements and 
three atoms, 1’, s, and t. Define 1’ to be its own converse, and define 
the converses of s and t to be t and s respectively. If the relative 
multiplication table for atoms is as in (i) or (ii) (where 0’ = s +f), 
prove that the resulting algebra is a relation algebra. 


>| Vy sit -|Vis|t 

. V|Visit . V|Visit 
(i) s |s|t|V (ii) s |s|07}1 
t |t|Vs t | ¢4140’ 


3.38. Let (A, +, —) be a Boolean algebra with eight elements and 
three atoms, r, s, and t. Define every atom to be its own converse. 
If the relative multiplication table for atoms is (i), (ii), or (iii), prove 
that the resulting algebra is a relation algebra. 


() Gi) (ii) 


e+! Ol] oO] oa 
wml r}lola 


+] 4+)o;o 


CS] wn] CO] w 


Hl HD | OO] & 


HH] HD | CO] 


cH) HD] Sly: 
S| o|s | 
H+] mH] ]~-: 
Oo; Oo; 3/3 
TH] DH] Sly: 
Oo| Oo; 3/3 


3.39. Prove that, up to isomorphism, there are no other relation alge- 
bras with eight elements and three atoms except the algebra 2 in the 
first example of Section 3.8 and the algebras in Exercises 3.36—-3.38. 


3.40. Let (A, +, —) be a Boolean algebra with sixteen elements and 
four atoms, 1’, d, s, and t. Define every atom to be its own converse. If 
the relative multiplication table for atoms is any one of the following 
(where 0’ = d+ s+t), prove that the resulting algebra is a relation 
algebra. 
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;|Vid|sit 5] VP d 8 t 
V\Vidis\t VyV d 8 t 
(i) d|d|V|\t}s (ii) d/d/V+s+t) 0’ | 0’ 
s|s|t|VJd s|s 0’ V+dd+t 
t|t}|s|d\V t 0’ d+t} 1 
;|V\d t ;|Vid 8 t 
Vi/Vid| s t ViVid s t 
(iii) d/djl| ¢t S (iv) d/d|V t 8 
s|s|t|V’+s\d+t s|s|t|\V+s+t 0’ 
t|t|s|d+t|V’4+s t|s 0’ V+s-+t 
51V d 8 t 
Viv d 8 t 


(v) dl/d|V+d+t) s+t |[d+s 
s|s s+t |V+d+4+sld+t 
t| d+s d+t |V’+s 


3.41. Let (A, +, —) be a Boolean algebra with sixteen elements and 
four atoms, 1’, d, s, and t. Define 1’ and d to be their own converses, 
and define the converses of s and t to be ¢ and s respectively. If the 
relative multiplication table for atoms is one of the following (where 
0’ =d+s+t), prove that the resulting algebra is a relation algebra. 


;|Vidisit ;|Vid 8 t 
VIVidi/s|t ViVid s t 
(i) d|djV\t\s (ii) d{d|V t s 
s|s|t}d|V s|s|{t 0’ V+s+t 
t|t)s|/Vid t)t|s|Vv+s+t 0’ 
5 |v d 8 t 
ViV d Ss t 
(iii) d)/d|V+s+t| 0’ 0’ 
s 0’ d+t|V+d 
tit 0’ V+did+s 
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3.42. Prove that (R1) is independent of the remaining axioms of rela- 
tion algebra. 


3.43. Prove that (R2) is independent of the remaining axioms of rela- 
tion algebra. 


3.44. Prove that (R3) is independent of the remaining axioms of rela- 
tion algebra. 


3.45. Prove that (R5) is independent of the remaining axioms of rela- 
tion algebra. 


3.46. Prove that (R6) is independent of the remaining axioms of rela- 
tion algebra. 


3.47. Prove that (R7) is independent of the remaining axioms of rela- 
tion algebra. 


3.48. Prove that (R8) is independent of the remaining axioms of rela- 
tion algebra. 


3.49. Prove that (R9) is independent of the remaining axioms of rela- 
tion algebra. 


3.50. Prove that (R10) is independent of the remaining axioms of re- 
lation algebra. 


Chapter 4 
Arithmetic 


The equational language of relation algebras is highly expressive, and 
the deductive power of the equational theory is substantial. In fact, ev- 
ery statement about binary relations that can be expressed in the first- 
order language of relations using at most three variables can equiva- 
lently be expressed as an equation in the language of relation algebras, 
and vice versa. Furthermore, an equation is derivable from the axioms 
of relation algebras if and only if a corresponding three-variable sen- 
tence is provable in a certain restricted version of first-order logic in 
which there are just three variables. (See either Givant [35] or Tarski- 
Givant [113] for details.) A consequence of these observations is that, 
in contrast to the arithmetic of, say, Boolean algebras, the arithmetic 
of relation algebras—and in particular, the study of the laws that are 
true in all relation algebras—is extremely complex. In fact, it is known 
that there is no mechanical procedure by means of which one could 
determine whether or not any given equation in the language of rela- 
tion algebras is true in all relation algebras. In technical jargon, the 
equational theory of relation algebras is undecidable. 

We shall content ourselves with a somewhat limited presentation 
of the arithmetic of relation algebras, enough to form a basis for the 
algebraic investigations in later chapters and to give readers a sense 
of how one can proceed in developing this arithmetic. In formulating 
various laws, it will always be assumed that the variables r, s, t, etc. 
range over the elements of an arbitrary but fixed relation algebra 2, 
which will usually not be explicitly mentioned. Also, we shall often 
justify steps in derivations that are based upon laws of Boolean algebra 
by using such phrases as “by Boolean algebra”. 
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4.1 Basic laws and duality principles 


We begin with some observations that follow from the axioms concern- 
ing converse. The function y that maps each element r in a relation 
algebra 2{ to its converse r~ is a bijection of the universe of 2. Indeed, 
if y(r) = y(s), then r~ = s~, by the definition of y, and therefore 


it 8 8, 


by (R6), so y is one-to-one. If r is any element in 2, then 


g(r )=r-~ =r, 
by the definition of y and (R6), so y is onto. This function preserves 
the operation of addition in the sense that 


g(r+s)=(r+8)~ =r +8 =olr) + 9(s), 


by (R9). The Boolean partial ordering <, and consequently also the 
Boolean operations of multiplication, subtraction, and symmetric dif- 
ference, and the Boolean constants zero and one, are all definable in 
terms of addition, so they, too, must be preserved by y. Conclusion: y 
is an automorphism of the Boolean part of 2. This leads at once to a 
series of easy but important laws. 


Lemma 4.1. (i) r<s if and only ifr~ < s~. 
(iy 3)" Sr ne 


) 

) 
Var = =O): 

)rv =0 of and only ifr =0, and r~ = 1 if and only if r =1. 
(vii) r is an atom if and only if r~ is an atom. 


The first law is called the monotony law for converse, and the sec- 
ond, third, fourth, and fifth are the distributive laws for converse over 
multiplication, subtraction, symmetric difference, and complement re- 
spectively. Since suprema and infima are also definable in terms of <, 
the Boolean isomorphism properties of the mapping y imply that con- 
verse is completely distributive over addition and multiplication. 


Lemma 4.2. Jf the supremum or the infimum of a set X of elements 
exists, then the supremum or the infimum of the set {r~ :r € X} also 
exists, and 
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Mair re XH or Terre spay 
respectively. 
Converse also preserves the identity element. 
Lemma 4.3. 7~ =I’. 
Proof. For any element r, we have r~ ; 1’ = r~, by (R5). Consequently, 
(SF aa ey a ae alae, 


by (R6), the preceding observation, and (R7). This argument shows 
that l’~ is a left-hand identity element for relative multiplication. 
Replace r by V’~ in the equation r; 1’? = r, and by I’ in the equa- 
tion ’~ ;r =r, to arrive at 


Sr era 


Define an operation © on the universe of a relation algebra 2 by 
TrOs=s;5r 


for all elements r and s in 2. The Boolean automorphism y defined 
before Lemma 4.1 maps relative products to ©-products in the sense 
that 


g(r 3s) =(r38)" =8" sr =r Os” =yH(r) OY(s). 
Also, y preserves converse in the sense that 
g(r) =r = 9(r), 


and y maps I’ to itself, by the previous lemma. Thus, ¢ is an isomor- 
phism from the algebra 2 to the algebra 


A’ =(A,+,-,0,~,17) 


in the sense that y is a bijection from the universe of 21 to the universe 
of 2’ that preserves the fundamental operations of the algebras (see 
Chapter 7). Consequently, 2’ is also a relation algebra. In particular, 
every valid relation algebraic law continues to hold when the opera- 
tion ; is replaced everywhere by ©. We shall call this the first duality 
principle for relation algebras. The formulations and proofs of relation 
algebraic laws that result from this principle all have the same flavor. 
Here are some concrete examples. 
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Lemma 4.4. (i)r;(s+t)=rj;s+r3t. 
(iy Pera 
(iii) -(s;r);r~ +-s=-s. 
Proof. As an example, here is the proof of the first law: 


r;(st+tt)=(s+thOr=sOr+tOr=r;s+r3;t, 


by the definition of © and the fact that (R8) holds in YX’. O 


The first law in the preceding lemma is the left-hand distributive 
law for relative multiplication over addition, while the second is the 
left-hand identity law for relative multiplication. We shall usually not 
bother to distinguish between the left-hand and right-hand versions 
of laws when citing those laws in derivations; for example, we shall 
simply say “by the distributive law for relative multiplication” or “by 
the identity law for relative multiplication”. One can also refer to the 
laws formulated in (i)—(iii) as the first duals of (R8), (R5), and (R10) 
respectively. The first duality principle implies that every relation al- 
gebraic law has a first dual. For instance, in the next lemma it is shown 
that r <r;1. The first dual of this law says that r < 1;r. We shall 
usually not bother to formulate the first dual of laws that we prove. 
There are, however, a few exceptional cases when we explicitly state 
these duals because they are frequently used and not quite straight- 
forward to formulate. 


Lemma 4.5. (i) [fr<tands <u, thenr;s<t;u. 
(ii) (r-8); (t-) < (32) (85). 

(in) <r sl. 

Gy le Fo) 


Proof. Use the first hypothesis in (i), the definition of <, and (R8) to 
obtain first r+t=t, thenr;s+t;s =t;s, and finally r;s <t;s. 
This inequality (with r, s, and t replaced by s, t, and u respectively), 
the second hypothesis in (i), and the first duality principle lead to 
inequality t; s <t;u. Combine these two inequalities to arrive at the 
conclusion of (i). 

The Boolean inequalities 


together with (i), imply that 
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(rs s)4 Gea) <rst and (r-s);(t-u) <s;u. 


These last two inequalities and Boolean algebra lead directly to (ii). 
The unit 1 is the largest element in 21, so 1’ < 1. Apply (R5) and (i) 
to arrive at 
r=r;V<r31. 


Replace r by 1 in this inequality to obtain 1 < 1; 1. The reverse 
inequality follows from the fact that 1 is the largest element in 21, so 
we obtain (iv). O 


The implication in part (i) of the preceding lemma is called the 
monotony law for relative multiplication. It is used again and again in 
derivations of relation algebraic laws. 

In analogy with the distributive law for relative multiplication (over 
addition), there is also what might be called the semi-distributive law 
for relative multiplication over subtraction. 


Lemma 4.6. (r;s) — (r;t) <1r;(s—t) and (r;t) —(s;t) < (r—s)3t. 


Proof. It suffices to derive the first law, since the first dual of this law 
is just the second law. From s-t < t, we obtain r;(s-t) < r;t, by 
the monotony law for relative multiplication. Forming complements 
reverses inequalities, so —(r;t) < —[r;(s-t)] and therefore 


(r 58) —(r3t) =(r38)-—-(r32) < (v3 8)-—[r3 (s-)], 
by the definition of subtraction and Boolean algebra. Also, 
r;s=r;(s—t+s-t)=r;(s—t)+r;(s-t), 


by Boolean algebra and the distributive law for relative multiplication. 
Combine this with the preceding inequality, and use Boolean algebra 
to arrive at 


as desired. Oo 
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The function ~ mapping each element r in a relation algebra 2 to 
its complement —r is also a bijection of the universe of 21. It maps 
Boolean sums to Boolean products in the sense that 


Ws 8) = as) = Ps lr) vis), 


and it maps relative products to relative sums in the sense that 


P(r; 8) =—(r38) =—-rp—-s= V(r) + Y(s). 


It also preserves complements and converses in the sense that 


w—r=——r) =r) sad Yr j= =n Sor) 


by Lemma 4.1(v), and it interchanges 0 and 1, and 0’ and 1’. It follows 
that w is an isomorphism from 2 to the algebra 


A" =(A,-,-,+,~,0%). 


Consequently, 2” is a relation algebra. This implies that every valid 
relation algebraic law continues to hold when the operations of addition 
and relative multiplication are replaced everywhere by multiplication 
and relative addition respectively, and vice versa; and the distinguished 
constants 0 and 1’ are replaced everywhere by 1 and 0’ respectively, 
and vice versa. In the case of inequalities, the inequality sign must 
be reversed when forming a second dual. We shall call this the second 
duality principle for relation algebras. The next lemma gives some 
examples of laws that result from this principle. 


Lemma 4.7. (i) r+(s+t) =(r+s)+t. 
jijr+0S=0'+rer. 

(i) (rag) Sag™ seg 

(iv) (r- fala ee (s+t) andr+(s-t)=(r+s)-(r+?). 
te (r+s))+-s=—s. 


i) 
) 
) 
(i) 0~ 0 0". 
i) 
) 
x) 


(vii Veet de Se. thenr-+s <t+u. 
(viii) r+O<r. 


(i 


Proof. Here, as an example, is a direct derivation of (vii). If r < t 
and s < u, then —r > —t and —s > —u, by Boolean algebra, and 
therefore 


04+0=0. 
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by the monotony law for relative multiplication. Form the complement 
of both sides of this inequality, and use Boolean algebra and the defi- 
nition of relative addition, to arrive at the desired conclusion. O 


The laws in (i)—(iv) and (vii) are respectively called the associative 
law for relative addition, the identity law for relative addition, the 
(second) involution law for relative addition, the distributive law for 
relative addition over multiplication, and the monotony law for relative 
addition. Alternatively, one can refer to (i)—(ix) as the second duals of 
(R4), (R5) and Lemma 4.4(ii), (R7), (R8) and Lemma 4.4(i), (R10), 
Lemma 4.3, and parts (i), (iii), and (iv) of Lemma 4.5 respectively. The 
second duality principle implies that every relation algebraic law has 
a second dual. We shall usually not bother to formulate these duals 
separately. 

Define an operation © on the universe of a relation algebra 21 by 


r@s=s4r 


for all elements r and s in 2. The composition of the mappings y 
with w is an isomorphism from 2 to the algebra 


WM" =(A,+, =, @, *, 07). 


In particular, 2” is a relation algebra. Consequently, if in any valid 
relation algebraic law we replace + by - (and vice versa), and ; 
by © (and vice versa), and 0 by 1, and 0’ by I’ (and vice versa), 
then we obtain another valid relation algebraic law. This is called the 
third duality principle for relation algebras. For example, the third dual 
of (R10) is 


(=(s4r) +r" )<-8==s. 
This law is the first dual of Lemma 4.7(v), which in turn is the second 
dual of (R10). 


4.2 De Morgan-Tarski laws 


The next lemma shows that an abstract form of the De Morgan-Tarski 
laws is valid in every relation algebra. These laws are fundamental in 
the development of the entire arithmetic of relation algebras. As we 
shall see, the equivalences contained in these laws can be expressed in 
several different ways. 


120 4 Arithmetic 


Lemma 4.8. The following three equations are equivalent. 


Gre s)\2t=0. 
(ayer 4¢ ae 1), 
(i) (one ee =O, 


Proof. If (i) holds, then t < —(r; 8), by Boolean algebra, and conse- 
quently 
rower yar ye) 

by the monotony law for relative multiplication. Since r~ ; —(r ; s) 
is below —s, by (R10), it follows that (rv ;t) < —s, and this last 
inequality is equivalent to (ii), by Boolean algebra. To establish the 
reverse implication, assume that (ii) holds and apply the implication 
from (i) to (ii) that was just proved (with r~, t, and s in place ofr, s, 
and ¢ respectively) to obtain (r~~ ; s)-t = 0. Invoke (R6) to arrive 
at (i). 

It has been shown that (i) and (ii) are equivalent. In view of the 
first duality principle, this implies that 


(aer)st=0 if and only if er e=0, 


Interchange r and s in this equivalence to arrive at the equivalence 
of (i) and (iii). O 


The implication from (i) to (ii) in the preceding lemma is just (R11). 
In particular, we see that on the basis of the remaining axioms, (R10) 
implies (R11). It is not difficult to check that the reverse implication 
also holds. Indeed, put t = —(r; 8) and observe that (r;s)-t = 0, 
by Boolean algebra. Assuming (R11), we obtain (r~ ; t)-s = 0 and 
therefore r~ ;t < —s, that is to say, 


r-;—(r3s8)<-—s. 


Thus, on the basis of the remaining relation algebraic axioms, (R10) is 
equivalent to Lemma 4.8, and in fact to the special case of the lemma 
contained in the implication from (i) to (ii). 

The De Morgan-Tarski laws may be expressed in the following useful 
forms. 


Corollary 4.9. The following inequalities are equivalent. 


(i) r;s<-t. 
(ii) r~ ;t <—-s. 
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(iti) £;s~ <—r 

(iv) 1° ;r < —(s~). 
(v) s;t° <—-(r~). 
(vi) s“ ;r~ <-(E7). 


Proof. The equivalence of (i)—(iii) is just the content of Lemma 4.8. 
The remaining equivalences are just variants of these three. For in- 
stance, if (ii) holds, then take the converse of both sides of this in- 
equality, and apply the monotony law for converse, (R7), (R6), and 
Lemma 4.1(v) to arrive at (iv). O 


One may view the six inequalities in the preceding corollary as involv- 
ing permutations of the variables r, s, and t. From this perspective, 
the six inequalities cycle through the six possible permutations. For 
this reason, the equivalences are sometimes referred to as the cycle 
laws (see the related remark at the end of Section 2.1). 

There is also a highly useful version of the De Morgan-Tarski laws 
that applies to atoms. 


Corollary 4.10. The following are equivalent for all atoms r, s, and t. 


(ies 7ee 
i) sar se 
(i) raise, 


Proof. As an example, here is a proof of the equivalence of (i) and (ii): 


t<r;s if and only if (Pr a)et = 0, 
if and only if (r~ ;t)-s 40, 
if and only if SS et: 


by the assumption that t and s are atoms, and the equivalence of (i) 
and (ii) in Lemma 4.8. O 


The inequalities contained in this corollary may be visualized (and 
remembered) by means of a single directed triangle, namely the trian- 
gle in Figure 4.1(a), which represents the inequality t < r;s. The trian- 
gle can be rotated counterclockwise through angles of 120° and 240° 
to represent the other two inequalities. The bottom side of any of the 
rotated versions of triangle (a) is understood to be below the rela- 
tive product of the other two sides, but this relative product must be 
formed in accordance with the direction of the arrows: both arrows 
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should form a path that points to the same vertex as the bottom ar- 
row. When the side arrows are pointing in directions that do not form 
a path, as in (b) and (c), it is understood that the converse of one 
side—namely side s in (b) and side r in (c)—must be formed in order 
to reverse the direction of an arrow so that a proper path is formed. 
Thus, the second triangle represents the inequality r < t; s~, while 
the third represents the inequality s < r~ ;t. 


/\ LN IN 


(a) (b) (c) 


Fig. 4.1 The triangle in (a) represents the inequality t < r;s, the one in (b) 
the inequality r < t;s~, and the one in (c) the inequality s < r~ ;t. 


This is an appropriate moment to mention two related laws that 
could have been proved much earlier. The first follows from (R10) 
with s = 1. 


Lemma 4.11. r~ ;—(r;1) =0. 
The second follows from (R10) with s = 1’, and an application of (R5). 


Lemma 4.12. r~ ;—r < 0”. 


It can be shown that, on the basis of (R1)—(R9), the laws in the pre- 
ceding two lemmas are jointly equivalent to (R10) and hence to the 
De Morgan-Tarski laws. The proof is left as an exercise. 

It is always informative to examine the logical meaning of a relation 
algebraic law. For example, Lemma 4.12 says, in the context of set 
relation algebras, that 

R'|~\RC diy 


for every relation R on a set U. By applying the definitions of the 
operations and the distinguished relation involved in this inclusion, 
we see that the logical meaning of the inclusion can be formulated as 
follows: given elements a and 8, if there is a y such that the pair (y, a) 
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belongs to a relation R, and the pair (7, 3) does not belong to R, then 
we must have a # #. 

The second dual of Lemma 4.12 is used quite often, so it is helpful 
to formulate it explicitly. 


Corollary 4.13. 1) <r~ +-r. 


4.3 Definability of converse 


It was pointed out earlier that the Boolean operations and Boolean 
distinguished constants are all definable in terms of addition alone. It 
is natural to inquire whether the Peircean operations and distinguished 
constants are definable in terms of relative multiplication, perhaps with 
the help of addition. This turns out, in fact, to be the case. Clearly, the 
identity element is definable in terms of relative multiplication alone, 
since 


t= ifandonlyif r;t=t;r=r_ for every r. 


The next lemma shows that converse is definable in terms of rela- 
tive multiplication, the diversity element, and the Boolean operations. 
Since the diversity element is definable in terms of the identity ele- 
ment, which in turn is definable in terms of relative multiplication, 
and since the Boolean operations are definable in terms of addition, 
it follows that converse is definable in terms of relative multiplication 
and addition. Consequently, all of the Peircean operations and distin- 
guished constants are definable in terms of relative multiplication and 
addition. 


Lemma 4.14. r~ is the largest element s such that s;—r <0’. 
Proof. Certainly, the element r~ satisfies the inequality 
s;—r <0’, (1) 


by Lemma 4.12. It remains to show that any element s satisfying (1) 
must be below r~. The inequality in (1) implies that (s;—r)-V = 0, 
and therefore (s~ ; 1’) - —r = 0, by the implication from (i) to (ii) 
in Lemma 4.8. Apply the identity law to arrive at s~ -—r = 0, and 
therefore s~ < r. Form the converse of both sides of this last inequality, 
and apply the monotony law for converse and the first involution law, 
to conclude that s < r~. | 
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The form of the preceding definition implicitly involves a logi- 
cal implication, and therefore a logical negation. It says, in essence, 
that t = r~ if and only if 


t;-—r+0’ =0’, and for all s, if s;—-r+0’=0’, then s+t=t. 


Interestingly, converse can also be defined by a positive formula, that 
is to say, by a formula that does not explicitly or implicitly involve 
logical negation. 


Lemma 4.15.t=r~ if and only if 
t;—r+0'=0’ and r;—t+0’ =0’. 


Proof. lft =r~, then r = t~, by the first involution law, and therefore 
the two equations on the right side of the equivalence hold, by two 
applications of Lemma 4.12 (the first by writing t in place of r~, and 
the second by replacing r everywhere with t and then writing r in place 
of t). On the other hand, if ¢ satisfies the two equations on the right 
side of the equivalence, then t < r~ and r < t~, by two applications of 
Lemma 4.14 (the first with s replaced by t, and the second with r and s 
replaced by t¢ and r respectively). It follows that t < r~ and r~ < t, by 
the monotony law for relative multiplication and the first involution 
law, sot=r~. O 


4.4 Consequences of the De Morgan-Tarski laws 
The De Morgan-Tarski laws are rich in consequences. They imply, for 
example, that relative multiplication is completely distributive. 


Lemma 4.16. If the sum of a set X of elements exists, then the sums 
of the sets {r;s:s€ X} and{s;r:s€ X} also exist, and 


Yirss:sEXb=r; OX) and Vi{sj;r:seX}=OlX)5r. 


Proof. It suffices to establish the first equality, by the first duality 
principle. Write 


oe 4 and Y={r;s:seE xX}. 


For each element s in X, we have s < t, and therefore r; 5 <r;t, by 
the monotony law for relative multiplication. Consequently, r ;¢ is an 
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upper bound of the set Y. Let wu be any upper bound of Y. For each 
element s in X, the product r;s is below u, by assumption and the 
definition of Y, so 

(r;s)-—w=0. 


Apply Lemma 4.8 to obtain (r~ ;—u)-s = 0. This last equation is true 
for every s in X, so 


P43 a)ed = (ru) A) 
=Si{(rv ;-u)-s:sEeX}=0, (1) 
by the definition of t and the completely distributivity of multiplica- 


tion. Apply Lemma 4.8 to (1) to arrive at (r;t)-—u = 0, or equiva- 
lently, r;t <u. Thus, r;t is the least upper bound of Y. O 


Take the set X to be empty in the preceding lemma to obtain the 
following corollary, which—together with its first dual—asserts that 
relative multiplication is a normal operation (see Section 2.2). 


Corollary 4.17. r;0=0. 


The complete distributivity of relative multiplication is very often 
applied in the following equivalent form (see Lemma 2.4). 


Corollary 4.18. If the suprema of two sets of elements X andY exist, 
then the supremum of the set {r;s:s€X ands €Y} exists, and 


Yiirj;s:sEX andseVY}=OlX);OCY). 


The next law is among the most important in the theory of rela- 
tion algebras. It and its first dual are used again and again in more 
sophisticated derivations. 


Lemma 4.19. (r;s)-t<1r;[s-(r> ;t)]. 


Proof. Apply the implication from (ii) to (i) in Corollary 4.9 (with s 
replaced by s-—(r~ ; ¢)) to the obvious inequality 


r-3t<-s+r~ ;t=-—[s-—(r~ ;t)] 


to obtain 
t; [eer yt) se (1) 


The monotony law for relative multiplication implies that 
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r;[s-—-(r~ ;t)]) <r3s. 
Combine this inequality with (1), and use Boolean algebra, to obtain 
r3[s-—(r~ 5 t)] S (r5 8) >t. (2) 
Add r;[s-(r~ ; t)] to both sides of (2) to arrive at 
ri[s--(r sD) +rj[s-@ os] <(r38)--t+r;[s- (rt). (8) 


Since 


by the distributive law for relative multiplication and Boolean algebra, 
it follows from (3) that 


r3s<(r;s)-—-t+r;[s-(r~ ;t)]. 


Form the product of both sides of this inequality with t, and use 
Boolean algebra, to conclude that 


(r;8)-t<((r;8)--t+rj[s-(r~ ;t)])-t 


=(r5s)--t-t+(r;[s-(r~ 5a) -t 
=(r3[s-( sO) -t<rj[s- ost, 


as desired. g 


The first dual of Lemma 4.19 is used often enough to warrant its 
explicit formulation. 


Corollary 4.20. (r;s)-t < [(t;s~)-r];s. 


The derivations of the laws in the next seven corollaries and lemmas 
all depend on Lemma 4.19. 


Corollary 4.21. (r;s)-t<r;r% ;t. 
Proof. We have 


(r;s)-t<rj[s-@ od] <rirv jt, 


by Lemma 4.19 and the monotony law for relative multiplication. O 
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Corollary 4.22.r<rj;r~;r. 


Proof. Take s and t in Corollary 4.21 to be I’ and r respectively, and 
use also the identity law for relative multiplication, to obtain 


pal) rarer ae, 


as desired. g 


By taking r-s-t for r in the preceding corollary, and then using 
Lemma 4.1(ii) and the monotony law for relative multiplication, we 
obtain the following rather interesting consequence of the previous 
corollary. 


Corollary 4.23. r-s-t<r3;s~ ;t. 
This corollary implies a kind of Boolean analogue of Lemma 4.12. 


Lemma 4.24. r~ -—r <0’. 


Proof. Apply Corollary 4.23 (with r, s, and t replaced by r~, 1’, and —r 
respectively), Lemma 4.3, (R5), and Lemma 4.12 to obtain 


r+ Perr 73° s-r=r~;V3;-r=r~;-r <0’. 


Every element below I’ is disjoint from 0’, so the preceding inequality 
implies that (r~ -—r)- 1 = 0 and therefore r~ -—r < 0’. O 


There is a sharper form of Lemma 4.19 that essentially combines 
the inequalities of the lemma and its first dual into one law. 


Lemma 4.25. (r;s)-t< [(t;5~)-r];[s-(r7 ; 6)]. 
Proof. Corollary 4.20 and Boolean algebra yield 
(Pra) bs lies ries and (Pre pet 
respectively, from which it follows that 
(r;s)-t< ([(tss~)-r]ss)-t. (1) 
Use Lemma 4.19 (with (t; s~)-r in place of r) to obtain 
(387) -r]ss)-t<[t;s~)-r]sis- (ess) so]. (2) 


Since [(t; s)-r]~ is below r~, by the monotony law for converse, the 
inequality in (2) implies that 


([(t3s~)-r]5s)-ts [(tis7)-r]5[s- (ose). (3) 


Combine (1) and (2) to arrive at the desired conclusion. O 
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Both Lemma 4.19 and Corollary 4.20 follow from the preceding 
lemma by simple applications of the monotony law for relative multi- 
plication. 


Lemma 4.26. 7r;1;5 =(r;1)-(1;s). 
Proof. The monotony law for relative multiplication implies that 
rslss<r31 and ril;s<1;8, 


so r;1;s is below the product (r;1)-(1;s). For the reverse inequality, 
we have 


el) arle sae lare oiis) rss, 


by Lemma 4.19 (with 1 and 1;s in place of s and t), Boolean algebra, 
and the monotony law for relative multiplication. O 


The next law is of interest because of its close similarity in form to 
an inequality we shall encounter later that is true in all set relation 
algebras but that is not derivable from the axioms of relation algebra 
(see Section 17.5). 


Lemma 4.27. (r;s)-(t;u) <r;[(r~ ;t)-(s;u>)];u. 


Proof. Use Lemma 4.19 (with t replaced by t ; wu), (R4), and Boolean 
algebra to obtain 


(rea) aareisel pyre se) aie: =) 


Use Corollary 4.20 (with r, s, and t replaced by r~ ;t, u, and s respec- 
tively) and Boolean algebra to obtain 


[(r™ st) sus < (ssa) sual sf)- (Sse su. Q) 


Combine (1) and (2), and apply the monotony law for relative multi- 
plication, to arrive at 


(rps)? Gyu) Se a) sal ayers le sage) 


as desired. g 
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A modular law is a law with one of the forms 
r©(s@t)=(rOs)et or (t@s)Or=t@(sOnr), 


where © and © are binary operations on a set. We have already 
encountered an example of such a law, namely the modular law for 
lattices, say, in the form in which the operations @ and © are the 
lattice operations of join and meet respectively (see Section 3.7). For 
lattices, the modular law (in the form alluded to above) requires the 
special hypothesis that t be included in r. This hypothesis may be 
avoided by replacing each occurrence of the variable t by r © t or 
by t©r respectively, so that the laws assume the forms 


r@[s@(rot)] =(rOs) @(rot) 
and 


[(tOr) Ss]Or=(Or) (sor) 


respectively. To distinguish between these forms, laws of the first two 
forms above are sometimes called strong modular laws, and laws of 
the second two forms are sometimes called standard modular laws. 
Usually, however, we shall simply speak of modular laws, without using 
the adjectives “strong” or “standard”. 

The following law may be viewed as a kind of semi-modular law for 
relative multiplication over relative addition. 


Lemma 4.28. (r+s);t<r+s;t. 
Proof. Lemma 4.4(iii) (with r replaced by t) and Boolean algebra im- 
ply that 
—(s;t);t° <-s. 

Form the relative product of both sides of this inequality with —r 
on the left, and use the associative and monotony laws for relative 
multiplication, the definition of relative addition, and Boolean algebra 
to obtain 

[-r;-(s;0))50° =-r3[-it)st]<s—r;-s=—-(rts). (1) 
Apply Corollary 4.9 (the implication from (iii) to (i), with r, s, and t 
replaced by r+ s, t, and —r ; —(s;t) respectively) to (1) to arrive at 

(r+s);¢<—[-r;—(s;2)]. 

Another application of the definition of relative addition leads directly 
to the desired conclusion. Oo 
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It is worthwhile to formulate explicitly the first dual of Lemma 4.28. 


Corollary 4.29. r;(s+t) <r;s+t. 


To understand the logical content of the semi-modular law in 
Lemma 4.28, we look at the law in the context of set relation alge- 
bras. Consider relations R, S, and T on a set U. A pair (a, 8) of 
elements from U belongs to the relation (R{S)|T just in case there 
is an element y in U such that for all 6 in U, 


[((a, 6) € R or (6,7) € S] and (7, 6) € T. 


The pair (a, 6) belongs to the relation R{(S|T) just in case for every 
element 6 in U there is a y in U such that 


(a, 6) € R or [(6, y) € S and (7, 8) € T]. 


The inclusion 
(RT S)|TCRITLS|T) 


therefore expresses a law about reversing the order of an existential 
and a universal quantifier: it says that a certain 4V statement implies 
a closely related VA statement. A well-known example of this type of 
reversing of the order of an existential and a universal quantifier occurs 
in the assertion that uniform continuity implies continuity. 


Corollary 4.30. (r+s~);-s<randr<r;s~+-s. 
Proof. To prove the first inequality, observe that 
(te) ,=so rs (=e o rey = 9, 


by Lemmas 4.28 and 4.12, and the identity law for relative addition. 
The second inequality is the second dual of the first inequality. O 


Corollary 4.31. (r+0);1=r+0 andr;140=r;1. 
Proof. We have 
P< (r+0);1 <r4+0;l=r+0, 


by Lemma 4.5(iii), Lemma 4.28, and the first dual of Corollary 4.17. 
Since the first and last terms are the same, equality must hold every- 
where. This establishes the first law. The second law is just the second 
dual of the first law. O 
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We now turn to an important modular law for multiplication over 
relative multiplication, a law that requires certain hypotheses for its 
validity. 

Lemma 4.32. Ifr;t<r and —r;t <—r, thenr-(s;t)=(r-s);t. 
Proof. Use Boolean algebra, Lemma 4.5(ii), and the first hypothesis 
to obtain 


(r-s);t=(r-s);(€-t) <(r3t)-(s;t) <r- (85%). (1) 


To establish the reverse inequality, use the Boolean law s < r-s+-—r, 
the monotony and distributive laws for relative multiplication, and the 
second hypothesis to obtain 


s;t<(r-s+-—r);t=(r-s);t+-—r;t<(r-s);t+-r. (2) 


Form the product of the first and last terms in (2) with r, and use 
Boolean algebra, to arrive at 


r-(s;t)<r-[(r-s);t+—r)=r-[(r-s);t]+r-—r 
=r-[(r-s);t]}+0<(r-s);t. (3) 
Together, (1) and (3) yield the desired conclusion. O 


The preceding modular law can be written in a somewhat different 
form that is quite useful. 


Corollary 4.33. Ifr;t<randr;t~ <r, thenr-(s;t) =(r-s);t. 
Proof. The equations 
(—-r;t)-r=0 and (r;t-)--r=0 
are equivalent, by the De Morgan-Tarski laws, so the inequalities 
—r;t<-r and r3;t° <r 


are equivalent. The corollary now follows at once from the hypotheses 
and Lemma 4.32. Oo 


We saw in the brief discussion of minimal set relation algebras in 
Section 3.1 that the value of the relative product 0’; 0’ can play an 
important role in the structural analysis of relation algebras. This value 
is not uniquely determined and depends essentially on the relation 
algebra under discussion. (We shall have more to say about this matter 
in Chapter 13.) It is an interesting and rather surprising fact that a 
uniform value for 0’ ; 0’; 0’; 0’ can be given. 
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Lemma 4.34. 0’; 0’; 0’; 0’ =0’;0’. 

Proof. The identity law for relative addition implies that 
0’;0°?=0';0°+0’. 


Form the relative product of both sides of this equation with 0’ on the 
right, and apply the semi-modular law in Lemma 4.28 (with r, s, and t 
replaced by 0’ ; 0’, 0’, and 0’ respectively), to obtain 


OPS (OF eee a 00") 0" (1) 
Similarly, 
0’ 3.0"; 0" = 0"; 0"; 0" +-0', 
by the identity law for relative addition. Form the relative product of 


both sides of this equation with 0’ on the right, and apply Lemma 4.28 
(with r, s, and t replaced by 0’;0’;0’, 0’, and 0’ respectively), to obtain 


eraser ey a oe ae (2) 


Combine (1) and (2), and use the monotony law for relative addition, 
to arrive at 


Oe as = OP Se0 0 re (3) 


Observe that 
OO =O 0 070, (4) 
by the second involution law and Lemma 4.7(vi). Apply this observa- 


tion and the second dual of Corollary 4.22 (with r replaced by 0” ; 0’) 
to obtain 


O50 OSS 0 a0 0) oe < 0s 0" (5) 
Combine (3) and (5) to conclude that 
SO 0 sie, (6) 
To establish the reverse inequality, observe that 
0’; 0’ < 0’; 0’; (0’;0’)~ 50°; 0’ 
= 0’;0’;0’;0’;0’;0’ < 0’;0’;0’;0’, 


by Corollary 4.22 (with r replaced by 0’; 0’), (4), and (6). O 
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4.5 Historical remarks 


The original notations for the operations and distinguished elements of 
the calculus of relations were developed and modified by Peirce over a 
substantial period of time, as he gained insights into the subject. The 
final versions of his notations that were employed by him in [88] are 
rather different from the notations that are employed today. There, 
he used the symbols 0, oo, 1, and n to denote zero, one, the identity 
element, and the diversity element respectively; he wrote the Boolean 
and relative sums of two elements r and s asr+s andr fs respectively; 
and he wrote the Boolean and relative products of r and s as r,s and rs 
respectively. The complement and the converse of an element r were 


rendered as 7 and r. 

The notations that are used in this book (and that were used by 
Tarski in his seminars on relation algebras and in [23]) are essentially 
due to Schréder [98], and they visibly convey the close analogy be- 
tween the Boolean and Peircean notions. In fact, to obtain the symbol 
for each Peircean operation and constant, Schréder uses the symbol for 
the corresponding Boolean operation and constant, and adjoins to this 
symbol a comma: in the case of operations, the comma appears below 
the Boolean operation, and in the case of distinguished constants, it 
appears to the right of the Boolean constant as an apostrophe. For 
example, Boolean addition and multiplication are denoted in [98] by 
the symbols + and -, and Peircean addition and multiplication are 
denoted by the symbols + and ;. (Actually, a slightly modified ver- 
sion of + is used in [98] for typographical reasons.) Similarly, the 
Boolean constants zero and one are denoted in [98] by the symbols 0 
and 1, while the corresponding Peircean constants—the identity and 
diversity elements—are denoted by the symbols 1’ and 0’. The only 
exception to this rule is the symbol ~ for converse, which is not ob- 
tained by adjoining some sort of comma, to the complement symbol — . 
The reason for this exception is that the Peircean counterpart of com- 
plement is not converse, but rather converse-complement, which is the 
unary operation ~ defined by 


Tarski deviated from Schréder’s notation in one point: he did not 
place the symbols for complement and converse directly above vari- 
ables as Schréder and Peirce did, but rather to the right of the vari- 
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ables, as superscripts, in order to facilitate writing more complex ex- 
pressions. We have followed this deviation, but have opted to place 
complement symbols in front of (that is to say, to the left of) variables 
in order to stress the relationship of this notation to the traditional 
notation for negative numbers and for subtraction; in so doing, we are 
also staying quite close to Boole’s original notation. Following Tarski, 
converse symbols are placed to the right of variables as superscripts 
in order to stress the relationship of this notation to the traditional 
notation for function inverses. 

It was mentioned above that Schréder’s notations convey visually 
a close analogy between Boolean and Peircean notions. In fact, ev- 
ery law of relation algebras becomes a valid law of Boolean algebra 
when the Peircean notions are replaced by their Boolean counterparts. 
This is just an arithmetic manifestation of the fact that every Boolean 
algebra can be turned into a relation algebra in a trivial way—see 
Section 3.4. In the reverse direction, it is not true that a Boolean law 
always becomes a law of relation algebras when the Boolean notions 
are replaced by their Peircean counterparts, but Boolean laws often do 
suggest Peircean analogues. For example, corresponding to the Boolean 
laws 


r+—-r=1 and r-—r=0 
are the Peircean laws 
ror er and r3r°?<0, 
that is to say, the laws 
rer) SP and r;(—r)~ <0’, 


that are valid the theory of relation algebras, by Lemma 4.12 and its 
second dual in Corollary 4.13 (with r~ in place of r). 

Peirce was certainly aware of the various duality principles that ap- 
ply to laws in the calculus of relations, and Schréder explicitly mentions 
these principles. Many of the laws presented in this chapter may al- 
ready be found in Peirce’s papers. In particular, the associative laws for 
relative addition and multiplication, the distributive laws for relative 
multiplication over addition, and for relative addition over multiplica- 
tion, the distributive laws for converse over addition and multiplica- 
tion, the first involution law, the second involution law and its second 
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dual, the identity laws for relative addition and relative multiplication, 
Corollary 4.17 and its various duals, Lemma 4.12 and its second dual 
in Corollary 4.13, the semi-modular law in Lemma 4.28 and its first 
dual in Corollary 4.29, and the analogues for relative addition and 
multiplication of De Morgan’s laws—that is to say, the definitions of 
relative addition in terms of relative multiplication and vice versa—are 
all explicitly mentioned in Peirce [88]. 

Schréder [98] contains a wealth—one might almost say an overabun- 
dance—of laws, including all those studied by Peirce. For example, one 
can find versions of almost all of the laws presented in Sections 4.1, 4.2, 
and 4.4 above, up to Corollary 4.18, and the laws in Lemmas 4.24, 4.26, 
and 4.28, in Corollaries 4.30 and 4.31, and in Exercises 4.14—4.24, to- 
gether with all of the various duals of these laws. In particular, in place 
of the 6 equivalences stated in Corollary 4.9, Schroder essentially gives 
some 24 equivalent inequalities under the name of the first Inversion 
Theorem. He notes the cyclical “exchangeability” of the three vari- 
ables in these inequalities, and he states that the equivalence of the 
first two inequalities (parts (i) and (v) of Corollary 4.9, but with t 
and t~ interchanged) already implies all of the other equivalences. 

What distinguishes Tarski’s presentation of the laws of the calcu- 
lus of relations from those of his predecessors is, first, its axiomatic 
approach and the purity of its methods of proof, and second, its fo- 
cused economy. Schréder employs a variety of methods to prove laws, 
but very often he uses arguments that refer to individual elements, 
and in particular to pairs of elements belonging to relations; exam- 
ples of such arguments are given in Section 1.3 above. Tarski criticizes 
this approach—see the relevant quote in Section 2.6—and develops 
the calculus of relations as an equational theory based on simple laws, 
without using any sentential connectives, quantifiers, or variables rang- 
ing over individuals (see [104], [105], [106], [23], and [55]). The only 
rules of inference that he employs are those appropriate for equational 
derivations. 

The presentation in this chapter is inspired by the presentations 
in [23] and in the lecture notes from Tarski’s 1970 seminar on relation 
algebras (see [112]). The results in Section 4.3 concerning the defin- 
ability of converse in terms of addition and relative multiplication are 
due to Tarski: Lemma 4.14 is contained in [23], and Lemma 4.15 is 
presented in the 1970 seminar notes [112]. Most of the remaining re- 
sults not referred to in the remarks above are explicitly stated and 
proved in [23], and date back to Tarski’s seminars from the period 
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1942-45 (see [105]). They include: first, Lemma 4.19 and its conse- 
quences, Corollary 4.22 through Lemma 4.24 and Lemma 4.27; sec- 
ond, Corollary 4.33, which was suggested to Tarski by Jénsson, and 
Lemma 4.32, which was formulated and proved by Tarski in order 
to derive Corollary 4.33; third, Lemma 4.34, which is due to Julia 
Robinson; fourth, the axiomatic characterization of relation algebras 
in Exercise 4.26, which is due to Tarski, and the one in Exercise 4.28, 
which was suggested to Tarski by Hugo Ribeiro in 1947. The laws in 
Lemmas 4.25 and 4.26, and in Exercise 4.12 are also due to Tarski 
and date back to the 1942-45 seminars (see [105]), but they do not 
occur in [23]. Lemma 4.25 is also stated in Riguet [90] as a law about 
binary relations. The laws in Exercise 4.29 and the alternative proof of 
Lemma 4.14 implicit in Exercise 4.30 are from the 1970 seminar. The 
central role played by Lemma 4.8 in an axiomatic development of the 
calculus of relations was clearly recognized by Tarski, and it is for this 
reason that we have referred to the equivalences in the lemma as the 
De Morgan-Tarski laws. 

The alternative axiomatization of the theory of relation algebras 
presented in Exercise 4.27 is an improvement due to Givant of a result 
that originates with Kamel [58] (see also Kamel [57]). Kamel’s axiom- 
atization includes (R7) as well, and Givant showed that this axiom is 
not needed. 


Exercises 


4.1. Prove the laws in Lemma 4.1 by giving explicit derivations, with- 
out using the fact that the function mapping each element to its con- 
verse is a Boolean automorphism. 


4.2. Prove the laws in Lemma 4.2 by giving explicit derivations, with- 
out using the fact that the function mapping each element to its con- 
verse is a Boolean automorphism. 


4.3. Prove the laws in Lemma 4.4 by giving explicit derivations, with- 
out using the first duality principle. 


4.4. Formulate the first dual of Axiom (R7). What do you notice? 


4.5. Prove the laws in Lemma 4.7 by giving explicit derivations, with- 
out using the second duality principle. 


Exercises 137 
4.6. Derive the law 

(l;r;1)-s40 if and only if (Lo aslj-r 4 0. 
Hint. 


(lie Tease d if and only if 
if and only if 
if and only if 
if and only if 


The first equivalence uses the equivalence of (i) and (iii) in Lemma 4.8 
(with 1;7r, 1, and s in place of r, s, and t respectively), the second 
and fourth equivalences use Lemma 4.1(vi), and the third equivalence 
uses the equivalence of (i) and (ii) in Lemma 4.8 (with 1, r, and s;1 
in place of r, s, and t respectively). 

4.7. Complete the proof of Corollary 4.9. 

4.8. Derive the law r ;0 = 0 without using Lemma 4.16. 


4.9. Formulate the first, second and third duals of the following laws. 


(i) r;0=0. 
(ii) r~ ;-—r <0’. 


4.10. Formulate the second and third duals of the law in Lemma 4.19. 
4.11. Derive Lemma 4.19 and Corollary 4.20 directly from Lemma 4.25 
4.12. Derive the law r ; [s — (r~ ; t)] < (r; s) -t. 


4.13. Formulate the second dual of the law in Lemma 4.28. What do 
you notice? 


4.14. Derive the law 1; |[(r; s)-t] =1;[(r~ ;t)-s]. 
4.15. Derive the law 1;r;1=1;r~ 351. 
4.16. Derive the laws 

Pell—r) +4) < 2 and s<rt[(-r) 
4.17. Derive the laws 


O+=r)¢r- =0 and (3 =p\r Sl, 
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4.18. Derive the laws 
(ril)-a rir ss and Pets) arta oe, 


These laws are immediate consequences of Lemma 4.19 (with s and 
t replaced by 1 and s respectively) and Corollary 4.20 (with r and t 
replaced by 1 and r respectively). 


4.19. Derive the law [r- (1; s)];1 = 7; 87 ; 1. What is the logical 
meaning of this law? 


4.20. Derive the law r;1;r;l=r;1. 


4.21. Derive the law [(r + 0) -s];¢ = (r+ 0)-(s;¢). What is the logical 
meaning of this law? 


4.22. Derive the law (r +0); (r +0) =r+0. 
4.23. Derive the laws 


+O) <dess=4+0)s6 and (0) +(e) =r tila). 
4.24. Derive the law r;1+1;s=r;1+1;s. 


4.25. Prove that in a relation algebra, 1’ is the unique element s that 
satisfies the equation s;r =r for all r. This observation shows that 1’ 
is definable in terms of relative multiplication by a positive formula. 


4.26. Show that #2 = (A,+,—,;,~, 1’) is a relation algebra if and 
only if (R1)-(R5) and the De Morgan-Tarski laws from Lemma 4.8 are 
valid in 2. This gives an alternative (non-equational) axiomatization 
of the theory of relation algebras. 


4.27. Show that 4 = (A,+,—,;,~, 1’) is a relation algebra if and 
only if (R1)—-(R6) and the following three laws are valid in 2. 
@reo0=0, 
(i) 0sr= 0. 


(iii) (r;s)-¢<[r-(t;s~)];[s-(r7 5 t)]. 
This gives an alternative equational axiomatization of the theory of 
relation algebras. 


4.28. Show that the following are equivalent in any algebra 
A= (A, i a ae 1’) 
that satisfies (R1)-(R9). 
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(i) Axiom (R10) is valid in 2. 
(ii) The laws r~ ;—r < 0’ and r~ ; —(r; 1) =0 are valid in 2. 
(iii) For every element r in 2, the largest element s satisfying the 
inequality s;-—r <O’isr~. 


This result yields two other possible axiomatizations of the theory of 
relation algebras. 


4.29. Prove that the following equivalences hold in all relation alge- 
bras. 


(i) r;s <0’ if and only ifr’ -s =0. 
(ii) r;s~ <0’ if and only ifr-s =0. 


4.30. Use Exercise 4.29 to give an alternative proof of Lemma 4.14. 
4.31. An element r is called an equivalence element if 

ro <r and rer oT. 
Prove that the equation in Lemma 4.34 holds with an arbitrary equiv- 


alence element in place of 0’. 


4.32. Prove that a relation algebra is degenerate if and only if the 
equation 0 = I’ is true in it. 


Chapter 5 
Special elements 


We now turn to the study of more specialized laws. As was seen in 
Section 1.4, special properties of binary relations such as symmetry 
or functionality can often be expressed by means of equations in the 
language of relation algebras, and it is natural to formulate and study 
laws that apply to elements satisfying abstract versions of these prop- 
erties. In the first three sections below, we look at abstract versions 
of properties associated with symmetric relations, transitive relations, 
and equivalence relations. In subsequent sections, we look at abstract 
versions of properties associated with various types of ideal elements, 
with rectangles, and with functions. As in Chapter 4, we assume that 
all elements under discussion belong to a fixed relation algebra 2, 
which we shall usually not bother to mention explicitly. 


5.1 Symmetric elements 


Symmetric elements are relation algebraic abstractions of symmetric 
relations, discussed in Section 1.4. An element r is said to be symmetric 
if r~ < r. These elements can be characterized in several different 
ways. 


Lemma 5.1. The following conditions on an element r are equivalent. 


(i) r is symmetric. 
GO 4. 
(iii) r = s+ s~ for some element s. 


Proof. If (i) holds, then r~ < r, by definition, and therefore 
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r=r- <r, 
by the first involution law and the monotony law for converse. It follows 
from these inequalities that (ii) holds. The reverse implication from (ii) 
to (i) is trivial. 
If (ii) holds, then r = r+r=r+r~, so (iii) holds. On the other 
hand, if (iii) holds, then 


r~ =(s+s-)" =s~+s"-~ =s~4+s=r, 


by the distributive law for converse, the first involution law, and 
Boolean algebra, so (ii) holds. O 


The equivalence of (i) and (ii) in the preceding lemma implies that 
the symmetric elements in a relation algebra 2 are just the fixed points 
of the Boolean automorphism of 2( that maps each element to its con- 
verse. The equivalence of (i) and (iii) implies that there is a polynomial 
whose range is precisely the set of symmetric elements in 2, namely 
the function w defined on 2 by 


W(s)=st+s~. 


The following lemma contains some of the basic closure properties 
of the set of symmetric elements. 


Lemma 5.2. (i) The distinguished constants 0,1, 1’, and 0’ are sym- 
metric. 
(ii) If r is symmetric, then so is —r. 
(iii) The sum of a set of symmetric elements, if it exists, is symmetric. 
In particular, if r and s are symmetric, then so isr +s. 
(iv) The product of a set of symmetric elements, if it exists, is sym- 
metric. In particular, if r and s are symmetric, then so is r-s. 
(v) If r is symmetric, then so is r~. 
(vi) If r and s are symmetric, then the relative product r; s is sym- 
metric if and only ifr;s=s;5r. 
(vii) [fr ands are symmetric, then the relative sum r +s is symmetric 
if and only ifr+s=s-+r. 


Proof. The elements 1’ and 0’ are symmetric by Lemma 4.3 and its 
second dual, Lemma 4.7(vi). The remainder of part (i), and all of 
parts (ii)—(iv), follow from the observation made above that symmetric 
elements are fixed points of the Boolean automorphism y mapping 
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each element to its converse. For example, if X is a set of symmetric 
elements such that the product t = [[X exists, then y(r) = r for 
each r in X, and therefore 


y(t) = oI X) =Thty() : re X} =Tre re X} =t, 


by the Boolean automorphism properties of y. This computation shows 
that t is a fixed point of y and therefore a symmetric element, which 
proves (iv). 

Part (v) is trivial, and parts (vi) and (vii) are consequences of the 
second involution law and its second dual, Lemma 4.7(iii). For exam- 
ple, if r and s are symmetric elements, then 


rs) Ss 5r° Sey; 
by the second involution law and Lemma 5.1(ii). Consequently, 


Pre=(Fea~ if and only if ryS—S yr, 


which proves (vi). O 
A relation algebra is said to be abelian, or commutative, if 
fis = 277 


for all elements r and s in the algebra. In an abelian relation algebra, 
the set of symmetric elements contains the distinguished constants, 
by part (i) of Lemma 5.2, and it is closed under the operations of the 
algebra, by parts (ii)—(vi) of that lemma. A subset of a relation algebra 
with these properties is called a subuniverse (see Chapter 6). Thus, the 
set of symmetric elements is always a subuniverse of an abelian relation 
algebra. 

A relation algebra is said to be symmetric if r~ = r for each el- 
ement r in the algebra. Every complex algebra of a geometry is an 
example of a relation algebra that is abelian and symmetric, as is ev- 
ery complex algebra of a Boolean group, that is to say, a group in 
which every element is its own inverse. The complex algebra of an 
abelian group that is not a Boolean group is an example a relation 
algebra that is abelian but not symmetric. The following consequence 
of Lemma 5.2(vi) asserts that symmetry implies commutativity. 


Corollary 5.3. Every symmetric relation algebra is abelian. 
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5.2 Transitive elements 


Transitive elements and reflexive elements are relation algebraic ab- 
stractions of transitive relations and reflexive relations, discussed in 
Section 1.4. An element r is said to be transitive if r;r <r, and re- 
flexive if 1’ < r. There are a number of interesting characterizations of 
transitive elements. Before stating these characterizations, we make a 
preliminary observation. 


Lemma 5.4. The elements s+(—s)~ and (—s)~ +s are transitive for 
any element s. 


Proof. Write r = s +(—s)~, and observe that 


rsr=[s-4(—8)“]ils+(—8)"] Ss 4l(-9)” 5 (8 +(-8)")] 
< st{(-8)" ss] t(-9)” S840 H(-9)” = 5 4(-8)" =r, 


by the definition of r, Lemma 4.28 (with s, (—s)~, and s+(—s)~ in 
place of r, s, and t respectively), Corollary 4.29 (with (—s)~ in place 
of r and t), Lemma 4.12 (with —s in place of r), and the monotony 
and identity laws for relative addition. This argument shows that r is 
transitive. A dual argument shows that (—s)~ + s is transitive. O 


We turn now to some characterizations of transitive elements. One 
of them requires a bit of notation. For an arbitrary element r, define 
the power r” by induction on natural numbers n as follows: 


P=L and r i ere 


Observe that r! = r°;r = 1’; r =r. It is easy to check that various 
well-known laws concerning exponentiation continue to hold in this 
setting. For example, 


and ey =, 
Such expressions as )>7_, r” will have their usual meaning, 


tak i ; 
Jor aritrtt yp. tr, 
except that addition is to be interpreted as Boolean addition. The 
expression }°>°,r” is to be interpreted as the supremum of the 
set {r™:n > 1}. 
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Lemma 5.5. The following conditions on an element r are equivalent. 


(i) r is transitive. 


(a) Pst) Ser 

(iii) r << r+(-r)~ 

(iv) r- ;-—r <r 

(v) -—r3;r~ <-r 

(vi) r= s- |(—s)~ +8] for some element s. 
(vii) r = s-[s+(—s)~] for some element s. 
(viii) r = 50°, s” for some element s. 


Proof. The proof proceeds by establishing the equivalence of the pairs 
of conditions (i) and (iv), (iv) and (ii), (i) and (v), (v) and (iii), and (i) 
and (viii); and the implications from (ii) to (vi), from (vi) to (i), 
from (iii) to (vii), and from (vii) to (i). The equivalence of (i) and (iv) 
is a consequence of Boolean algebra and the De Morgan-Tarski laws: 


rT ST if and only if (r;r)-—r=0, 
if and only if (r~ ;-r)-r=0, 


if and only if r-3;—-r<—r. 


An analogous argument establishes the equivalence of (i) and (v). To 
establish the equivalence of (ii) and (iv), form the complement of each 
side of the inequality in (iv), and apply Boolean algebra, the definition 
of relative addition, and Lemma 4.1(v) to obtain (ii); and proceed in an 
analogous fashion to obtain (iv) from (ii) . A similar argument shows 
that (iii) and (v) are equivalent. 

If (ii) holds, take s to be r to see that (vi) must hold. Assume now 
that (vi) holds, with the goal of showing that (i) must hold. First of 
all, 


rzr=(s-[(—s)~ +s]);(s-[(-s)~ +]) 
< [(-s)" +5]; [(-s)" +s] <(-s)" $s, (1) 


by the assumption in (vi), the monotony law for relative multiplication, 
and Lemma 5.4. Also, 


rr =(s-[(-s)” +s] s(s-[(-8) $5] <si[(-s)* +5] <5, 2) 


by the assumption in (vi), the monotony law for relative multiplication, 
and the first dual of the first inequality in Corollary 4.30 (with s and —s 
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in place of r and s respectively). Combine (1) and (2) to arrive at the 
desired conclusion: 


ror ses: |(=s)” +s] =7. 


An analogous argument shows that (iii) implies (vii), which in turn 
implies (i). Thus, (i)—(vii) are all equivalent. 

To complete the proof, it remains to establish the equivalence of (i) 
and (viii). If r is transitive, then an easy inductive argument shows 
that r” < r for every positive integer n, so that 


co 
r= > or". 
n=1 


Take s in (viii) to be r to see that (viii) holds. On the other hand, 
if (viii) holds, then 


[oe) [o-e) [o-e) 

iS ee ee SO ee = 3s ar 
n=1 n=1 mn>1 n=2 

by the definition of r, the complete distributivity of relative multipli- 

cation, and the exponential laws mentioned before the lemma. Conse- 

quently, (i) holds. O 


The equivalence of (i) and (vi) in the preceding lemma implies that 
there is a polynomial whose range is precisely the set of transitive 
elements in a relation algebra 2, namely the function w defined on 2 
by 


b(s) = 8: [(-s)~ +8]. 


In view of Lemma 5.1, it is natural to ask whether the simpler func- 
tion ? defined by 


us) =(+8)" +3 


has the same property. It is not too difficult to check that this is in 
fact not the case. The details are left as an exercise. 

To clarify the significance of part (viii) of the preceding lemma, 
consider an arbitrary element s (in a fixed relation algebra), and let t be 
a transitive element such that s < t. An easy argument by induction, 
using the monotony law for relative multiplication, shows that s” < 
t for every positive integer n > 1. Consequently, if r is the sum of 
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the powers s” for n > 1—as in part (viii) of the preceding lbomma— 
then r < t. Conclusion: for every element s in a countably complete 
relation algebra (a relation algebra in which the supremum of every 
countable subset exists), there is a smallest transitive element r with 
the property that s < r. This element r is called the transitive closure 
of s, and it is determined by the equation in (viii). (The assumption 
of countable completeness is needed to ensure the existence of the 
sum in (viii) for every element s.) There is also a smallest reflexive 
and transitive element r* such that s < r*, namely the element r* 
determined by the formula 


The following lemma states some of the basic closure properties of 
the set of transitive elements. 


Lemma 5.6. (i) The distinguished constants 0, 1, and I’ are transi- 
tive. 
(ii) The product of a set of transitive elements, if it exists, is transi- 
tive. In particular, ifr and s are transtive, then so is r-s. 
(iii) If r is transitive, then so is r~. 
(iv) Ifr and s are transitive, and ifr;s = s;r, thenr;s is transitive. 


Proof. Part (i) follows from Corollary 4.17, Lemma 4.5(iv), and the 
identity law for relative multiplication, while part (iii) is a consequence 
of the monotony law for converse and the second involution law. For 
part (ii), consider a set X of transitive elements such that the prod- 
uct t = [| X exists. If r is any element in X, then r is transitive, by 
assumption, and t < r, by the definition of t, so 


t;t<rjr<r. 


Consequently, t ; t is a lower bound of the set X. The element t is, by 
assumption, the greatest lower bound of X, so t;t < t. 
For part (iv), observe that if r;s = s;r, then 


(r58)3 (38) =(r3 7); (838) S738, 


by the associative and monotony laws for relative multiplication, and 
the assumption that r and s are transitive. It follows that r; 5 is 
transitive. O 
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O R 
@ $5 


Fig. 5.1 Strongly disjoint relations R and S. 


The sum of a set of transitive elements is in general not transitive, 
but there are some exceptions when the elements in the set have certain 
special properties with respect to one another. A set X of elements is 
said to be directed if for every r and s in X, there is a t in X such 
that r<t ands <t; and X is said to be strongly disjoint if 


(r;1)-(1; 8) =0 


for every pair of distinct elements r and s in X. In aset relation algebra 
with unit E, two relations R and S are strongly disjoint just in case 
the elements in the field of R (the union of the domain and range of R) 
come from entirely different equivalence classes of EF than the elements 
in the field of S (see Figure 5.1). 


Lemma 5.7. (i) The sum of a directed set of transitive elements, if 
it exists, 1s transitive. 
(ii) The sum of a strongly disjoint set of transitive elements, if it 
exists, is transitive. In particular, if r and s are transitive and 
strongly disjoint, then r +s is transitive. 


Proof. Consider a set X of transitive elements for which the sum 
i= > x 


exists. Apply the complete distributivity law for relative multiplication 
(Corollary 4.18) to obtain 
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tt= (OX): (OX) =Lirssirs eX}. (1) 


If the set X is directed, then for every r and s in X, there is a p 
in X such that r < p and s < p, and therefore 


rsa pip = p, (2) 


by the monotony law for relative multiplication and the assumption 
that p is transitive. Combine (1) and (2) to arrive at 


it= SV Arest nee xX} <> fp pes} =. 
If the set X is strongly disjoint, then since 
r3s<rj3l1 and r3s<1;38, 
by the monotony law for relative multiplication, we have 
ras (rol-(ys)=0 (3) 
for all distinct elements r and s in X. Consequently, 
t=) {ice 736 A= rer ere x} Ss ie rre Alt =s 


by (1), (3), the assumed transitivity of the elements in X, and the 
definition of t. Thus, in either of the two cases under consideration, 
the element ¢ is transitive. O 


5.3 Equivalence elements 


An element r that is symmetric and transitive is called an equivalence 
element. Notice that r is not required to be reflexive in the sense 
that 1’ <r. In the full set relation algebra on a set U, the equivalence 
elements are the equivalence relations on subsets of U (see Figure 5.2) 
rather than the equivalence relations on the set U itself. The reason for 
the somewhat greater generality in the definition is that equivalence 
elements of this more general type play an important role in the study 
of algebraic properties of relation algebras. Equivalence elements r 
with the property that l’ < r are called reflexive equivalence elements. 
There are several useful characterizations of equivalence elements. 
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Fig. 5.2 A typical set-theoretic equivalence element 7, and the portion of 1’ 
that is included in r. 


Lemma 5.8. The following conditions on an element r are equivalent. 


(i) r is an equivalence element. 


Qt = and rier, 

(i) Pap Sse, 

in) et =r 

(VW) Ter" <P andr ir <r. 

(vi) r;-—r<-—-r and —r;r<-r. 

(vii) r=s-s~ -[(—s)~ +8]: [s~ +—s] for some element s. 
(viii) r = s-s~ -[s+(—s)~]-[-s+s~] for some element s. 
(ix) r= OP. (s +s)" for some element s. 


Proof. We establish the equivalence of (i) and (ii); the implications 
from (ii) to (iii), (iv), and (v); the implications from (iii) to (ii) and (iv); 
the implications from (iv) to (ii) and (iii); the implication from (v) 
to (iv); the equivalence of (v) and (vi); the equivalence of (i) and (vii); 
the equivalence of (i) and (viii); and the equivalence of (i) and (ix). 
If r is symmetric and transitive, then r~ = r, by Lemma 5.1, and 


PSE SPST TST ST, 


by Corollary 4.22, the symmetry and transitivity of r, and the mono- 
tony law for relative multiplication. Since the first and last terms are 
equal, equality must hold everywhere, and in particular r;r = r. 
Consequently, (i) implies (ii), while the reverse implication is trivial. 

It is clear that (ii) implies each of (iii), (iv), and (v). Suppose now 
that (iii) holds. Form the converse of both sides of (iii), and apply the 
second and first involution laws, to arrive at 
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Thus, r is equal to its own converse, so (iii) obviously implies (ii) 
and (iv). A completely analogous argument shows that (iv) implies (ii) 
and (iii). 

Suppose next that condition (v) holds. Take the converse of both 
sides of the first inequality in (v), and use the monotony law for relative 
multiplication and the two involution laws, to obtain 


P20 age ae eae ee (1) 


Consequently, 
r<rsrvsr<r-sr<r, (2) 


by Corollary 4.22, (1), and the second inequality in (v). Since the first 
and last terms in (2) are the same, equality must hold everywhere, and 
in particular r = r~ ;r. Thus, (v) implies (iv). 

The equations 


(r;—r)-r=0 and (r~ ;r)--r=0 


are equivalent, by the De Morgan-Tarski laws (with s and t replaced 
by —r and r respectively). The first equation is equivalent to the first 
inequality in (vi), while the second equation is equivalent to the second 
inequality in (v), by Boolean algebra. Thus, the second inequality in (v) 
is equivalent to the first inequality in (vi). A similar remark applies 
to the first inequality in (v) and the second inequality in (vi), so (v) 
and (vi) are equivalent. 

Turn now to the equivalence of (i) and (vii). Observe first of all that 
for any element s, 


(s-[(-s)~ +s])~ =s~ -[(-s)" +5]J> =s~- (8° +—8), (8) 


by Lemma 4.1(ii) and the involution laws. If r is an equivalence ele- 
ment, then r is transitive and symmetric, so 


rar (r+), (4) 


by Lemma 5.5(ii), and therefore 


VY 


rar a(n [ry pr) =r $1), 


by (4) and (3) (with r in place of s). It follows that (vii) holds if s is 
taken to be r, so (i) implies (vii). 
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To establish the reverse implication, assume that (vii) holds for some 

element s. Write p = s - [(—s)~ +], and observe that 

p =s +(s° +—s) and r=p'p, (5) 
by (3) and (vii). The element p is transitive, by Lemma 5.5(vi), so 
its converse p~ is transitive, by Lemma 5.6(iii). The product p- p~ is 
therefore transitive, by Lemma 5.6(ii), and this product is symmetric, 
by Lemma 4.1(ii) and the first involution law. Thus, r is an equivalence 
element, by the second equation in (5). 

The proof that (i) and (viii) are equivalent is similar, but uses (iii) 
and (vii) from Lemma 5.5 instead of (ii) and (vi). 

The proof that (i) and (ix) are equivalent is more straightforward. 
If r is an equivalence element, then r = r~ = r;r, by part (ii) of the 
lemma, so an easy argument by induction shows that r = (r +r)" 
for every positive integer n. Consequently, the equation in (ix) holds 
with r in place of s. To establish the reverse implication, assume that r 
can be written in the form (ix) for some element s. The element s+ s~ 
is symmetric, by Lemma 5.1(iii), so an easy argument by induction— 
using also Lemma 5.2(vi)—shows that (s+s~)” is symmetric for every 
positive integer n. Therefore, the element r must be symmetric, by 
Lemma 5.2(iii). Notice that r is transitive, by Lemma 5.5(viii), so r is 
an equivalence element. O 


The equivalence of (i) and (vii) in the preceding lemma implies that 
there is a polynomial whose range is precisely the set of equivalence 
elements in a relation algebra 2, namely the function w defined on 2 
by 

p(s) =s-s~ -[(—s)~ +s]-[s~ 4-5]. 

The equivalence of (i) and (ix) implies that for every element s in a 
countably complete relation algebra, there is a smallest equivalence 
element r with the property that s < r. This element r may be called 
the equivalence closure, or the symmetric-transitive closure, of s, and 
it is determined by the equation in (ix). There is also a smallest re- 
flexive equivalence element r* such that s < r*, namely the element 
determined by the formula 


lee) 


r=) w+s")*. 


n=0 
Lemmas 5.2, 5.6, and 5.7 apply in particular to equivalence elements 
and imply the following closure properties of the set of equivalence 
elements. 
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Lemma 5.9. (i) The distinguished constants 0, 1, and ’ are equiv- 
alence elements. 

(ii) The product of a set of equivalence elements, if it exists, is an 
equivalence element. In particular, if r and s are equivalence el- 
ements, then so is Tr: s. 

(iii) The sum of a directed set of equivalence elements, if it exists, is 
an equivalence element. 

(iv) The sum of a strongly disjoint set of equivalence elements, if it 
exists, is an equivalence element. 

(v) Ifr and s are equivalence elements, then r ; 5 is an equivalence 
element if and only ifr;s=s;r. 


The product of two equivalence elements is always below their rel- 
ative product. 


Corollary 5.10. [fr ands are equivalence elements, thenr:s <1r;8. 


Proof. If r and s are equivalence elements, then r- s is an equivalence 
element, by Lemma 5.9(ii), and therefore 


rsa (rs)i(r-s) S (rin) (sis) aris, 


by Lemmas 5.8(ii) and 4.5(ii). O 


Not only is the identity element 1’ an equivalence element, but also 
every element that is below 1’. Such elements are called subidentity 
elements, and of course elements below 0’ are called subdiversity ele- 
ments. 


Lemma 5.11. [fr < 1’, then r is an equivalence element. 
Proof. Ifr < 1, then 
r;—r<V;-r=-r and —r3r<-—r;V=-r, 


by the monotony and identity laws for relative multiplication. Apply 
Lemma 5.8(vi) to conclude that r is an equivalence element. O 


Although the diversity element is in general not an equivalence el- 
ement, the square of the diversity element, that is to say, the ele- 
ment 0’; 0’, is an equivalence element, by Lemmas 4.34 and 4.7(vi) 
(together with the second involution law). This interesting result can 
be generalized. 
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Lemma 5.12. If r is an equivalence element, then so is —r;—r. 


Proof. Assume r is an equivalence element. The product —r ; —r is 
symmetric, by Lemma 5.2(ii),(vi), so it remains to prove that —r ;—r 
is transitive. Observe that 


=f par == 40) = =F; (1) 


by the definition of relative addition, Boolean algebra, Lemma 5.8(ii), 
and the assumption that r is transitive. Consequently, 


ryors—r;(—rf—r) <S—ry—r$—r, (2) 


by (1) and the semi-modular law in Corollary 4.29. Form the relative 
product of the first and last terms in (2) with —r on the right, and 
use the monotony law for relative multiplication and the semi-modular 
law in Lemma 4.28 to obtain 


Rares (=p t=" ear |p" 2 =r t-er ari Sr. (3) 


Form the relative product of the first and last terms in (3) with —r 
on the right, and use the monotony law for relative multiplication, 
the semi-modular law in Lemma 4.28, (3), and the monotony law for 
relative addition to arrive at 


Sara ata) Sr (4) 
5h 4 ty =P PT ae 

i ee Mee ote A ae a pa AE ae 

The element —r ;—r is symmetric, so it is equal to its own converse, 


by Lemma 5.1(ii). Use this observation and the second dual of Corol- 
lary 4.22 (with —r;—r in place of r), to obtain 


and therefore —r ; —r is transitive. O 
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There are two very useful modular laws that are applicable to equiv- 
alence elements. The next lemma gives one form of the first of these 
laws. 


Lemma 5.13. If r is an equivalence element, then t <r implies 
Pelech) = (r<syeh 


Proof. Assume t < r. Use the monotony laws for relative multiplication 
and converse, the assumption that r is an equivalence element, and 
Lemma 5.8 to obtain 


TEST TST and rat <rer” =r. 


These inequalities show that the hypotheses of the modular law in 
Corollary 4.33 are satisfied. Apply that corollary to arrive at the de- 
sired conclusion. Oo 


The preceding modular law and its first dual can also be written in 
the form of equations, and in fact these equations characterize equiv- 
alence elements. 


Lemma 5.14. An element r is an equivalence element if and only if 
r-[s;(r-t)]=(r-s);(r-t) and [(t-r);s]-r=(t-r);(s-r) 
for all elements s and t. 


Proof. If r is an equivalence element, then the given equations hold, by 
Lemma 5.13 and its first dual (with r-t in place of t). To establish the 
reverse implication, use Boolean algebra, the first of the given modular 
laws (with —r and r in place of s and t respectively), and the first dual 
of Corollary 4.17 to obtain 


re(—rir)areLrs(rn}= (rer) (rr) =0;r=0. (1) 
A dual argument using the second of the given modular laws yields 
(Pi Spy rao. (2) 
The equations in (1) and (2) imply the inequalities 
—r3;r<—r and r;—r<-yr, 


which in turn imply that r is an equivalence element, by Lemma 5.8(vi). 
O 
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The second modular law to be discussed is very similar in the form 
to the first modular law, as formulated in Lemma 5.14, but the roles 
of Boolean and relative multiplication are reversed. The proof uses the 
first dual of Corollary 4.33, which may be written in the form 


rar end tse Pr mples (ister —te sr}. 


Lemma 5.15. An element r is an equivalence element if and only if 
r3[s-(r3t)]=(r3s)-(r3t) and [(t;r)-s];r=(t5r)-(s5r) 
for all elements s and t. 


Proof. To establish the implication from left to right, assume that r 
is an equivalence element, and let s and t be arbitrary elements. It 
suffices, by the first duality principle, to derive the first of the given 
modular laws. Observe that 


PrelnHS=CristaSret aid Heh HK Ee aster, 


by the associative law for relative multiplication, Lemma 5.8(ii),(iv), 
and the assumption that r is an equivalence element. These equations 
show that the hypotheses of the first dual of Corollary 4.33 (with r ;t 
and r in place of r and t respectively) are satisfied. Apply this first 
dual to arrive at 


(r3s)- (rj; =r; [s-(r; 0). 


To establish the reverse implication, use Corollary 4.17, Boolean 
algebra, the identity law for relative multiplication, and the first of the 
given modular laws (with —r and I’ in place of s and t respectively) 
to obtain 


VST lars (rman rarst)| 
=(r3—r)-(r32)= (3-7). (2) 
A dual argument using the second of the given modular laws implies 


that 
O=r-(-r;r). (3) 


As in the proof of Lemma 5.14, the equations in (2) and (3), together 
with Lemma 5.8(vi), imply that r is an equivalence element. O 


5.3 Equivalence elements 157 


We pause in our study of laws involving equivalence elements to 
give an interesting application of Lemma 5.14. In certain situations, 
the reflexive equivalence elements in a relation algebra form a modular 
lattice. 


Theorem 5.16. If a non-empty set L of reflexive equivalence elements 
in a relation algebra is closed under relative and Boolean multiplica- 
tion, then L is a modular lattice under the join operation of relative 
multiplication and the meet operation of multiplication. 


Proof. Consider a non-empty set L of reflexive equivalence elements in 
a relation algebra 2, and suppose that DL is closed under relative and 
Boolean multiplication. In order to prove that L is a lattice under the 
join operation ; and the meet operation -, it suffices to show that for 
any elements r and s in L, the relative product r;s is the least upper 
bound of r and s in L, and the product r-s is the greatest lower bound 
of r and s in L. The second of these properties is trivial, since r- s 
is the greatest lower bound of r and s in 2, by Boolean algebra. To 
establish the first property, observe that 


r=r;l<r;s and S=V38s<7T;58, 


by the assumption that r and s are reflexive, and the monotony law 
for relative multiplication. Thus, r; 5 is an upper bound for r and s. 
If ¢ is any upper bound for r and s in L, then 


r3s<t;t<t, 


by the monotony law for relative multiplication, and the assumption 
that ¢ is in Z and hence an equivalence element. It follows that r; 5 is 
the least upper bound of r and s in L. 

To prove that L is a modular lattice under these operations, it must 
be shown that the modular law 


(PAT) V(SAt) = (rAd) Vs] Ad, 
that is to say, the law 
(r-t);(s-t)=[(r-t);s]-t 


holds in L. But this law is an immediate consequence of the second 
modular law in Lemma 5.14 (with r and t interchanged). O 
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Corollary 5.17. In an abelian relation algebra, the set of all reflexive 
equivalence elements is a modular lattice with zero and one. The join 
operation is relative multiplication, the meet operation is multiplica- 
tion, zero is the identity element, and one is the unit. 


Proof. The set of all reflexive equivalence elements contains 1’ and 1, 
and is closed under multiplication and relative multiplication, by 
parts (i), (ii), and (v) of Lemma 5.9. Apply Theorem 5.16 to arrive at 
the desired conclusion. O 


For an illustration of how Theorem 5.16 may be applied, consider 
the complex algebra of a group G. The non-zero equivalence elements 
in €m(G) are just the subgroups of G’, and each of these subgroups is 
reflexive because it contains the identity element of the group. The op- 
eration of relative multiplication in €m(G) is complex multiplication, 
and in general the complex product of two subgroups of G need not be 
a subgroup. The complex product of two normal subgroups, however, 
is a normal subgroup, and the intersection of two normal subgroups is 
also a normal subgroup. Conclusion: the set of all normal subgroups of 
a group G is a modular lattice with zero and one. The join operation 
is complex multiplication, the meet operation is intersection, the zero 
is the trivial subgroup, and the unit is the improper subgroup G. 

We resume the study of laws involving equivalence elements, and 
begin with some auxiliary lemmas that are useful in a variety of 
other contexts as well. The ultimate goal is a strengthened version 
of Lemma 5.9(iv). 


Lemma 5.18. Let r be an equivalence element. 

Gr= Gare 

(irs P= sl ye 

Gn) a = re 1 ap) e1", 

yy tela Ge1) 91, 
Proof. Part (i) is a consequence of the modular law in Lemma 5.13 
(with V’ and r in place of s and t respectively), the identity law for 
relative multiplication, and Boolean algebra: 


(fe Peers er) =r 
To prove (ii), observe that 


Pele Var lees ijarmr = 
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by Lemma 4.19 (with 1 and 1’ in place of s and t respectively), 
Boolean algebra and the identity law for relative multiplication, and 
Lemma 5.8(iii). Consequently, 


Piljel = fof, 


by Boolean algebra. The reverse inequality holds by Lemma 4.5(iii) 
and Boolean algebra. 

For the proof of (iii), use Lemma 4.26, Boolean algebra, and (ii) 
together with its first dual: 


G(ilepalV a (elise Pa (piliels se ePar Tr, 


To prove (iv), observe first of all that 1 is an equivalence element, 
by Lemma 5.9(i). Therefore, 


GE) tale sata bella rs tL 


by (ii), the second modular law in Lemma 5.15 (with 1, 1’, and r in 
place of r, s, and t respectively), the identity law for relative multipli- 
cation, and Boolean algebra. Oo 


Together, (i) and its first dual in the preceding lemma say that for 
an equivalence element 7, the product r- 1’ acts as a two-sided identity 
element. Parts (ii)—(iv) and their first duals say in different ways that 
the field of r coincides with the field of r- 1’. The next corollary is a 
consequence of (i) and the first dual of Corollary 4.17. 


Corollary 5.19. [fr is an equivalence element, then 
r=0 if and only if r-V=0. 


Subidentity elements are equivalence elements, by Lemma 5.11, and 
on these elements the Peircean operations coincide with their Boolean 
analogues. 


Lemma 5.20. (i) Jfr<V ands <V, thenr;s=r-s andr~ =r. 
(ii) [fr<V ands <I, then(r;1)-s=r-s. 
(mi) rs Y, then rs eres, 


Proof. Assume r and s are below 1’. Both elements are equivalence el- 
ements, by Lemma 5.11, so r~ = r, by Lemma 5.8(ii), and r-s <1;5, 
by Corollary 5.10. On the other hand, 


160 5 Special elements 
r;s<r;V=r and r3s<V;s=s, 


by the monotony and identity laws for relative multiplication, and 
consequently, r; s <7r-s, by Boolean algebra. This proves (i). 
For the proof of (ii), observe that 


(Pol) s=(Ft1j+ Pee Sr Pi srs 8; 


by Boolean algebra, the assumption that r and s are below 1’, and 
Lemma 5.18(ii). Part (iii) follows at once from (ii) by taking s to be r. 
O 


Part (ii) of the preceding lemma can be extended to the case when s 
is not a subidentity element in the following way. 


Lemma 5.21. [fr <1’, then (r;1)-s=r;s. 


Proof. The monotony and identity laws for relative multiplication, and 
the assumption that r is a subidentity element imply that 


r3s<r3l1 and r;s<V;s=s, 
so r;s <(r;1)-s. For the reverse inequality, observe that 
(rsl)-s<r;[l-(r"js))=rjr-js=r;s, 


by Lemma 4.19 (with 1 and s in place of s and t respectively), Boolean 
algebra, and Lemmas 5.11 and 5.8(iii). O 


A useful fact about equivalence elements is that the relative product 
of two such elements is zero just in case the elements are disjoint. 


Lemma 5.22. If r and s are equivalence elements, then the following 
conditions are equivalent. 


Gl ria= 0, 
(ir) 31) + tes 1) =0, 
(iin) 5 = 0, 


Proof. The equivalence of (i) and (ii) is a consequence of the string of 
equivalences 


@s1)-(e;1)=0 if and only if (eo si 2(es1) =, 
if and only if ed ae 0, 
if and only if (rs 1) +s =0, 
if and only if f28)sl=0, 
if and only if r;s=0. 
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The first equivalence uses the assumption that r is an equivalence ele- 
ment and Lemma 5.8(ii); the second uses the equivalence of (i) and (iii) 
in the De Morgan-Tarski laws (with s, 1, and r~ ; 1 in place of r, s, 
and t respectively); the third uses Lemmas 4.1(vi) and 4.5(iv); the 
fourth uses the equivalence of (i) and (ii) in the De Morgan-Tarski 
laws (with 1 and s in place of s and t respectively), and the fifth uses 
Boolean algebra. 

The implication from (ii) to (iii) is an immediate consequence of the 
inequalities r < r;1 ands < s;1 (see Lemma 4.5(iii)). To establish 
the reverse implication, assume that (iii) holds. Use Lemma 5.18(iv), 
Lemma 4.19 (with r- 1’, 1, and (s- 1’); 1 in place of r, s, and t respec- 
tively), Boolean algebra, Lemma 5.20(i) (with r- 1’ and s- 1’ in place 
of r and s), the assumption that r and s are disjoint, and the first dual 
of Corollary 4.17 to obtain 


“——~ 
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ey, 
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[ 
<(r-V)5[l-(r-P) 5s V)5 0) 
= (r-V)5(r- VY 5 (6-2)51 
= (re L)etre LT) tel 54 
=(s2 1) -1=07)1=0, 
Thus, (ii) holds. O 


We come finally to a strengthened version of Lemma 5.9(iv) for 
equivalence elements. 


Lemma 5.23. The sum of a disjoint set of equivalence elements, if it 
exists, is an equivalence element. In particular, the sum of two disjoint 
equivalence elements is an equivalence element. 


Proof. The proof is very similar to the proof of Lemma 5.7(ii). Let X 
be a disjoint set of equivalence elements such that the sum t = )> X 
exists. The sum t is symmetric, by Lemma 5.2(iii). The complete dis- 
tributivity law for relative multiplication (Corollary 4.18) gives 


t3t= (0X); (OX) =Virssins eX}. (1) 


Since r;s = 0 for distinct elements r and s in X, by Lemma 5.22 and 
the assumption that the elements in X are disjoint, it follows from (1) 
and Lemma 5.8(ii) that 


tt=S (rer ir ex} = Sir ire x} =—t, 


so t is transitive. O 
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There are several other laws about equivalence elements that play 
an important role in arithmetic and algebraic investigations of relation 
algebras. We state three of them in the next lemma. The second and 
third laws are true only for a certain class of relation algebras that 
are abstract versions of square set relation algebras. We shall study 
such relation algebras in detail later on. Suffice it for now to give 
the definition and the principal characterization of these algebras. A 
relation algebra 2 is called simple if it has more than one element, 
and if every homomorphism on 2 is either one-to-one or has a one- 
element range. Simple relation algebras are characterized by the fact 
that 0 £1 and 1;r;1= 1 for all non-zero elements r in the algebra 
(see Theorem 9.2). 


Lemma 5.24. Let r be an equivalence element in a relation algebra A. 


(i) —r;r=-—r if and only if r is reflexive. 
(ii) —r; —r =r or —r;—r=1 whenever A is simple andr < 1. 
(iii) -r;1 =1 and1;-—r=1 whenever & is simple andr < 1. 


Proof. For the proof of (i), observe that if r if reflexive, then 
—rir<—-r=-r;l<-r;r, (1) 


by Lemma 5.8(vi), and the monotony and identity laws for relative 
multiplication. The first and last terms in (1) are the same, so equality 
must hold everywhere. In particular, —r ;r = —r. On the other hand, 
if this last equation holds, then 


—r=-rj;r=-r;sr~ <0’, 


by the symmetry of r and the first dual of Lemma 4.12, so 1’ < r by 
Boolean algebra. 

Assume now that 2 is simple and r < 1. The complement —r is 
not zero, by Boolean algebra, so the assumed simplicity of 2( implies 
that 1; —r;1= 1. Replace the first occurrence of 1 in this equation 
by r+ -—r, and use the distributive law for relative multiplication, 
Lemma 5.8(vi), and the monotony law for relative multiplication to 
arrive at 


l=(r+-—-r);-r;l=r;—-r;l+-r;-r31 
<-r;l+-r;l=-r;1. (2) 
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This proves the first equation in (iii). The second equation is the first 
dual of the first equation. 

Turn now to the proof of (ii). Replace the right-most occurrence of 1 
in (2) with r+ —r, and use the distributive law for relative multipli- 
cation and Lemma 5.8(vi) to obtain 


l=-r3(r+—r)=-r3;r+-—-r;—r<—-r+-—r;-r. (3) 


It follows from (3) and Boolean algebra that r < —r;—r. There are now 
two possibilities. If equality holds, then we obtain the first equation 
in (ii). If equality does not hold, then (—r;—r)-—r is different from 0, 
and therefore 
Loree) er a 

by the assumed simplicity of 2. Replace the two occurrences of 1 on 
the left side of this equation with r+ —r, and use the distributive law 
for relative multiplication, to write 1 as the sum of the four terms 


rs((ars—r)s—r]sr, ors (2rs—r) sr] sr, 


rs(arsar)-arlsn, 0 es ((ersar) ards =r. 


Each of these terms is below —r ;—r, so —r; —r must also be equal 
to 1. For example, 


r;((—r3;—r)-—r);r<r;-—r;—-r3r<—-r;-r7, 


by the monotony law for relative multiplication and Lemma 5.8(vi), 


PAC Ht) = 37 Sere ater re 


by the monotony law for relative multiplication and Lemma 5.8(vi), 
and 


by the monotony law for relative multiplication and Lemma 5.12. O 


The purpose of the preceding lemma and its first dual is to specify, 
for an equivalence element r in a simple relation algebra 2, the value of 
the relative product of —r with each of three elements, namely r, —r, 
and 1. We know from Lemma 5.12 that if r is an equivalence element 
in 2, then so is the relative product —r;—r. Parts (ii) and (iii) of the 
preceding lemma specify that —r;—r has one of three possible values, 
namely 0, 7, or 1, and the element —r;1 has one of two possible values, 
namely 0 or 1. Take r to be 1’ in parts (ii) and (iii) of the lemma to 
arrive at the following corollary. 
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Corollary 5.25. In a simple relation algebra, if 0’ £0, then 
rn ey or ae Oa 


and 0’;1=1;0’=1. 
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In discussions about binary relations, it is frequently necessary to speak 
about sets. For example, one may want to talk about the domain or 
range of a relation. How does one do this when the objects under dis- 
cussion are all supposed to represent binary relations? The key is to 
identify a subset X of a universe of discourse U with a specific (binary) 
relation on U. There are two natural ways of proceeding. The first is 
to identified X with the relation X x U (or with the relation U x X), 
while the second is to identified X with the subidentity relation idx. 
Each approach has its advantages and disadvantages. One advantage 
of the first approach is that the relations representing sets are closely 
connected with ideals in relation algebras. This connection is very im- 
portant and will be explored in depth later on. 

An element r is defined to be a right-ideal element if r=r;1, anda 
left-ideal element if r = 1;r. The names come from the fact that these 
elements play a special role in determining what are sometimes called 
right and left ideals. The names domain element and range element 
respectively are sometimes also used. In a proper relation algebra on a 
set U, right- and left-ideal elements are relations R that can be written 
in the form 


R=XxU and R=UxxX 


respectively, for some subset X of U. These relations may be thought 
of as vertical and horizontal strips respectively in the Cartesian plane 
determined by U x U (see Figure 5.3). 

Before studying the laws that govern right-ideal elements, it is help- 
ful to formulate a few general laws about elements of the form r ; 1. 
The first is a quite useful form of the De Morgan-Tarski laws that ap- 
plies to certain right-ideal elements. We note in passing that the first 
dual of a law about right-ideal elements is a corresponding law about 
left-ideal elements. 


Lemma 5.26. |[(r; s)-t];1=[(t;s7)-r]31. 
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@ @- 7 


s;l (s;1)-V 


Fig. 5.3 The domain and range of an element s. 


Proof. Apply Corollary 4.20 and the monotony law for relative multi- 
plication to obtain 


(ys) *t se (Gee )erl se < [ees er] sl 


Form the relative product of the first and last terms with 1 on 
the right, and use the monotony law for relative multiplication and 
Lemma 4.5(iv) to arrive at 


(rss) ts 1s [tis 7) r];1;1=[5 87) -r]51. (1) 


The inequality of the first and last terms in (1) holds for all ele- 
ments r, s, and t. Replace these elements with t, s~, and r respectively, 
and use the first involution law to obtain 


lesa jeriiis lege) l= [ejay t. (2) 


Together, (1) and (2) yield the desired conclusion. O 


Corollary 5.27. (i) (r;1)-V=(r;r7)-V. 
(ii) [(r 3s) -V];1=(r-s~);1. 
ay | Pet) <P) slars 1: 


Proof. To prove (i), replace s and ¢t in Lemma 5.26 with r~ and I’ 
respectively to obtain 


(ar elite jeri ed. (1) 


Vu 


Since 1’; r~~ =r, by the identity law for relative multiplication and 
first involution law, the equality in (1) reduces to 
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(ear et) tare. (2) 


Form the product of both sides of this equation with 1’, and use 
Boolean algebra, Lemma 5.20(ii) (with (r;r~)-V and 1’ in place 
of r and s respectively), and (2) to arrive at 


er jee er rela (er tet Sealer, 


To prove (ii), replace t in Lemma 5.26 with 1’, and use the identity 
law for relative multiplication and Boolean algebra. To prove (iii), 
replace s in (ii) with 1, and use the fact that 1~ = 1, by Lemma 4.1(vi). 
O 


We turn now to the study of right-ideal elements, and begin with 
some characterizations of these elements. 


Lemma 5.28. The following conditions on an element r are equiva- 
lent. 


(i 


(ii) r = s;1 for some element s. 
(iii) r = x; 1 for some subidentity element x. 


) 
) 
) 
(iv) r=[(r51)- V5 1. 
) 
) 
) 


r is a right-ideal element. 


i 
(v)r;s <r for every element s. 


(vi) r=r+0. 


(vii) r<r-+s for every element s. 


Proof. The implication from (iv) to (iii) is trivial, as is the implica- 
tion from (iii) to (ii). The implication from (ii) to (i) follows from 
Lemma 4.5(iv): if (ii) holds, then 


The implication from (i) to (iv) follows immediately from Corol- 
lary 5.27(iii) and the definition of a right-ideal element. Thus, (i)—(iv) 
are all equivalent. 

The equivalence of (i) and (v) is easy to check. If (v) holds, 
then take s to be 1 to obtain r;1 < r. The reverse inequality is 
just Lemma 4.5(iii), so (i) holds. On the other hand, if (i) holds, 
then r=r;1> 138, by the definition of a right-ideal element and the 
monotony law for relative multiplication, so (v) holds. 

The equivalence of (i) and (vi) is a consequence of Corollary 4.31: 
if (i) holds, then 
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r+0=r3;140=r;l=r, 

and if (vi) holds, then 
rPlj=O+0)slSar40=7 


The implication from (vi) to (vii) follows from Lemma 4.7(vii), the 
monotony law for relative addition. On the other hand, if (vii) holds 
then in particular r < r+0. The reverse inequality holds in general, 
by Lemma 4.7(viii), so we obtain (vi). O 
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Fig. 5.4 A relation S and its outer cylindrification S|(U x U). 


The equivalence of (i) and (ii) in the preceding lemma implies that 
there is a polynomial whose range is precisely the set of right-ideal 
elements in a relation algebra 2, namely the unary operation ~w defined 
on 2 by 


W(s) = 531 


for s in 2. This operation is distributive in the sense that 


pr +s) = Y(r) + ¥(s) 


for all r and s in 2l, by the distributive law for relative multiplication, 
so it is an operator on 2 in the sense of Section 2.2. In particular, it 
is monotone, by Lemma 2.3. Moreover, the fixed points of 7y—that is 
to say, the elements r such that u(r) = r—are exactly the right-ideal 
elements in 2, by the definition of a right-ideal element. In fact, 
maps each element s in 2 to the smallest right-ideal element that is 
above s. In more detail, 


168 5 Special elements 
s<s;l1=yY(s), 


by Lemma 4.5(iii), and if r is a right-ideal element that is above s, 
then 


b(s) < Or) =F, 


by the properties of ~ described above. The image w(s) is sometimes 
called the outer cylindrification of s, or simply the right-ideal element 
generated by s. The reason is that for a relation S in a proper relation 
algebra on a set U, the operation ~ maps S to the smallest vertical 
strip, or vertical cylinder, that includes S' (see Figure 5.4). Another way 
of thinking about w is that it is a geometric analogue of the operation 
of existential quantification in logic. Indeed, a pair of elements (a, (3) 
belongs to the relation 


WS) = S|(U x U) 


if and only if there exists an element y such that (a,7) belongs to S, 
by the definition of relational composition. 

Part (vi) of the preceding lemma says the second dual of the notion 
of a right-ideal element gives nothing new: it is equivalent to the def- 
inition of a right-ideal element. On the other hand, the first dual of 
the notion of a right-ideal element is the notion of a left-ideal element, 
and these two notions are clearly not equivalent. 

It is often useful, but not essential, to use the form in part (iii) of the 
lemma when establishing laws about right-ideal elements. The reason 
is that with the help of part (iii), more explicit forms of the laws can 
be given. The next few lemmas furnish some concrete examples of this. 
In the statements and proofs of these lemmas, the elements x and y 
are always assumed to be subidentity elements. 

A right-ideal element r may be written in the form r = s;1 in 
many different ways, that is to say, r may be generated as a right- 
ideal element by many different elements s. However, there is only one 
subidentity element that generates r as a right-ideal element. 


Lemma 5.29. Supposer=2x;1 ands=y;1. 
(i) r<s of and only ifa<y. 
(ii) r= s if and only if x = y. 


Proof. The implication from right to left in (i) follows from the 
monotony law for relative multiplication. For the reverse implication, 
observe that 
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rer= (2) lag=aa and See= (gi legeayem, ~) 


by the hypotheses of the lemma, together with (iii) and (ii) from 
Lemma 5.20. If r < s, then r- x < s-a, by Boolean algebra, and 
therefore x < y- a, by (1). This last inequality implies that x < y, 
which completes the proof of (i). Part (ii) is an immediate consequence 
of (i). O 


The next two lemmas state some of the basic closure properties of 
the set of right-ideal elements. The first lemma concerns the closure of 
this set under the Boolean operations of the given relation algebra. 


Lemma 5.30. (i) The distinguished constants 0 and 1 are right-ideal 
elements. 

(ii) The sum of a set of right-ideal elements, if it exists, is a right-ideal 
element. In fact, if X is a set of subidentity elements, then )> X 
exists if and only if \\{x;1: a € X} exists, and if one of these 
sums exists, then 


(SX )el=) {esleee xX}. 
In particular, if r=2;1 ands=y;1, thenr+s=(r+y);1. 
(iii) The product of a set of right-ideal elements, if it exists, is a 
right-ideal element. In fact, if X is a set of subidentity elements, 
then || X exists if and only if [[{a;1:a € X} exists, and if one 
of these products exists, then 


(X)sl=[Rasleee x}. 


In particular, if fr =231 and e=y:1, then r+s = (e+y) 3 1. 
(iv) If r is a right-ideal element, then so is —r. In fact, ifr = x ;1, 
then —r = (V—2);1. 


Proof. Part (i) follows from Lemma 4.5(iv) and the first dual of Corol- 
lary 4.17. In order to prove (ii), observe first that every set Y of right- 
ideal elements may be written in the form 


Yedda, lize xX} (1) 


for some set X of subidentity elements, by Lemma 5.28. If 5) Y exists, 
then 


OCY)-V=QOc{a;1:r€ X})-V 
=e; -VPiveX} = Se: ce X}, 
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by (1), Boolean algebra, and Lemma 5.20(ii) (with x and 1’ in place of 
r and s respectively), together with the assumption that x is below I’. 
Consequently, }> X exists, and 


Woe ieee ee SOs (2) 


by the complete distributivity of relative multiplication and (1). On 
the other hand, if }> X exists, then }> Y exists and (2) holds, by the 
complete distributivity of relative multiplication and the computation 
in (2). 

We next establish the special case of (iii) when 


ew and S=or (3) 


Use (3), the second modular law in Lemma 5.15 (with 1, y, and x in 
place of r, s, and t respectively), and Lemma 5.20(ii) (with x and y in 
place of r and s respectively) to obtain 


r-s=(x3;1)-(y; 1) =[(e31)-y];1=(@-y)51, (4) 


as desired. (Lemma 5.15 is applicable because 1 is an equivalence ele- 
ment, by Lemma 5.9(i).) 
Part (iv) of the lemma is now easy to prove. If 


f=271 and s=(V-a2z);1, (5) 
then 


rps=(e,l)+(V =a) 1=|e+ (la) ,l=P3t=1, 


by (5), part (ii) of the lemma, Boolean algebra, and the identity law 
for relative multiplication; and 


peH (es laa) el =e =a) sleaort=0, 


by (5), (4) (with 1’ — x in place of y), Boolean algebra, and the first 
dual of Corollary 4.17. It follows from these equations and Boolean 
algebra that s = —r. 

Turn finally to the proof of (iii). Let Y be a set of right-ideal ele- 
ments, and take X to be a set of subidentity elements such that (1) 
holds. Write 

Z={V-a2:rE X}, (6) 
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and observe that [|] X exists if and only if > Z exists. In fact, 
V—-|[[X=)>Z — and V-S°>Z=|[X, (7) 


by Boolean algebra. To prove (iii), assume first that [] X exists. In 
this case, 


=a W=[ Ost =(24)51 
={(V-—2);1:c€X} = {-(@31): cE xX}. (8) 
The first and last equalities use (iv), while the second equality uses (7) 
and the third uses (ii) and (6). The complement of the last term in (8) 


coincides with |] Y, by (1) and Boolean algebra, so it may be concluded 
from (8) that [[ Y exists and 


=(T1*)4l==(1*)- 


Consequently, 


(TX) ;1=T1Y =T2;1:2€ X}. (9) 


Assume now that [[ Y exists. Observe that 


T1¥)-P=(ieslsee xp)-? 
=[Hes1)-Vene X}=THei ve xX}, 


by (1), Boolean algebra, and Lemma 5.20(ii) (with x and 1’ in place of r 
and s respectively), together with the assumption that the elements 
in X are subidentity elements. From this it follows that []X exists, 
and therefore (9) holds, by the argument in the preceding paragraph. 
This completes the proof of (iii). O 


The notion of an ideal will be discussed at length in Chapter 8, but 
it may be useful at this point to say a few words about right-ideals. 
A right-ideal in a relation algebra 2 is a subset M of 2 that contains 
zero, is closed under addition, and contains r-s and r;s whenever r is 
in M and s in Y. It is readily verified that for any element r in 2, the 
set of elements below r is a right-ideal if and only if r is a right-ideal 
element. This connection is the motivation behind the name of these 
particular elements. 

The outer cylindrification operation defined before Lemma 5.28 has 
a corresponding second dual, which is the operation v defined for ev- 
ery s in 2 by 
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0(s)=s+0=—(—s;1). 
This operation is distributive over multiplication in the sense that 
Ur-s) = V(r)- V(s) 


for all r and s in 2, by the distributive law for relative addition 
over multiplication, and J? is monotone, by the monotony law for 
relative addition. The range of v consists of right-ideal elements, by 
Lemma 5.30(iv). Moreover, 0 maps every right-ideal element r to itself, 
since 


ur =r-0=r, 


by the definition of ? and Lemma 5.28(vi). Combine these two observa- 
tions to conclude that the fixed points of J are precisely the right-ideal 
elements in 2(. In fact, 7 maps each element s to the largest right-ideal 
element that is below s. In more detail, 


V(s) =st0<s, 


by the definition of ) and Lemma 4.7(viii), and if r is a right-ideal 
element that is below s, then 


r=v(r) < Ws), 


by the properties of 0 described above. The image J(s) is sometimes 
called the inner cylindrification of s. The reason is that for a relation S' 
in a proper relation algebra on a set U, the operation ? maps S to 
the largest vertical strip, or vertical cylinder, that is entirely included 
in S (see Figure 5.5). Another way of thinking about w is that it is 
a geometric analogue of the operation of universal quantification in 
logic. Indeed, a pair of elements (a, 3) from U belongs to the relation 


b(S)=StS 


if and only if for all elements y in U, the pair (a, 7) belongs to S', by 
the definition of relational addition. 

Lemma 5.30 implies that the set B of right-ideal elements in a re- 
lation algebra 2 is a Boolean algebra under the Boolean operations 
of 21, and actually a (Boolean) subalgebra of the Boolean part of 2. 
It is called the Boolean algebra of right-ideal elements in 2. In fact, B 
is a strongly regular subalgebra of the Boolean part of 2{ in the sense 
that the supremum of a subset of B exists in B if and only if it exists 
in 21, and when the two suprema exist, they are equal. 
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7, 


“Ss 


Fig. 5.5 A relation S and its inner cylindrification Sj} 2. 


Lemma 5.31. A set of right-ideal elements in a relation algebra 2 
has a supremum in 2 if and only if it has a supremum in the Boolean 
algebra of right-ideal elements of 2, and when these suprema ezist, 
they are equal. 


Proof. Let X be a set of right-ideal elements in 2. If X has a supre- 
mum r in 2, then r is a right-ideal element, by Lemma 5.30(ii), and 
therefore r belongs to the Boolean algebra B of right-ideal elements 
in 2. Clearly, r must also be the supremum of X in B. 

Assume now that X has a supremum r in B, with the goal of showing 
that r is the supremum of X in 2. Obviously, r is an upper bound 
of X in 21. Consider now any upper bound s of X in 2. Thus, t < s for 
each t in X. The set X consists of right-ideal elements, and the inner 
cylindrification operation J mentioned before the lemma is monotone, 
fixes right-ideal elements, and maps s to the largest right-ideal element 
below below s, so 

t=V0(t) < O(s) <s 


for each t in X. In particular V(s) is a right-ideal element that is an 
upper bound for X in 2, and therefore also an upper bound for X 
in B, because V(s) belongs to B. The element r is assumed to be the 
least upper bound of X in B, so 


r<V(s)<-s. 


Conclusion: r is the least upper bound of X in 2. O 


It follows from the next lemma that the set B of right-ideal elements 
is closed under relative multiplication and relative addition; but in 
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general B is not closed under converse and it does not contain the 
identity element or the diversity element, so B is not a subuniverse 
of 2. 


Lemma 5.32. (i) If r is a right-ideal element, then s;r is a right 
ideal element for every element s. 
(ii) Ifr is a right-ideal element, then s +r is a right-ideal element for 
every element s. 
(iii) If r is a right-ideal element, then r~ is a left-ideal element. In 
fact, ifr=a;1, thenr~ =132. 


Proof. Assume r is a right-ideal element and s an arbitrary element. 
The definition of a right-ideal element implies that 


ssrcl=se2r, 


so (i) holds. To prove (ii), observe that —r is also a right-ideal element, 
by Lemma 5.30(iv), and therefore so is —s; —r, by (i). Another appli- 
cation of Lemma 5.30(iv) leads to the conclusion that —(—s;—r) isa 
right-ideal element. Since s +r coincides with this last term, by defi- 
nition, we arrive at (ii). Part (iii) follows from the second involution 
law and Lemmas 4.1(vi) and 5.20(i). O 


There is a strong connection between the atoms in the Boolean alge- 
bra of right-ideal elements of a relation algebra 2 and the subidentity 
atoms in 2, that is to say, the atoms in 2 that are below the identity 
element. 


Lemma 5.33. Let r be an element in a relation algebra 2. 


(i) Ifr is an atom in I, then r;1 is an atom in the Boolean algebra 
of right-ideal elements in 2. 

(ii) r; 1 ts an atom in the Boolean algebra of right-ideal elements if 
and only if (r;1)-V is an atom in A. 


Proof. To prove (i), assume that r is an atom in 2, and consider an 
arbitrary right-ideal element s. Either r < s or r < —s, by the as- 
sumption on r, so either 


Pilz ssl=s or r;l<-s;l=-s, (1) 


by the monotony law for relative multiplication, the assumption that s 
is a right-ideal element, and Lemma 5.30(iv). Since r;1 is not zero, by 
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Lemma 4.5(iii), it follows from (1) that r;1 is an atom in the Boolean 
algebra of right-ideal elements. 

To prove (ii), write x = (r;1)-1’, and observe that r;1 = z;1, 
by Corollary 5.27(iii). If x is an atom in 2, then x; 1 in a atom in 
the Boolean algebra of right-ideal elements, by part (i). On the other 
hand, if x;1 is an atom in the Boolean algebra of right-ideal elements, 
then x 4 0, by the first dual of Corollary 4.17, and for every subidentity 
element y we either have 


P| 


eisytl of 21s=-@i1)=(V=9) 1. 


In the first case, x < y, and in the second case, x < Il’ — y, by 
Lemma 5.29(i). Consequently, for any element s, either 


ge<s-V<s or e<V-(s-1)<-s, 


so x is an atom in Al. O 


The next lemma says that right-ideal elements are idempotent with 
respect to the operations of relative addition and multiplication. 


Lemma 5.34. If r is a right-ideal element, then 
CHT and r+r=r. 


Proof. Assume r is a right-ideal element. We have r;r <r;l=r, 
by the monotony law for relative multiplication and the definition of 
a right-ideal element; and 


by Corollary 4.22, the monotony law for relative multiplication, and 
the definition of a right-ideal element; so r;r = r. This proves the first 
law. 

To derive the second law, observe that —r is a right-ideal element, 
by Lemma 5.30(iv), and therefore —r ; —r = —r, by the first law. 
Consequently, 


The first and last equalities use the definition of relative addition and 
Boolean algebra. O 
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There are two modular laws that are valid for right-ideal elements, 
and each of these laws actually characterizes right-ideal elements. The 
first law concerns the modularity of multiplication over relative multi- 
plication. 


Lemma 5.35. An element r is a right-ideal element if and only if 
(838) =(r-8)st 
for all elements s and t. 
Proof. If r is a right-ideal element, and s and t arbitrary elements, then 
r;t<r;l=r and rt <fel=z, 


by the monotony law for relative multiplication and the definition of 
a right-ideal element, so 


r-(s;t)=(r-s);t, (1) 


by Corollary 4.33. On the other hand, if r satisfies the law in (1) for 
all elements s and t, then take s and t to be 1, and use also Boolean 
algebra and Lemma 4.5(iv), to arrive at 


rerlearOsl)ay- Dealer. 


Thus, r is a right-ideal element. O 


It follows from the preceding modular law that for an arbitrary 
element r, the element (r;1)-1’ acts as a left-hand identity element 
for r with respect to the operation of relative multiplication. 


Corollary 5.36. [(r;1)-V];r=r. 
Proof. We have 
r=(rs)-r=("3))-Usr)=[5))-V5r, 


by Boolean algebra and Lemmas 4.5(iii), 4.4(ii), and 5.35 (with r;1, 1’, 
and r in place of r, s, and t respectively). Oo 


The second characterization of right-ideal elements concerns the 
modularity of multiplication over relative addition. 
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Lemma 5.37. An element r is a right-ideal element if and only if 


r-[s+(r-t)] = (r-s)+(r-?) 
for all elements s and t. 


Proof. Assume first that r is a right-ideal element, and s and t are 
arbitrary elements. The distributive law for relative addition over mul- 
tiplication (Lemma 4.7(iv), applied twice) implies that 


(r-s)t(r-t) = [r¢(r- dt] [st(r- 8] 
=(rtr)-(rt+t)-[s¢-)]. 


Since 
Ei =f Crt, 


by Lemmas 5.34 and 5.28(vii), it may be concluded from (1) that 


(r-s)4(r-t)=r-[s+(r-d)]. 


Thus, the given modular law holds. 

On the other hand, if the modular law holds for all elements s and t, 
then take s and t to be 1 and 0 respectively, and use also Boolean 
algebra and the third dual of Corollary 4.17, to arrive at 


pee ler Leer.) = lee) =r.0, 2) 


Apply Lemma 5.28(vi) to (2) to conclude that r is a right-ideal element. 
O 


5.5 Ideal elements 


An element r in a relation algebra is defined to be an ideal element 
if 1;r;1= 7. The name derives from the close connection that exists 
between elements of this form and ideals, that is to say, kernels of 
homomorphisms. This connection is extremely important and will be 
explored in some depth in Chapter 8. In the full relation algebra on 
an equivalence relation £, the ideal elements are just the relations R 
that can be written in the form 


R=U{VxV:VeX} 
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O=s 
@+M= 15531 
@®+H-O=1 


Fig. 5.6 An element s and the ideal element 1; 5; 1 that s generates. 


for some set X of equivalence classes of F (see Figure 5.6). In partic- 
ular, if V is an equivalence class of E, then V x V is an ideal element. 
Here are some useful characterizations of ideal elements. 


Lemma 5.38. The following conditions on an element r are equiva- 
lent. 


(i) r is an ideal element. 
(ii) r =1;5;1 for some element s. 
(iii) r = 1;2;1 for some subidentity element x. 


) 
) 
) 
) 
) 
) 
i) 
) 


Gy) 7 = ices slew 

Cv) @ = 13 [ery< FF) 2d. 

(vi) r is both a right- and a left-ideal element. 
(vii) r =O+r+0. 


(viii) r =O0+s+0 for some element s. 


Proof. The implications from (iv) to (iii) and from (v) to (iii) are 
trivial, as is the implication from (iii) to (ii). The implication from (ii) 
to (i) follows by Lemma 4.5(iv); indeed, if r satisfies (ii), then 


ler lelyisgsslslalsc ler, 


For the implication from (i) to (vi), observe that ifr is an ideal element, 
then 


t= ler lS ler Lad Sed 
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by Lemma 4.5(iv) and the definitions of ideal and right-ideal elements, 
so r is a right-ideal element. A dual argument shows that r is a left- 
ideal element. For the implication from (vi) to (iv), observe that if r 
is a right- and a left-ideal element, then 


ralprais itr; let s4, 


by the definition of a left-ideal element and Lemma 5.28(iv). An analo- 
gous argument shows that (vi) implies (v). Thus, (i)—(vi) are all equiv- 
alent. 

The implication from (vii) to (viii) is trivial; and (viii) implies (i), 
by the first law in Corollary 4.31 and its first dual: if (viii) holds, then 


ise ljH1 e+) yi 04 eS Fr, 


The implication from (i) to (vii) is proved in an analogous fashion, but 
uses the second law in Corollary 4.31 and its first dual. Thus, (i), (vii), 
and (viii) are also equivalent. O 


The equivalence of (i) and (ii) in the preceding lemma implies that 
there is a polynomial whose range is precisely the set of ideal elements 
in a relation algebra 21, namely the unary operation w defined on 2 by 


This operation is distributive, by the distributive law for relative mul- 
tiplication, so it is an operator on 2 in the sense of Section 2.2. In 
particular, it is monotone, by Lemma 2.3. Moreover, its fixed points— 
that is to say, the elements r such that ~(r) = r—are exactly the ideal 
elements in 2, by the definition of an ideal element. In fact, 7 maps 
each element s in 2( to the smallest ideal element that is above s. In 
more detail, 
e< lise l= (8), 


by Lemma 4.5(iii) and its first dual, and if r is an ideal element that 
is above s, then 


W(s) < Or) =F, 


by the properties of 7 described above. The image w(s) may be called 
the outer ideal closure of s, or simply the ideal element generated by s. 

The notion of an ideal element is clearly its own first dual, that is 
to say, the first dual of the notion of an ideal element coincides with 
the notion of an ideal element. The equivalence of (i) and (vii) in the 
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preceding lemma implies that this is also true for the second dual, and 
consequently also for the third dual. 

The next two lemmas give some of the basic closure properties of 
the set of ideal elements. The first lemma concerns the closure of this 
set under Boolean operations. 


Lemma 5.39. (i) 0 and 1 are ideal elements. 
(ii) The sum of a set of ideal elements, if it exists, is an ideal element. 
In particular, if r and s are ideal elements, then so isr+s. 
(iii) The product of a set of ideal elements, if it exists, is an ideal 
element. In particular, if r and s are ideal elements, then so 
iS T+ 8. 
(iv) If r is an ideal element, then so is —r. 


Proof. The lemma follows directly from Lemma 5.30 and its first dual 
for left-ideal elements, together with the characterization of ideal el- 
ements in Lemma 5.38(vi). For example, both 0 and 1 are right-ideal 
elements and left-ideal elements, by Lemma 5.30(i) and its first dual, 
so both of them are ideal elements, by Lemma 5.38(vi). The proofs of 
parts (ii)—(iv) are entirely analogous. O 


The outer ideal closure operation defined before Lemma 5.39 has a 
corresponding second dual, which is the unary operation J defined for 
every s in 2 by 


O(s) =0+s+0=—(1;-s; 1). 


This operation is monotone and distributive over multiplication, by 
the monotony and distributive laws for relative addition. The range 
of 3 consists of ideal elements, by Lemma 5.38(viii). Moreover, ? maps 
every ideal element r to itself, since 


vr) =0tr+o=7, 


by the definition of 0 and Lemma 5.38(vii). Combine these two obser- 
vations to conclude that the fixed points of J are precisely the ideal 
elements in 2. In fact, ? maps each element s to the largest ideal 
element that is below s. In more detail, 


vs) =0+ 8-0 <x, 


by the definition of ?, together with Lemma 4.7(viii) and its first dual; 
and if r is an ideal element that is below s, then 
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r=U(r) < V(s), 


by the properties of 0 described above. The image W(s) may be called 
the inner ideal closure of s. 

It follows from Lemma, 5.39 that the set B of ideal elements in a 
relation algebra 2 is a Boolean algebra under the Boolean operations 
of 2, and actually a (Boolean) subalgebra of the Boolean part of 2. 
It is called the Boolean algebra of ideal elements in 2. In fact, B is 
a strongly regular subalgebra of the Boolean part of 2 in the sense 
specified before Lemma 5.31. 


Lemma 5.40. A set of ideal elements in a relation algebra A has a 
supremum in AU if and only if it has a supremum in the Boolean algebra 
of ideal elements of 2, and when these suprema exist, they are equal. 


The proof is analogous to the proof of Lemma 5.31. The word “right- 
ideal” in that proof must be replaced everywhere by the word “ideal” , 
the reference Lemma 5.30(ii) must be replaced by a reference to 
Lemma 5.39(ii), and the inner cylindrification operation must be re- 
placed everywhere by the inner ideal closure operation. The details are 
left as an exercise. 

The next lemma implies that the Boolean algebra of ideal elements 
in 2 is also closed under the Peircean operations of 2. 


Lemma 5.41. (i) Jf r is an ideal element, then r~ =r, and there- 
fore r~ is an ideal element. 
(ii) Ifr and s are ideal elements, then r;s =r-s, and therefore r ; s 
is an ideal element. 
(iii) Ifr and s are ideal elements, thenr + s =r+s, and therefore r + s 
is an ideal element. 


Proof. To prove (i), assume r is an ideal element, and observe that 


Pr er er ee Sr ere” S ler Sr 
by Corollary 4.22 (with r~ in place of r), the first involution law, the 
monotony law for relative multiplication, and the assumption on r. 
Thus, r is symmetric. Apply Lemma 5.1 (ii) to conclude that rv =r. 
To prove (ii) and (iii), assume r and s are ideal elements, and observe 
that 
ree=—Psleg=—(r+1)+(1s4) =Tres, 


by Lemmas 5.38(vi) and 4.26. This gives (ii). Since —r and —s are also 
ideal elements, by Lemma 5.39(iv), we have 
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by (ii), and therefore 


rps=—(-rj-s)=—-(-r--s)=rts, 


by the definition of relative addition and Boolean algebra. Oo 


The proof of (i) in the preceding lemma actually shows a bit more 
than is claimed. 


Corollary 5.42. For every element r, 
r <Slerel and Ler l= Lars id. 


Lemma 5.41 also implies a stronger characterization of ideal ele- 
ments than is given in parts (iv) and (v) of Lemma 5.38. 


Corollary 5.43. For r to be an ideal element, it is necessary and suf- 
ficient that =1;(7>+ 1)? 1. 


Proof. If r is an ideal element, then r is an equivalence element, by 
Lemma 5.41(i),(ii), and the definition of an equivalence element. Con- 
sequently, r- 1 = (r;1)-1’, by Lemma 5.18(ii). Combine this obser- 
vation with Lemma 5.38(iv) to conclude that r = 1; (r-1’);1. On the 
other hand, if this last equality holds, then r is an ideal element, by 
Lemma 5.38(ii). O 


One consequence of Lemmas 5.39 and 5.41 is that the set of ideal 
elements in a relation algebra 2 is closed under all of the operations 
of 2l. The set fails to be a subuniverse of 2, because in general it 
does not contain the identity element of 2. The set is the universe of a 
Boolean relation algebra under the operations of 21, by Lemmas 5.41 (ii) 
and 3.1; but the identity element of this Boolean relation algebra is 
the unit element 1 of 21, not the identity element of 2. 

Another consequence of Lemma 5.41 is that ideal elements are equiv- 
alence elements. In particular, ideal elements satisfy the modular laws 
of Lemmas 5.13-5.15. As right- and left-ideal elements, they also satisfy 
the modular laws of Lemmas 5.35 and 5.37 and their first duals. Using 
either one of these observations, it can be shown that ideal elements 
satisfy a distributive law for multiplication over relative multiplication, 
and in fact ideal elements are characterized by this property. 
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Lemma 5.44. An element r is an ideal element if and only if 


PAS t) = (rg) Ft) 
for all elements s and t. 


Proof. If r is an ideal element, and s and ¢t arbitrary elements, then 


r-(s;t)=(r-s);t=[r-(s-r)];t=r- [(s-r);¢] 


= [series Ger), Gen) = 3) 70a). 


The first and third steps use the modular law for right-ideal elements 
in Lemma 5.35, the fifth step uses the dual modular law for left-ideal 
elements, and the second, fourth, and sixth steps use Boolean algebra. 

To establish the implication in the opposite direction, assume r sat- 
isfies the given distributive law for all elements s and t. Take s and t 
to be —r and 1 respectively, and use also Boolean algebra and the first 
dual of Corollary 4.17, to obtain 


r-(—r31)=(re—r): (1) =0;7r =0. 


Thus, —r;1 < —r, by Boolean algebra. The reverse inequality holds 
by Lemma 4.5(iii), so —r = —r;1 and therefore —r is a right-ideal 
element. Take s and t to be 1 and —r respectively, and employ the 
same kind of argument to show that —r = 1; —r and therefore —r 
is a left-ideal element. Use Lemma 5.38(vi) to conclude that —r is an 
ideal element. The set of ideal elements is closed under complement, 
by Lemma 5.39(iv), so r must be an ideal element as well. O 


Interestingly, ideal elements also satisfy a distributive law for mul- 
tiplication over relative addition, and they are characterized by this 
property. 


Lemma 5.45. An element r is an ideal element if and only if 
r-(stt)=(r-s)+(r-t) 
for all elements s and t. 


Proof. Assume first that r is an ideal element, and s and ¢ arbitrary 
elements. Apply the left-hand distributive law for relative addition over 
multiplication (with r-s and r in place of r and s respectively), and 
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then apply twice the right-hand distributive law for relative addition 
over multiplication, to obtain 


(r-s)t(r-t)=[-s) +r] -[-s) +4] 
=Irtr)- Ger] let) (sto) 


Since r is an ideal element and therefore a right- and left-ideal element, 
by Lemma 5.38(vi), we have 


r=r-+r, Pat, and rat, (2) 


by Lemma 5.34 and by Lemma 5.28(vii) and its first dual (for left-ideal 
elements). In view of (2), the final term in (1) reduces to r - (s +1), 
and this immediately yields the desired distributive law. 

To establish the reverse implication, assume that r satisfies the given 
distributive law for all elements s and t. Apply the distributive law 
with O and 1 in place of s and ¢ respectively, and use also Boolean 
algebra and the equation 0+ 1 = 1 (which holds by the second dual of 
Corollary 4.17) to obtain 


r=r-l=r- (0+) =(r-0)4(r-1) =0+r. 


Thus, r is a left-ideal element, by the first dual of Lemma 5.28(vi). 
Apply the distributive law with 1 and 0 in place of s and t respectively, 
and argue in an analogous fashion, to obtain r = r +0, so that r is a 
right-ideal element. Use Lemma 5.38(vi) to conclude that r is an ideal 
element. O 


We close with a simple lemma that is quite useful. 
Lemma 5.46. If r is an ideal element, then for every element s, 
r-s=0 af and only if fe est hH=i 


Proof. Use the De Morgan-Tarski laws twice and Lemma 4.1(vi) to 
obtain 


ret eiljy=0 if and only if Cherye(se 1 =O 
if and only if (lerslj-s=ii 


Since r is an ideal element, it coincides with 1;7;1, and we arrive at 
the desired conclusion. O 
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5.6 Domains and ranges 


As was mentioned at the beginning of Section 5.4, an alternative ap- 
proach to identifying a set X with the binary relation X x U is to 
identify X with the subidentity relation idx. This approach leads to 
the following natural definition: the domain and range of an element r 
are defined to be the subidentity elements 


domain r= (r;1)-V and range r= (1;r)-V 


respectively. In a set relation algebra, the domain of a relation R in 
the above sense is the set of pairs (a,a) such that a belongs to the 
domain of R in the standard sense of this word, and analogously for 
the range—see Figure 5.3 at the beginning of Section 5.4. The field 
of an element is defined to be the sum of its domain and range. In 
particular, in a set relation algebra, the field of a relation R is the set 
of pairs (a, a) such that a belongs either to the domain or the range 
of R in the standard sense of the word. 

The laws in Lemma 5.18 may be viewed as statements about the 
field of an equivalence element r. For instance, part (ii) of the lemma 
and its first dual together say that 


domain r = range r = field r=r-I’, 


while part (i) and its first dual together say that the field of r acts 
as an identity element for r with respect to the operation of relative 
multiplication. 

We begin with a characterization of when two elements have the 
same domain. 


Lemma 5.47. domain r = domain s if and only ifr;1=s;1. 
Proof. If r;1=s;1, then obviously 
(es Del = (arta dl, (1) 


To prove the implication in the opposite direction, suppose that (1) 
holds. Form the relative product of both sides of this equation with 1 
on the right, to get 


leds] g t= [leia)< 2] y4: 


Apply Corollary 5.27(iii) to conclude that r;1=s;1. O 
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The next two lemmas contain some of the important laws about 
domains and ranges. 


Lemma 5.48. Suppose x is the domain, and y the range, of an ele- 
ment r. 


) 

(it) ee le=rtloond lsgHler 
relay: 
) 
) 


e=(rgs)ela-V) ond g= (esr): eT), 


Proof. Parts (i) and (iii) follow respectively from parts (i) and (iii) 
of Corollary 5.27 and its first dual, and part (ii) follows from Corol- 
lary 5.36 and its first dual. For part (iv), observe that r is below r ; 1 
and 1;r, by Lemma 4.5(iii) and its first dual, so 


rss) Gsr)=@i))- Giy)=aslsy, 


by part (iii) and Lemma 4.26. 

Part (v) is a consequence of Lemma 5.33 and its first dual. In more 
detail, if r is an atom in a relation algebra, then r;1 is an atom in 
the Boolean algebra of right-ideal elements, by (i) of the lemma, and 
therefore x is an atom in the relation algebra, by part (ii) of the lemma. 
A dual argument shows that y is an atom. 

Finally, part (vi) is a consequence of the modular laws for equiva- 
lence elements. If s is an equivalence element that is above r, then 


(pil years es) =a (1) 


by the first dual of Lemma 5.13 (with s, 1, and r in place of r, s, and t 
respectively) and Boolean algebra. The element x is below s, because 


ea (" vl)\-P < (e31)el =a l, (2) 


by the definition of x, the monotony law for relative multiplication, 
and Lemma 5.18(ii). Combine (1) and (2), and use Boolean algebra 
and the definition of x, to arrive at 


p= 2-8 =[(r31)-V]-s=[(r51)-s]-(8-Y) =(r38)- (6-1). 


A similar argument, using Lemma 5.13 instead of its first dual, leads 
to the second conclusion of (vi). O 
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Part (i) of the preceding lemma gives an alternative way of defining 
the domain and range of an element r. Part (vi) says that if r is below 
an equivalence element s, then the unit 1 and the identity element 1’ 
may respectively be replaced by s and its field s-1’ in the definition of 
the domain and range of r. Part (ii) says that the domain and range 
of r act respectively as left-hand and right-hand identity elements for r 
with respect to the operation of relative multiplication. Actually, the 
domain and range of an element can be characterized as the smallest 
subidentity elements with this property, as the next lemma and its 
first dual show. 


Lemma 5.49. For an arbitrary element r and a subidentity element x, 
the following conditions are equivalent: 


(i) ayn =r, 
(ii) esd jet Sm: 
Proof. If (ii) holds, then 


r=|Gs 11 |r eer Pores, 


by Lemma 5.48(ii), and the monotony and identity laws for relative 
multiplication. The first and last terms are the same, so equality must 
hold everywhere. In particular, x ;r = r, so (i) holds. On the other 
hand, if (i) holds, then 


r=a2;r<a031, 


and therefore 
rise iyi), (1) 


by the monotony law for relative multiplication and Lemma 4.5(iv). 
Consequently, 
ela? <li =z, 


by (1), Boolean algebra, and Lemma 5.20(iii) (with x in place ofr). O 


The next lemma gives a sharper form of Lemma 5.48(ii) in the case 
when z and r are atoms. 


Lemma 5.50. Suppose x and y are subidentity atoms. 


(i) If r is an atom, then the following conditions are equivalent: 


(a)x;r #0, 
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(b)a;r=r, 


(c) 2 = domain r. 
(ii) If r is an atom, then the following conditions are equivalent: 


(a)r;y #0, 
(b)rsy=r, 
(c) y = range r. 


(iii) If r is a non-zero element below x;1;y, then 
x = domain r and y = range r. 


Proof. We begin with the proof of (i). The implication from (c) to (b) 
follows from Lemma 5.48(ii), and the implication from (b) to (a) fol- 
lows from the assumption that r is an atom and therefore not zero. To 
establish the implication from (a) to (b), assume that (a) holds, and 
observe that 

O<a;r<V;r=r, 


by the monotony and identity laws for relative multiplication. Conse- 
quently, x ;r =r, by the assumption that r is an atom. To establish 
the implication from (b) to (c), assume that (b) holds, and apply 
Lemma 5.49 to arrive at the inequality domain r < x. The reverse in- 
equality holds because domain r is an atom, by Lemma 5.48(v), and x 
is an atom, by assumption. Thus, (c) holds. This completes the proof 
of (i). 

Part (ii) is just the first dual of part (i). To prove part (iii), assume 
that r is a non-zero element below x;1;y. In this case (x;1;y)-r 40, 
SO 


(x;r)-(13y) £9, 
by the De Morgan-Tarski laws (with x, 1; y, and r in place of r, s, 
and t respectively) and Lemma 5.20(i) (with x in place of r). In par- 
ticular, x; r is different from 0, so x = domain r, by part (i). The 
second conclusion of (iii) is the first dual of the first conclusion. O 


Parts (i) and (ii) of the preceding lemma say that for atoms, the left- 
identity and right-identity properties given in Lemma 5.48(ii) actually 
characterize the domain and range of r. Part (iii) is a kind of converse 
for atoms of Lemma 5.48(iv). 

For two relations R and S, the composition R|S is empty if and 
only if the range of R is disjoint from the domain of S. The next lemma 
gives an abstract version of this property. 
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Lemma 5.51.7; 5 = 0 if and only if range r and domain s are dis- 
joint. 
Proof. The proof reduces to a series of equivalent statements: 
ler)<2s(se1)—=0, 
if and only if (a5 1 ep) <i = 0, 
if and only if Pele) |= 0, 
if and only if rs Tj-e= 0), 


(range r) - (domain s) = 0 if and only if 


5; 


if and only if r;s=0. 


The first equivalence uses the definitions of domain and range, and 
Boolean algebra, the second uses Lemma 4.26, and third and fifth use 
the De Morgan-Tarski laws (and Boolean algebra). The fourth equiva- 
lence follows from the fact that 


Pia) Sor ar tear ah 


by the identity law for relative multiplication, the second involution 
law, and Lemma 4.1 (vi). O 


There are a number of laws that concern the domain and range of 
a relation constructed from other relations by means of standard set 
theoretic operations on relations. For example, the domain and range 
of a composite relation R|S are respectively included in the domain 
of R and the range of S. The next lemma gives abstract versions of 
these various laws. 


Lemma 5.52. (i) domain 0 = range 0 = 0. 

(ii) domain 1 = range 1 =’. 

(iii) domain 1’ = range ’ = I’. 
(iv) If r < s, then domain r < domain s and range r < range s. 
(v) domain (r + s) = (domain r) + (domain s) and 

range (r + s) = (range r) + (range s). 
(vi) domain (r- s) < domain r- domain s and 
range (r-s) < range r- range s. 

(vii) domain (r~) = range r and range (r~) = domain r. 
(viii) domain (r; s) < domain r and range (r; s) < range s. 


Proof. Here, as examples, are the proofs of the first laws in (v)—(viii). 
For (v), use the definition of domain, and the distributive laws for 
relative multiplication and multiplication to obtain 
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domain (r+ s) = [(r+s);1]-V=[(r;1)+(s;)]-VP 
= [(r;1)-V] + [(s;1)- V] = domain r + domain s. 


For (vi), use the definition of domain, Boolean algebra, and part (ii) 
of Lemma 4.5 to obtain 
domain (r-s) = [(r-s);1]-V=[(r-s);(-D]-V 
<[(r51)-(s5))]-P=([0r31)-T)- [ss )- 7 
= domain r- domain s. 


For (vii), use the definition of domain, Lemmas 4.1(vi) and 4.3, the sec- 
ond involution law, Lemma 4.1(ii), Lemma 5.20(i), and the definition 
of range to get 


domain ‘Came = (Cae : 1) a= (r~ : i) a (1 ; r)y] yy 
= [(ler)eT)~ (137) +P = range 7: 


Finally, for (viii), use the definition of domain and the monotony law 
for relative multiplication to get 


domain (r;s) = (r;s3;1)-V < (r;1)-V = domain r. 


The proofs of the second parts of (v)—(viii) are the first duals of the 
proofs of the first parts, and the proofs of (i)—(iv) are quite easy. O 


5.7 Rectangles 


A set-theoretical rectangle is a relation of the form X x Y, where 
the sides X and Y of the rectangle are subsets of some base set (see 
Figure 5.7). The set-theoretical perspective motivates the abstract def- 
inition: an element r in a relation algebra is defined to be a rectangle 
if r = «;1;y for some subidentity elements x and y, and x and y 
are called the sides of the rectangle. Observe that every right-ideal 
element r is a rectangle, since r= «;1 = 2;1;1 for some subiden- 
tity element x. In particular, 0 and 1 are rectangles. Similarly, every 
left-ideal element is a rectangle. 
There are a variety of characterizations of rectangles. 


Lemma 5.53. The following conditions on an element r are equiva- 
lent. 
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(i) r is a rectangle. 
(ii) r is the product of a right- and a left-ideal element. 
(mi) rare ise, 
(iv) r= s;1;8 for some element s. 
(v)r=s;1;t for some elements s and t. 
(vi) r= [Crs 1) -V)515[A5r)- VI. 


Proof. The implications from (vi) to (i), from (i) to (v), from (iii) 
to (iv), and from (iv) to (v) are all trivial, while the equivalence of (v) 
and (ii) follows from Lemma 4.26, together with Lemma 5.28(ii) and 
its first dual. It remains to establish the implications from (iii) to (vi), 
and from (v) to (iii). If (iii) holds, then 
p= Plo Us er) =r Eady (sitar) t]) 
= least ste), 

by Lemma 4.26 (for the second and fourth equalities), and Corol- 


lary 5.27(iii) and its first dual, so (vi) holds. 
If (v) holds for some s and t, then 


r;l=s;1;t;l<s;1 and l;r=1;s;1;t<13t, (1) 
by the monotony law for relative multiplication, so 
(r51)-(3r)<(s;1)-G34=s;1;t=r, (2) 


by (1), Boolean algebra, Lemma 4.26, and the assumption on r. The 
reverse inequality—that r is below the first term in (2)—holds, by 
Lemma 4.5(iii) and its first dual, so 


pa(rps rt) =e 1a, 


by Lemma 4.26. Oo 
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The equivalence of (i) and (iv) in the preceding lemma implies that 
there is a polynomial whose range is the set of rectangles in a relation 
algebra 2, namely the function w defined on 2 by 


for each element s. 

It is often convenient to refer to a rectangle by using its sides, and we 
do so in the presentation below. This raises the question of whether the 
sides of a non-zero rectangle are uniquely determined. See Lemma 5.63 
below for some remarks regarding this question. 

The arithmetic and the closure properties of rectangles are, in part, 
somewhat complicated to formulate. For that reason, we break the 
statements down into a series of lemmas. In the statements and proofs 
of these lemmas, the elements xz, y, u, and v are always assumed to 
be subidentity elements. The first lemma says that a product of a 
rectangle with an arbitrary element s is close in form to a rectangle. 


Lemma 5.54. (x;1;y)-s=2;8;y. 
Proof. We have 
(e;1ljy)-s=(@;1)-(ljy)-s=(@31)-(siy)=a3s;y, 


by Lemma 4.26, the first dual of Lemma 5.21 (with y in place of r), 
and Lemma 5.21 itself (with x and s; y in place of r and s). O 


A sum of rectangles is in general not a rectangle, but a product of 
rectangles is a rectangle. The precise formulation of this assertion is 
somewhat delicate in the case of infinitely many rectangles. 


Lemma 5.55. If (a; :i€ I) and (y;:i € I) are systems of subidentity 
elements such that the products [[, x; and [|], yi exist, then the product 
of the system of rectangles (a; ;1;y;,:%7€ I) exists, and 


(1; vi) 515 U1) = TL (#515). 
Proof. Assume that the products [],; 7; and [], y; exist. The products 
[]i(% 51) and IT:(1 5%) 


then exist, and 
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(I]; vi) ; 1 = [],(% 5 1) and 1; (II, %) =TL; %), (1) 


by Lemma 5.30(iii) and its first dual. Consequently, 


(HI; vi) 315 U1 vw) = (01 v4) 5 1-1 Ly) 
(zis D)- TLC v)] 


I {eis 1)- C3 ul 

[[;(vi 3154), 

by Lemma 4.26 (for the first and last equalities), (1), and Boolean 
algebra. O 


Corollary 5.56. [fr=a;1;y ands=u;1;0, then 
res = (eeuyrls(y*v). 
The complement of a rectangle is in general not a rectangle, but 


it can always be written as the sum of two (generally non-disjoint) 
rectangles, and also as the sum of three disjoint rectangles. 


Lemma 5.57. Ifr=2x;1;y, then 

G)r=(Peaslel] + ia ea; 

(i) -r = [VV — 2); 1;5y)+[231;@—y))+[V—-2)51;V—-y)], 
and each of the three rectangles in (ii) is disjoint from the other two. 
Proof. The elements x ;1 and 1; y are right- and left-ideal elements 
respectively, by Lemma 5.28(iii) and its first dual, so 

—(x;1)=(V-2);1 and —(l;y)=1;(V-y), 


by Lemma 5.30(iv) and its first dual. Use Lemma 4.26, Boolean alge- 
bra, the preceding equations, and the identity law for relative multi- 
plication to obtain 


(ee ley) = =e ly (sa) == 1) 41) 
=(f =a) liga y) ea) ls lla ay). 


This proves (i). 
For the proof of (ii), we have 


(Pestle ety -g aH ait) 
=(F=a\rigl 
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and 
PpleW—9)l +(e). 1p =o) = st =e) —®) 
= 1g =a), 


by the distributive law for relative multiplication and Boolean algebra. 
These equations and (i) imply the equation in (ii). The rectangles 


(V—a);ljy and = (V?—2);1;(?—-y) 
are disjoint, because 


[(V-a2);1sy]-[(V-2)51;V-y=@-2)515ly-V-y)] 
= (P27) 3140=6, 
by Corollary 5.56, Boolean algebra, and Corollary 4.17. Analogous 


arguments lead to the conclusion that all of the rectangles on the right 
side of the equation in (ii) are mutually disjoint. O 


The converse of a rectangle is easily seen to be a rectangle. 
Lemma 5.58. Ifr=a;1;y, thenr™ =y;132. 
Proof. Under the hypothesis of the lemma, we have 


Vv 


Sieg) =o 4) ee Slee 


by the second involution law, and Lemmas 4.1(vi) and 5.20(i). O 


The next few lemmas and corollaries give laws governing relative 
products in which at least one of the factors is a rectangle. The first 
law implies that the relative product of a rectangle with an arbitrary 
element s is a rectangle. 


Lemma 5.59. Ifr=a;1;y, then 
r3s=a23;132 and s;r=w;lsy, 
where z = range y;s and w = domain s; 72. 


Proof. The first dual of Corollary 5.27(iii) (with y;s in place of r) and 
the definition of the range of an element imply that 


l;y;s=1;z, 
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and consequently 
r3s=a3;lj;y;s=23132z. 


This establishes the first equation. The second equation follows by the 
first duality principle. O 


The preceding law can be sharpened in the case when the sides x 
and y of the rectangle and the given element s are all atoms. 


Corollary 5.60. If the sides of a rectangle r = x;1;y are atoms, and 
if s is an atom, then 


‘i when y = domain s, 
r3;s= 


0 when y # domain s, 
where z = range s, and 


when x = range s, 
s3Tr= 


0 when x # range s, 
where w = domain s. 
Proof. From Lemma 5.59 we have 
a ee ea (1) 


where z = range y; s. According to Lemma 5.50(i) (with y and s in 
place of x and r respectively), 


8 if y=domain s, 
pe 
me 0 if y Adomain s. 
Consequently, if y = domain s, then 
z=range y;s =range s, 


and if y 4 domain s, then z = 0. Together with (1) and Corollary 4.17, 
this observation yields the first assertion of the corollary. The second 
assertion follows by the first duality principle. O 


The next lemma specifies the value of the relative product of two 
rectangles, one with sides x and y, and the other with sides u and v. 
It says that the relative product is that portion of the rectangle with 
sides x and v that lies below the ideal element generated by the product 
of the sides y and wu. 
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Lemma 5.61. Ifr=ax;1;y ands=u;1;0, then 
r3s=(e;1;v)-[1;(y-u); J). 

In particular, r;5 = 0 whenever y and u are disjoint. 


Proof. For the proof, we have 


r;s=(2;1;y);(u;1;v)=2;[1;(y;u)3 150 (1) 
=(x;1;v)- [13 (y3u)51l, 


by the hypotheses of the lemma, the associative law for relative 
multiplication, and Lemma 5.54 (with 1; ;(y; u);1 in place of s). 
Since y;u = y-u, by Lemma 5.20(i) and the assumption that y and u 
are subidentity elements, the desired conclusion follows from (1). O 


The conclusions of the preceding lemma can be sharpened when the 
relation algebra is simple. This sharpened form follows immediately 
from the lemma and the fact (to be proved in Theorem 9.2) that the 
ideal element generated by a non-zero element in a simple relation 
algebra is always the unit. 


Corollary 5.62. [fr=2;1;y ands=u;1;v in a simple relation 
algebra, then 


Meee iff y-u¥0, 
r38= 
0 if y-u=0. 


So far, the question of the uniqueness of the sides of a non-zero 
rectangle r has not been addressed. In general, r may be written in 
the form r = «;1;y for a variety of sides x and y. Such different 
representations of r, however, depend essentially on the fact that the 
relation algebra is not simple. When the relation algebra is simple, the 
sides of r are uniquely determined. 


Lemma 5.63. Let r = «;1;y ands = u;1;0 be rectangles with 
non-zero sides in a simple relation algebra. 


GrZo; 
(ii) r< s if and only ifx <u andy <v. 
(iii) r= s if and only if x =u andy =v. 


Proof. Two properties of simple algebras are needed to prove the 
lemma. First, 0 # 1, and second, the ideal element generated by a 
non-zero element is always the unit (see Theorem 9.2). Observe that 
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leritl=sesliygsialyes lo iggs tated, 


by the hypotheses on r, Lemma 4.5(iv), and the second property of 
simple relation algebras. Consequently, r cannot be 0, by Corollary 4.17 
and its first dual, and the first property of simple relation algebras. 
This proves (i). 

For the proof of (ii), observe that if x < u and y < v, then r < s, by 
the monotony law for relative multiplication. To establish the reverse 
implication, observe that 


Plate leyt lH a2 and Sl=gilzeslawei (1) 


by the hypotheses on r and s, and the second property of simple re- 
lation algebras. If r < s, then r;1 < s;1, by the monotony law for 
relative multiplication, and consequently «;1 < u;1, by (1). Ap- 
ply Lemma 5.29(i) to conclude that « < u. A dual argument shows 
that y < v. 


Part (iii) is an immediate consequence of (ii). O 


A square is a rectangle in which the sides are equal. More precisely, 
an element r is a square if r = x;1;2 for some subidentity element x. 
All of the lemmas about rectangles apply in particular to squares. Here 
are some characterizations of squares. 


Lemma 5.64. The following conditions on an element r are equiva- 
lent. 


(i 


)r is a square. 
(ii) r is a symmetric rectangle. 
(iii) r is an equivalence element and a rectangle. 
Gy irar iss. 
(v) r=s;1;s~ for some s. 

r= 


(vi (r- 1); 1; (r-T). 


Proof. We establish the following implications: from (vi) to (i), from (i) 
to (v), from (v) to (ii), from (ii) to (iv), from (iv) to (iii), and 
from (iii) to (vi). The implication from (vi) to (i) is a trivial con- 
sequence of the definition of a square, and the implication from (i) 
to (v) is also clear, since the converse of a subidentity element x is 
just z, by Lemma 5.20(i). If r satisfies (v), then r is a rectangle, by 
Lemma 5.53(v), and r is symmetric, because 


Y =(61l2s Ss “sl 45° Sst lis =F. (1) 
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by the assumption on r, the two involution laws, and Lemma 4.1(vi). 
Consequently, r satisfies (ii). 
If r satisfies (ii), then 


PH=TeIsrHTeler ; 


by Lemmas 5.53(iii) and 5.1(ii), so r satisfies (iv). If r satisfies (iv), 
then r is symmetric, by (1) (with r in place of s); and r is a rectangle, 
by Lemma 5.53(v); and r is transitive, because 


Mera rae Jar re Seal =F, 


by the assumption on r and the associative and monotony laws for 
relative multiplication. Consequently, r satisfies (iii). 
Finally, if r satisfies (iii), then 


repr lee] i1s7) 
= (rede dte ed) (ed aka re ly 


by Lemma 5.53(iii), Lemma 4.26 (for the second and last equalities) 
and Lemma 5.18(iv) and its first dual, so r satisfies (vi). 


O 


The equivalence of (i) and (v) in the preceding lemma implies that 
there is a polynomial whose range is the set of squares in a relation 
algebra 21, namely the function y defined on 2 by 


for each element s. 


5.8 Functions 


An element r in a relation algebra is said to be a functional element, or 
a function for short, if r~ ;r < V. In set relation algebras, functional 
elements are just functions in the standard sense of the word (see 
Section 1.4). There are several useful characterizations of functional 
elements. 


Lemma 5.65. The following conditions on an element r are equiva- 
lent. 


(i) r is a function. 
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(ares 0) = 0. 

(ni) ear (—r+1), 

(iv) r= s-(—s+1’) for some element s. 
(e704 O= 0; 

(vi) (-r+V);1=1 


Proof. We prove that (i) and (ii) are equivalent, as are (ii) and (iii), 
and (iii) and (iv), and (v) and (vi). The argument is then completed 
by showing that (v) implies (ii), and (iii) implies (vi). 

The equivalence of (i) and (ii) is a consequence of Boolean algebra 
and the De Morgan-Tarski laws: 


rir eT if and only if (e- srje0' =O, 
if and only if (er jer= 0. 


The equivalence of (ii) and (iii) follows by Boolean algebra and the 
definition of relative addition: 


r-(r;0’°)=0 if and only if ree yh), 
if and only if rse=r+l, 
if and only if r=r<(—r +1). 


The implication from (iii) to (iv) is trivial. For the implication in 
reverse direction, assume that r satisfies the equation in (iv) for some 
element s. Form the complement of both sides of this equation, and use 
Boolean algebra and the definitions of relative addition and diversity 
to obtain 


r=—[s-(-s+T)]=-s+—(-s¢-0)=-s+(s;0). 


Form the relative sum of the first and last terms in (1) with l’ on the 
right to get 

—p PP = [=e ise) [+ 7. (2) 
Form the product on both sides of (2) with r, and use the assumption 
on r in (iv), to arrive at 


r(rtt)=[s-(-s4 2) (s+ (042). 8) 
The element —s is below —s + (s; 0’), by Boolean algebra, so 


=e ep i << [=e (a5 0-1, (4) 
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by the monotony law for relative addition. Combine (3) and (4), and 
use Boolean algebra and the assumption on r in (iv) to conclude that 


r-(-r+1)=s-(-s+V) =r. 


To establish the implication from (v) to (ii), assume that r satisfies 
the equation in (v). We then have 


0=(730)4+0=(750)40-0’) =(7 3 0)41]-[(r;0)+40), ©) 


by the hypothesis on r, Boolean algebra, the definition of 0’, and the 
distributive law for relative addition over multiplication. Now 


re (sO y7 and ro =P), (6) 


by the second inequality in Corollary 4.30 (with 0’ in place of s), the 
definition of 0’, and the second dual of Lemma 4.3 for the first formula, 
and the identity law for relative addition for the second. Compare the 
right sides of the two formulas in (6) with the factors on the right side 
of (5), and use Boolean algebra, to conclude that r- (r; 0’) = 0, as 
desired. 

The next step is to prove that (iii) implies (vi). If (iii) holds, then r 
is below —r +1’, by Boolean algebra, and therefore 


by the monotony law for relative multiplication. This law also implies 
that r;0’ is below r;1, so 


“as-is (rt) ed, (9) 


by Boolean algebra, the definition of 0’ and relative addition, and 
Lemma 4.5(iii). Combine (8) and (9), and use Boolean algebra, to 
arrive at the conclusion 


Lapp less (pee. 


The reverse inequality holds by Boolean algebra, so r satisfies the 
equation in (vi). 

Finally, the equation in (vi) may be obtained from the equation 
in (v), and vice versa, by forming the complement of both sides of 
the given equation, and using Boolean algebra and the definition of 
relative addition. Consequently, the two equations are equivalent. O 
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The equivalence of (i) and (iv) in the preceding lemma implies that 
the set of functional elements in a relation algebra 2 is the range of a 
polynomial, namely the function w defined on 2 by 


nls) = ee (82h?) 


The element s -(—s+1’) is usually referred to as the functional part 
of s. To understand this terminology, consider an arbitrary relation S 
in a set relation algebra with base set U, and write 


R=SN(S tidy). 


The relation R consists of those pairs (a, 3) in S such that the presence 
of a pair of the form (a, y) in S implies 7 = 8, by the definitions of R 
and of relational addition. In other words, R consists of those pairs 
in S such that the left-hand coordinate of the pair corresponds in S' 
to a unique right-hand coordinate. 

The meanings of the characterizations in Lemma 5.65 become more 
transparent from the perspective of these observations. For example, 
the equation in (iii) asserts that r is equal to its functional part, while 
the equation in (iv) asserts that r is equal to the functional part of 
some element s. 

We now turn to the closure properties of the set of functions, and 
we begin with the closure of this set under various Boolean operations. 


Lemma 5.66. (i) 0 and V are functions. 
(ii) Ifr is a function and s <r, then s is a function and (s;1)-r=s. 


Proof. The element 0 is a function, by Corollary 4.17, and the ele- 
ment 1’ is a function, by Lemma 4.3 and the identity law for relative 
multiplication. This proves (i). 

To prove (ii), assume that r is a function and s < r. Observe 
that s~ <r, and therefore 


S33 7° sr <P, 
by the monotony laws for converse and relative multiplication, and the 
assumption that r is a function. Consequently, s is a function. Also, 


(s;l)-r<s;[l-(s"j;r)=s;s"sr<sjr"jr<s;l=s, 


by Lemma 4.19 (with s, 1, and r in place of r, s, and t respectively), 
Boolean algebra, the monotony laws for converse and relative multi- 
plication, the assumption that r is a function, and the identity law for 
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relative multiplication. The reverse inequality s < (s;1)-r follows from 
Lemma 4.5(iii) and the assumption that s is below r. O 


The second part of (ii) in the preceding lemma asserts that s may 
be obtained by restricting r to the domain of s, or more precisely, to 
the rectangle whose sides are the domain of s and 1’. 


Corollary 5.67. Every subidentity element is a function. 


It follows from the preceding lemma that if the product of a set of 
functions exists, then that product is a function. In fact more is true. 


Corollary 5.68. Jf a set of elements contains at least one function, 
then the product of the set—if it exists—is a function. In particular, 
if r is a function, thenr-s is a function for every element s. 


To address the question of when the sum of a set of functions is a 
function, we begin with a preliminary lemma. 


Lemma 5.69. The following conditions on functions r and s are 
equivalent. 


Gi) e+ (ae1) =a (rs 1): 


(ae 2s. ons ee = 1, 


Proof. Assume first that condition (i) holds. Since r-(s;1) is below s, 
by assumption, we have r < —(s;1)+., by Boolean algebra. Form the 
converse of both sides of this inequality, and use the monotony law for 
converse, the distributive law for converse, Lemma 4.1(v),(vi), and the 
second involution law to obtain 


rm S[-(s;)+s)> =[-(s; DP +87 
=—[(es1)"]+8" =-( ye") te =) te". ) 
Form the relative product of the first and last terms in (1) with s 


on the right, and use the monotony and distributive laws for relative 
multiplication, to arrive at 


r38S[-(js")+s"];s=[-(3s")];s+s" 5s. (2) 


The term s~ ; s on the right side of this equation is below 1’, by 
assumption, and the term [—(1;s~)];s is 0, by the first dual of (R10) 
(with s~ and 1 in place of r and s respectively) and the first involution 
law. Combine these observations with (2) to conclude that r~ ;s < V’. 
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Interchange r and s in this argument to arrive at s~ ;r < 1’. Thus, 
condition (ii) holds. 
Suppose now that condition (ii) holds. In this case, 


ie 23) +2 =O and (ssh 60=0, 
by Boolean algebra. Apply the De Morgan-Tarski laws to obtain 
(@r30’)-s=0 and (e270): =0; (3) 


Now 

s;l=s;(0+V)=s;04+s5;V=s8;0'4+s, (4) 
by the definition of 0’ and Boolean algebra, and the distributive and 
identity laws for relative multiplication. Consequently, 


r-(s;l)=r-(s;0?+s)=r-(s;0)+r-s=0+r-s=r-s, (5) 


by (4), Boolean algebra, and the second equation in (3). Interchange r 
and s in this argument, and use the first equation in (3), to arrive 
at s-(r;1) =r-s. Combine this last equation with (5) to obtain (i). 
O 


In the context of set relation algebras, the equation in part (i) of 
the preceding lemma expresses the condition that two functions agree 
on their common domain. In the same context, the next lemma says 
that the union of a set of functions is a function if and only if any two 
functions in the set agree on their common domain. 


Lemma 5.70. If X is a set of functions for which the sum > X exists, 
then 5) X is a function if and only if r-(s;1) = s-(r31) for all distinct 
elements r and s in X. 


Proof. Assume the sum 5° X exists. Apply the complete distributiv- 
ity laws for converse and relative multiplication (see Lemma 4.2 and 
Corollary 4.18) to obtain 


Ole) ey X= Sle eee Se XY: (1) 


The sum )°> X is a function just in case the sum on the right side of (1) 
is below 1’, by the definition of a function. Each element on the right 
side of (1) that is of the form r~ ;r is below 1’, by assumption, so 
the entire sum is below 1’ just in case r~ ; s is below 1’ for all distinct 
elements r and s in X. This last condition is equivalent to the validity 
of the equation r-(s;1) = s-(r;1) for all distinct elements r and s 
in X, by Lemma 5.69. O 
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Corollary 5.71. If the sum of a directed set of functions exists, then 
that sum is a function. 


Proof. Let X be a directed set of functions in a relation algebra, and 
suppose that r and s are distinct elements in X. There exists an ele- 
ment t in X such that r <¢ and s < t, by the definition of a directed 
set. Use Boolean algebra and Lemma 5.66(ii) (with r and t in place 
of s and r respectively) to obtain 


(r;1)-s=(r31)-(t-s)=[(r;1)-t]-s=r-s. 
A similar argument shows that (s;1)-r=r-s, so 
re (a21)=s- @ 31). 


Apply Lemma 5.70 to conclude that if the sum 5) X exists, then this 
sum is a function. O 


A somewhat deeper consequence of Lemma 5.70 is that the sum of 
a set of functions with disjoint domains is again a function. 


Lemma 5.72. If the sum of a set of functions with disjoint domains 
exists, then that sum is a function. In particular, if r and s are func- 
tions, and if 

(r51)- (831) =9, 


then r+ is a function. 


Proof. Suppose X is a set of functions with disjoint domains. This 
assumption implies that for any two distinct elements r and s in X, 
we have 

(r51)-(s;1)-P =0, 


by the definition of the domains of r and s, and Boolean algebra. Apply 
the De Morgan-Tarski laws to this equation (with 1 and (s;1)-V in 
place of s and t) to obtain 


(egljet sl r= 0, 


In view of Lemma 4.1(vi) and Corollary 5.27(iii), the preceding equa- 
tion reduces to the equation r-(s;1) = 0. An analogous argument 
yields the equation s- (r;1) = 0. It follows that 


r-(s;l)=s-(r;]), 
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so Lemma 5.70 may be applied to conclude that the sum )> X is a 
function whenever this sum exists. 

The domains of r and of s are below r;1 and s; 1 respectively, by 
Boolean algebra. Consequently, if the right-ideal elements r;1 and s;1 
are disjoint, then so are the domains of r and s, and therefore r+ s is 
a function, by the first part of the lemma. O 


We turn now to questions regarding the closure of the set of func- 
tions under Peircean operations. The following functional terminology 
will be useful: r maps x to y means that r is a function with do- 
main « and range y. The first lemma is just an abstract version of 
the ubiquitous set-theoretical observation that the composition of two 
(set-theoretical) functions is a function. 


Lemma 5.73. (i) [fr ands are functions, then r; 8 is a function. 
(ii) Ifr maps x to y, and s maps y to z, thenr;s maps x to z. 


Proof. Suppose r and s are functions. Use the second involution law, 
the associative, identity, and monotony laws for relative multiplication, 
and the assumptions on r and s to obtain 
(rss) si =S sr )s(rish=s sr" sr)is 
<s-;V3js=s";8<7, 
This proves that r;s is a function. 
The proof of (ii) requires a bit more work. Suppose x and y are the 


domain and range of r, and y and z the domain and range of s. This 
means that 


g=(F lel, pe(ige)-t, ye(e Del, g=Useet. 1) 


Use Lemma 5.48(ii), the second and third equations in (1), and the 
monotony law for relative multiplication to obtain 


r=7jg=7i (91) Tlsries lh (2) 


From (2), the monotony law for relative multiplication, and part (iv) 
of Lemma 4.5, we get 


rsl<rjs;lsl=rj3s;1. 


The reverse inequality r;s;1<7;1 is a consequence of the monotony 
law for relative multiplication, so 
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rel=rpeari. (3) 


Use the first equation in (1), the equation in (3), Boolean algebra, and 
the definition of the domain of r ; s to conclude that 


e=(rj1)-P](r3831)+P = domain’; s. 
A dual argument yields 


2= (ls) Pair a) = range rss, 


which completes the proof. O 
Surprisingly, the relative sum of two functions is also a function. 
Lemma 5.74. Ifr and s are functions, then r+ is a function. 


Proof. Assume r and s are functions, and write t = r +s. The imme- 
diate goal is to show that 


;(¢-r)<V. (1) 
We begin with three preliminary computations. Since 
V=s-V4-s-I, 


by Boolean algebra, the identity and distributive laws for relative mul- 
tiplication imply that 


—r=-—r;V=-r;(s-V’+-s-1) 
=-—r;(s-l)+-r;(-s-V). (2) 


The two summands on the right side of (2) are respectively below 
1;(s-V) and —T;-8, 


by the monotony law for relative multiplication; and —r ; —s is equal 
to —t, by the definitions of t and of relative addition; so (2) implies 
that 

—r<13;(s-V)+-+. 


Form the product of each side of this inequality with ¢ on the left, and 
use Boolean algebra to obtain 
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t—r<t-[1l;(s-V)+ -¢ =¢-[1;(s-V))+t--t<1;(s-V). (3) 


For the second preliminary computation, use the definition of t, the 
second dual of the second involution law (see Lemma 4.7(iii)), and 
Corollary 4.30 (with s~ and r in place of r and s respectively) to 
obtain 

f yerS(rpe) s=ra(e"-r sera 8. (4) 


For the third preliminary computation, use Corollary 4.20 (with r, s, 
and ¢ replaced by 1, s- 1’, and s~ respectively), Boolean algebra, 
Lemma 5.20(i), the monotony law for relative multiplication, and the 
assumption that s is a function to get 


[l;(s-V)]-s~ < ([s~ 3 (s-V)7]-1);(s-V) (5) 
ose) (esl) as fies )) < a sa. 
Turn now to the proof of (1). We have 
er) S137) Sie el) =i eT); 


by the monotony law for relative multiplication (applied twice), (3), 
and Lemma 4.5(iv). We also have 


t;(t-r)<t;-r<s™, 


by the monotony law for relative multiplication and (4). Combine these 
two computations, and use Boolean algebra and (5) to arrive at 


t ;(t-—r)<[1;(s-V)]-s" <V. 


This proves (1). 

Form the converse of both sides of (1), and use the monotony 
laws for converse and relative multiplication, the involution laws, 
Lemma 4.1 (iii), and Lemma 4.3, to obtain 


i =f )se ay, (6) 
To prove the lemma, it must be shown that t~ ;t < I’. Since 
t=t-r+(t—r), 


by Boolean algebra, we may form the relative product of both sides of 
this equation with t~ ;r~ on the left, and use the distributive law for 
relative multiplication, to write 
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(var eS er eer) aie er ee 2). (7) 


The first summand on the right side of (7) is below r~ ; r, which in 
its turn is below 1’, by the monotony law for relative multiplication 
and the assumption that r is a function. The second summand on the 
right side of (7) is below t~ ; (t— 1), which in its turn is below I’, by 
the monotony law for relative multiplication and (1). It follows that 


(i ar jones 1 (8) 


Since 
m= er + (i —r), 


by Boolean algebra, we may form the relative product of both sides 
of this equation with t on the right, and use the distributive laws for 
relative multiplication, to write 


Pst =C er) t+ (Hr) 3t. 


Each of the summands on the right side of this equation is below 1’, 
by (8) and (6) respectively, so t~ ;t < 1’, as was to be proved. Oo 


Functions satisfy a left-hand distributive law for relative multipli- 
cation over multiplication, and in fact functions can be characterized 
by this law. 


Lemma 5.75. An element r is a function if and only if 
r;(s-t)=(r3s)- (rt) 
for all elements s and t. 


Proof. Suppose first that r is a function, and let s and t be arbitrary 
elements. Certainly, 


r3(s-t)=(r-r);(s-t) <(r3s)- (54), 


by Boolean algebra and Lemma 4.5(ii). To establish the reverse in- 
equality, apply Lemma 4.19 (with r;¢ in place of t), the assumption 
that r is a function, and the monotony and identity laws for relative 
multiplication to obtain. 


(rps) (P5e) 2 F3 [ser rt) ars se se) Sry eet). 
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The given distributive law therefore holds. 

Assume now that the given distributive law holds for all elements s 
and t. Take s and t to be 1’ and 0’ respectively, and use also Corol- 
lary 4.17, Boolean algebra, and the definition of 0’, to obtain 


0=7 VS rel Oars ees are Ge 0) 


Apply Lemma 5.65(ii) to conclude that r is a function. Oo 


The first dual of the preceding lemma is quite useful in its own right. 


Corollary 5.76. An element r is the converse of a function if and 
only if 
(t-s);r =(t;r)-(s;r) 


for all elements s and t. 


Functions are also characterized by another distributive law, namely 
a distributive law for relative multiplication over difference. 


Lemma 5.77. An element r is a function if and only if 
r;(s—t)h=r;s—r;t 
for all elements s and t. 


Proof. Assume first that r is a function, and s and ¢ arbitrary elements. 
The inequality 
r;s—r;t<r;(s—t) 


follows from the semi-distributive law for relative multiplication over 
subtraction (see Lemma 4.6), so only the reverse inequality needs to 
be established. Because r is a function, we may use the distributive 
law in Lemma 5.75, together with Boolean algebra and Corollary 4.17, 
to obtain 


rs (e-O]- (38) =ri[le—2) -q=rjo=0. 


Consequently, r ; (s — t) is below —(r; t), by Boolean algebra. The 
monotony law for relative multiplication implies that r ; (s — t) is also 
below r;s, so 

r;(s—t)<r;s—r;t, 


as was to be shown. 
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Assume now that the given distributive law holds for all elements s 
and t. Take s and ¢ to be 0’ and I’ respectively, and use also Boolean 
algebra and the identity law for relative multiplication, to get 


rar; 0 -VYarj0 rl =r 0-1. 


This computation shows that r;0’ is below —r, so (r;0’)-r = 0. Apply 
Lemma 5.65(ii) to conclude that r is a function. O 


The implication from left to right in Lemma 5.77 was proved with 
the help of the corresponding implication in Lemma 5.75. It turns out 
that, conversely, the implication from left to right in Lemma 5.77 also 
implies the corresponding implication in Lemma 5.75, because 


s-t=s-—(s-—t), 


by Boolean algebra. 
There is a special case of the distributive law in Lemma 5.77 that 
already characterizes functions. 


Corollary 5.78. An element r is a function if and only if 
(r;8)-(r;—s) =0 
for all elements s. 
Proof. If r is a function, then 
(r;8)-(r;—-8) =r; (s—s)=r;0=0, 


by Lemma 5.77 (with s in place of t), Boolean algebra, and Corol- 
lary 4.17. On the other hand, if the given equation holds, then take s 
to be 0’, and argue as in the last part of the proof of Lemma 5.77 to 
conclude that r is a function. O 


With the help of Lemma 4.6, it is possible to establish an infinitary 
version of the distributive law in Lemma 5.75. 


Lemma 5.79. If r is a function. then for every non-empty set X of 
elements, the existence of [| X implies that []{r;s:s € X} exists 
and 


re x)= [frist ee X}. 
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Proof. Assume r is a function, and X a non-empty set of elements 
whose product exists. Write 


Y={-s:se xX}, 


and observe that the sum )°>Y exists, becasue it is the complement 
of [| X. The Boolean identity 


l= 


and Lemma 5.77 together yield 
reer lea Year ler OY): (1) 


The definition of Y and the complete distributivity of relative multi- 
plication imply that 


PROG Y = 2aAre eee A), 


so 

aps! |= lias) ese 4); (2) 
by Boolean algebra. Combine (1) and (2), and use Boolean algebra, to 
arrive at 


PLA Sr) a ss) eae x} (3) 
= [rs li+-(r7e—s) 3S 4}. 


Use Lemma 5.77 and Boolean algebra to write 
(r;1)--(r;-s)=r;1-—(r;—-s)=r;[l1—-(-s)]}=r;s (4) 


for every s in X. Together, (3) and (4) immediately yield the desired 
conclusion. g 


Functions can also be characterized as the elements satisfying a 
certain modular law. In fact, this law is just a strengthened version of 
Corollary 4.20 in which the inequality has been replaced by equality 
(and the variables r and s have been interchanged). 


Lemma 5.80. An element r is a function if and only if 
t-(s;r)=[(j;r~)-s]5r 


for all elements s and t. 
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Proof. Assume first that r is a function, and s and ¢ arbitrary ele- 
ments, with the goal of showing that the given modular law holds. 
The inequality 

t-(s3r)< [(t;r7)-s]ir 


follows from Corollary 4.20 (with r and s interchanged), so only the 
reverse inequality needs to be established. We have 


lee ser aicr 3a eras, 


by the monotony and identity laws for relative multiplication, and the 
assumption that r is a function. The inequality 


eae ele ee pay 


is a consequence of the monotony law for relative multiplication. Com- 
bine these inequalities, and use Boolean algebra, to arrive at 


ar elas ees 


Thus, the given modular law holds. 

Assume now that the given modular law holds for all elements s 
and t. Take s and t to be 1 and 1’ respectively, and use Boolean algebra 
and the identity law for relative multiplication, to obtain 


P-(1jr)=[@ yr) Arar ir. 


It follows from these equations that r~ ;r is below 1’, so r is a function. 
O 


The first dual of the preceding lemma demonstrates even more 
clearly the connection of the lemma with Lemma 4.19. 


Corollary 5.81. An element r is the converse of a function if and 
only if 
(r;s)-t=r;[(s-(r7 5 t)] 


for all elements s and t. 


The second part of the proof of Lemma 5.80 actually shows a bit 
more than is stated. 


Corollary 5.82. An element r is a function if and only if 


ranger =r ;r. 
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The first dual of this corollary asserts that r is the converse of a 
function if and only if domain r=r;r~. 

Our next goal is to establish a stronger form of the De Morgan- 
Tarski laws for functions with the same domain. We begin with a 
preliminary lemma that has other applications. 


Lemma 5.83. If r is a function, then |[(r-s);1])-r < s for every 
element s. 


Proof. Assume r is a function. We have 
res) silos (pee )els (rea) srl) (ree) sy ja 
S=(Pss\tr <8 Pasir jr el =<, 


by Lemma 4.19 (with r-s, 1, and r in place of r, s, and t respectively), 
Boolean algebra, Lemma 4.1(ii), the monotony law for relative multi- 
plication, the assumption that r is a function, and the identity law for 
relative multiplication. Oo 


The next lemma says that functions with the same domain behave 
similarly to atoms in the context of the De Morgan-Tarski laws. 


Lemma 5.84. If r and s are functions with the same domain, then 
for any element t, 


r<s;t if and only if s<r;t. 


Proof. Let r and s be functions with the same domain, and ¢ an arbi- 
trary element. If r < s;t, then r = (s;t)-r, by Boolean algebra, and 
therefore 

r3l=[(s;t)-r];1=[(r3t7)-9]51, (1) 


by Lemma 5.26 (with s, ¢, and r in place of r, s, and t respectively). 
Now r and s are assumed to have the same domain, so r;1 = s5;1, by 
Lemma 5.47, and therefore 


s;1=[(r;t")~s];1, (2) 


by (1). The function s is below s; 1, by Lemma 4.5(iii), and there- 
fore s is below the right side of (2). It follows by Boolean algebra and 
Lemma 5.83 (with s and r;t~ in place of r and s respectively) that 


ssi eas arse - (3) 
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The argument so far shows that 
Pet implies s<r;t~ 


whenever s is a function with the same domain as r. Interchange r 
and s in this implication, and replace t with t~ to obtain 


s<r;t~ implies r<s;t~. 


Since t“~ = t, by the first involution law, the desired conclusion fol- 
lows directly from the two preceding implications. O 


Corollary 5.85. If r and s are functions with the same domain, 
then r < s implies r = s. 


Proof. Assume r and s are functions with the same domain. If r < s, 
then r < s;1’, by the identity law for relative multiplication, and 
therefore 

ssrel j=73T=7, 


by Lemma 5.84 (with 1’ in place of t), Lemma 4.3, and the identity 
law for relative multiplication. It follows that r = s. O 


The next lemma deals with atoms that involve functions. 


Lemma 5.86. Let r be a function. 


(i) r is an atom if and only if domain r is an atom. 
(ii) If s 1s an atom such that range s and domain r are not disjoint, 
then s;r is an atom. 
(iii) If s ts an atom in the Boolean algebra of right-ideal elements, and 
ifr-s 40, thenr-s is an atom. 


Proof. We begin with the proof of (ii). Assume s is an atom whose 
range is not disjoint from the domain of r. In this case, the relative 
product s;r is not zero, by Lemma 5.51. To check that s;r is an atom, 
it must be shown that for an arbitrary element t, 


(si7)stZ0 implies air < t. (1) 
If the hypothesis of (1) holds, then 


(t;r~)-s £0, 
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by the De Morgan-Tarski laws, and therefore 
s<tjr, 


by the assumption that s is an atom. Form the relative product of both 
sides of this last inequality with r on the right, and use the monotony 
law for relative multiplication, the assumption that r is a function, and 
the identity law for relative multiplication, to arrive at 


ssr<itir” sr til =t. 


Thus, (1) holds, so s;r is an atom. 

Turn next to the proof of (i). If r is an atom, then domain r is an 
atom, by Lemma 5.48(v). To establish the implication in the opposite 
direction, write s = domain r, and observe that 


range s = (1;s)-l’ =s-V’=s=domainr, (2) 


by the definition of range s, the first dual of Lemma 5.20(ii) (with s 
and I’ in place of r and s respectively), Boolean algebra, and the 
definition of s, which implies that s is a subidentity element. If s is an 
atom, then s;r is an atom, by part (ii) of the lemma. But s;r =r, 
by Lemma 5.48(ii) and the definition of s, so r is an atom. 

To prove (iii), write p= r-s, with the goal of showing that 


p-t#0 implies pat (3) 
for every element t. Assume the hypothesis of (3), and observe that 


(p-t);140, (4) 


by Lemma 4.5(iii). The element s is a right-ideal element, by assump- 
tion, so 
s-[(p-t); 1] =(s-p-t);1=(p-t)51, (5) 


by the modular law for right-ideal elements in Lemma 5.35 (with r, s, 
and t replaced by s, p-t, and 1 respectively), the definition of p, and 
Boolean algebra. Consequently, the first term in (5) is not zero, by (4) 
and (5). Since s is assumed to be an atom in the Boolean algebra of 
right-ideal elements, it follows from this observation that s is below 
the right-ideal element (p-t);1, and therefore so is p, by the definition 
of p. The element p is a function, by Corollary 5.68 and the assumption 
that r is a function, so 
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p=((p-t);1)-p<t, 


by Boolean algebra and Lemma 5.83 (with p and t in place of r and s 
respectively). Thus, the conclusion of (3) holds, as desired, so p is an 
atom. O 


The converse of a function r need not be a function. If the converse 
of r is a function, then r is called a bijectional element, or a bijection 
for short. The terms bifunctional element, injectional element, and 
injection are also used. In a set relation algebra a bijection is just a one- 
to-one function. The various lemmas and corollaries in this section have 
counterparts for bijections. For instance, an element r is a bijection if 
and only if the two distributive laws 


r3(s-t)=(r;s)-(r;t) and  (t-s);r=(t;r)-(s;r) 


for relative multiplication over multiplication hold for all elements s 
and t. For another example, the converse of a bijection from x to y is 
a bijection from y to x, and the relative product of a bijection from x 
to y with a bijection from y to z is a bijection from x to z. It will be 
convenient to refer to such results as the versions for bijections of lem- 
mas and corollaries that are formulated for functions. For instance, the 
above mentioned distributive laws are just the versions of Lemma 5.75 
and Corollary 5.76 that apply to bijections. 

A bijection whose domain and range are both 1’ is called a permuta- 
tional element, or a permutation for short. As might be expected, the 
permutations form a group under the Peircean operations. 


Lemma 5.87. The set of permutations in a relation algebra is a group 
under the operations of relative multiplication and converse, with V’ as 
the identity element of the group. 


Proof. Let G be the set of permutations in a relation algebra, and 
consider elements r and s in G. Both elements are bijections from 1’ 
to l’, by the definition of a permutation, so their relative product r ; 5 
is a bijection from Vl’ to 1’, and hence a permutation, by the version of 
Lemma 5.73 for bijections. Thus, G is closed under the operation of 
relative multiplication. Also, r~ is a bijection from 1’ to 1’, and in fact 


V = domain r =r ;r~ and P=ranger=r° 57; (1) 


by the version of Corollary 5.82 for bijections. It follows that G is closed 
under the operation of converse. The identity element is a permutation, 
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by Lemma 4.3 and the identity law for relative multiplication, so it 
belongs to G. The validity of the group axioms (see Section 3.5) in the 
resulting algebra 

(G, } > - o) 1’) 
is an immediate consequence of the associative and identity laws for 
relative multiplication, and (1). O 


5.9 Historical remarks 


The study of special relations has been an important part of the cal- 
culus of relations at least since the time of Schréder. In [98], Schréder 
introduces and studies transitive elements, right-ideal elements, and 
functions, and he states many important laws about these special ele- 
ments. It is very easy, however, for a modern reader to be overwhelmed 
by his work because of the great number and variety of laws that it 
contains, and because the problems that motivated Schroder to study 
these laws are no longer of central interest to researchers in this do- 
main. 

The general deductive development of the arithmetic of special ele- 
ments within the framework of the equational theory of relation alge- 
bras was initiated and extensively developed by Tarski, who focused 
on important laws of general interest, broad appeal, and wide appli- 
cability. Many of the results that he obtained in this direction can be 
found in [23}. 

Below is a brief survey, to the best of our knowledge, of the historical 
origins of the notions and results presented in this chapter. 

The notion of a symmetric element was introduced by Tarski in his 
courses on relation algebras, and Lemma 5.1 is due to him, as are the 
closure properties in Lemma 5.2. The notion of a transitive relation 
was introduced by De Morgan, although in a more restricted form. 
The definition we have used goes back to Schréder [98], and the char- 
acterizations of transitive elements given in conditions (ii), (iii), (vi), 
(vii), and (viii) of Lemma 5.5 are stated in [98]. The closure properties 
for the set of transitive elements that are formulated in Lemma 5.6 
date back to Tarski’s 1945 seminar on relation algebras, while those in 
Lemma 5.7 are from his 1970 seminar on relation algebras. The results 
in Exercises 5.6 and 5.7 are from the 1945 seminar, while the result in 
Exercise 5.3 is due to Givant. 
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Most of the results in the section on equivalence elements are due 
to Tarski or Chin, and are contained in [23]. Equivalence elements 
were introduced in the 1945 seminar, presumably because Tarski al- 
ready realized at that time that a relation algebra could be relativized 
to an arbitrary equivalence element and the result would again be 
a relation algebra (see Chapter 10). The characterizations of equiva- 
lence elements given in conditions (ii)—(iv) and (ix) of Lemma 5.8 are 
from the 1945 seminar, while conditions (v) and (vi) of the lemma 
were found by Chin in 1945 and are included in her doctoral disserta- 
tion [22]. The equivalence of the first six conditions of the lemma is 
stated and proved in [23]; the equivalence of (i) with (vii) and (viii) is 
due to Givant. The characterizations of reflexive equivalence elements 
given in Exercise 5.9 are from the 1945 seminar. 

The closure properties for the set of equivalence elements that are 
contained in parts (i), (ii), and (v) of Lemma 5.9 and in Lemma 5.11 
are from the 1945 seminar and are given in [23]. A weaker form of 
Lemma 5.9(iii) is also given in [23], namely the assertion that the sum 
of a chain of equivalence elements, if it exists, is an equivalence element; 
the generalization to directed sets of equivalence elements was observed 
by Tarski in the 1970 seminar [112]. Part (iv) of the lemma is a special 
case of Lemma 5.23 (see below). Lemma 5.12 is given in [23] and is 
a generalization, due to Tarski, of the earlier result of Julia Robin- 
son given in Lemma 4.34. The generalization of Lemma 5.12 given in 
Exercise 5.15 is due to Jénsson [51], as are also the results in Exer- 
cises 5.16 and 5.17. Corollary 5.10, Lemma 5.18(ii),(iv), Lemma 5.20(i), 
and Lemma 5.22 are due to Tarski and are given in [23]. The conse- 
quence of Lemma 5.22 that is contained in Lemma 5.23 is due to 
Tarski and is from the 1970 seminar. The characterizations of equiva- 
lence elements in terms of the modular law in Lemmas 5.14 and 5.15 
are from Chin [22] and are given in [23]. Lemma 5.13 is equivalent 
to the implication from left to right in Lemma 5.14. The applica- 
tions of Lemma 5.14 contained in Theorem 5.16 and Corollary 5.17 
are from Tarski’s 1970 seminar, but the application to complex al- 
gebras of groups is already discussed in [22] and [23]. Lemma 5.24 
is due to Jénsson [51]. The special case of the lemma when r = I’ 
(see Corollary 5.25) is given in [105] and is essentially contained in 
Joénsson-Tarski [55]. A preliminary form of this special case occurs 
already in Schréder [98] under the name “the abacus of binary rel- 
atives”. Lemma 5.18(i),(iii), Corollary 5.19, Lemma 5.20(ii),(iii), and 
Lemma 5.21 are due to Givant [34], while the results in Exercises 5.11— 
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5.13 are from Tarski’s 1945 seminar, and the observation implicit in 
Exercise 5.8 is from [23]. The description of the non-zero equivalence 
elements in the complex algebra of a modular lattice L with zero (see 
Exercise 5.19), and the theorem that L is embeddable into the lattice 
of non-zero equivalence elements €m(L) (see Exercise 5.20) is due to 
Maddux [73]. 

Right-ideal elements are introduced in Schréder [98], where they are 
called “Systeme”, the German word for systems. Schréder is clearly 
aware that these elements are a way of talking about sets in the con- 
text of binary relations. He lists a great number of identities involv- 
ing right-ideal elements, among them the identity in Lemma 5.26 and 
the characterizations in parts (ii) and (vi) of Lemma 5.28. He also 
shows that sums, products, and complements of right-ideal elements 
are again right-ideal elements, so that any Boolean combination of 
right-ideal elements is a right-ideal element. The closure of the set of 
right-ideal elements under infinitary Boolean operations was noted by 
Tarski in his 1945 seminar and is proved in [23]. The sharper formu- 
lations of the closure properties that are given in parts (ii)—(iv) of 
Lemma 5.30, using subidentity elements, are due to Givant and are 
closely related to results in [34]. Part (ii) of Corollary 5.27 is from 
Tarski-Givant [113]; the special case of (ii) that is given in part (iii) 
is implicit in [23]. Lemma 5.29 is from Givant [34]. Lemma 5.31 is 
also due to Givant; the proof given in the text follows a suggestion of 
Hajnal Andréka, while the original proof may be found in the solution 
to Exercise 5.23. The laws in Lemma 5.32 and Lemma 5.34 are due 
to Tarski and are given in [23]. The characterizations in Lemmas 5.35 
and 5.37 of right-ideal elements as elements satisfying certain modular 
laws are due to Tarski and to Chin respectively. The first of these dates 
back to the 1945 seminar, and the second appears in Chin [22]; both 
characterizations are given in [23]. 

Ideal elements are implicit in some of the work of Peirce; for ex- 
ample, in [88] he gives a number of laws involving elements of the 
forms 1;r;1 and 0;s;0. Schréder, too, formulates a number of laws in- 
volving these elements in [98]. In particular, he realizes that a Boolean 
combination of elements of the form 1;7r;1 is again an element of 
this form (see Lemma 5.39), and he states the laws in Corollary 5.42. 
The characterizations of ideal elements that are given in conditions 
(ii) and (vi) of Lemma 5.38 and in Exercise 5.34 go back to Tarski’s 
1945 seminar; the characterization in Exercise 5.34 is attributed to 
Chin in [23]. The characterizations given in parts (iii), (iv), (v), (vii), 
and (viii) of Lemma 5.38 and in Corollary 5.43 are due to Givant. 
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Lemma 5.40 is a joint result of Andréka and Givant. The laws in 
Lemma 5.41, and the characterization of ideal elements in terms of 
the distributive law given in Lemma 5.44, are due to Tarski and are 
from the 1945 seminar, while the characterization of ideal elements in 
terms of the distributive law given in Lemma 5.45 is due to Chin [22]; 
these laws are all stated and proved in [23]. Ideal elements were origi- 
nally called “Boolean elements” by Tarski, presumably because of the 
properties set forth in Lemma 5.41. The algebraic significance of these 
elements, that is to say, the relationship of these elements to relation al- 
gebraic ideals, was discovered jointly by McKinsey and Tarski in 1941, 
and presumably this discovery eventually motivated the adoption of 
the name “ideal elements”. The relationship between ideal elements 
and ideals is mentioned in [23] and is presented more fully in [55]. 

The definition given in Section 5.6 of the domain and range of an 
element is due to Givant, and the equivalent definition implicit in 
Lemma 5.48(i) is due to Maddux [74]. Parts (ii) and (v) of Lemma 5.48 
are from [74] as are the equivalence of (b) and (c) in parts (i) and (ii) 
of Lemma 5.50, and parts (iii) and (vi) of Lemma 5.52. The results 
in Lemmas 5.47, 5.48(iii),(iv),(vi), 5.49, 5.50(iii), the equivalence of 
parts (a) and (b) in (i) and (ii) of 5.50, 5.51, and parts (iv), (v), 
and (vii) of 5.52 are due to Givant. Previously, Tarski and his students 
used the elements r;1 and 1;7r to speak about the domain and range 
of an element r. This approach makes it difficult to formulate some of 
the laws about domains and ranges in the sharpest possible way. 

The notion of a rectangle is introduced in Schréder [98] under the 
German name “Augenquaderrelativ”; an Augenquaderrelativ is defined 
to be an element of the form (r +0) - (0+), where r and s are arbi- 
trary elements. Schréder points out that each of the forms mentioned 
in Lemma 5.53(ii)—(iv) is equivalent to his definition. He observes fur- 
ther that right-ideal elements are special cases of Augenquaderrela- 
tives, as are also left-ideal elements. Schréder gives a number of laws 
involving rectangles, including a law which implies that the product 
of two rectangles is a rectangle (see Corollary 5.56). The definitions 
of a rectangle and a square that are given in Section 5.7 (in terms of 
subidentity elements) are due to Givant [34], as are the characteriza- 
tions in Lemma 5.53(v),(vi), the proofs of all of the characterizations 
in lemma in the context of relation algebras, the characterizations 
in 5.64, the laws in Lemmas 5.54—5.63 and their corollaries, and the 
law in Exercise 5.37. 
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The notion of a function and variants of this notion (such as the no- 
tion of a function that is everywhere defined, or one-to-one, or onto, or 
some combination of these three) are introduced and studied within the 
framework of the calculus of relations by Schréder [98]. In particular, 
Schroder also discusses the notion of a permutation. The various char- 
acterizations of functions given in Lemma 5.65 occur already in [98], 
as do a variety of statements of the following form: the relative product 
of functions is a function (see Lemma 5.73(i)); the relative product of 
everywhere defined functions is an everywhere defined function; the rel- 
ative product of permutations is a permutation; and so on. The notion 
of the functional part of an arbitrary relation (see the remarks following 
Lemma 5.65) dates back at least to Tarski’s 1970 seminar. Lemma 5.66 
(except for the final part of (ii)), Lemma 5.72, and Corollary 5.82 
date back to Tarski’s 1945 seminar and (except for Corollary 5.82) 
are given in [23]. The same applies to Lemmas 5.75, 5.77, 5.79, and 
the first dual of Lemma 5.80. Corollary 5.76 (which is the first dual 
of Lemma 5.75) is implicit in [23]. Corollaries 5.67 and 5.68, and 
Lemmas 5.69 and 5.70, are from Tarski’s 1970 seminar; note how- 
ever that [23] contains a weaker version of Corollary 5.68 stating that 
the Boolean product of a set of functions, if it exists, is a function. 
Lemma 5.74 is due to Monk [86], and Lemma 5.83 to Maddux [72]. A 
version of Lemma 5.86(ii) is given in Jonsson-Tarski [55], and the im- 
plication from right to left in Lemma 5.86(i) is given in Maddux [75]. 
The remaining parts of Lemma 5.86, as well as Lemma 5.84, Corol- 
lary 5.85, and the final part of Lemma 5.66(ii) are due to Andréka and 
Givant. Lemma 5.73(ii) is due to Givant. Permutations are considered 
by Tarski [105] under the name permutational element; he states that 
the converse of a permutation is a permutation, and so is the rela- 
tive product of two permutations. With the help of these observations, 
Givant formulated and proved Lemma 5.87. The characterization of 
functions given in Exercise 5.47 is from Chin [22] (see also [23]), while 
the characterization given in Exercise 5.45 is from Tarski’s 1945 semi- 
nar, as is the characterization of permutations given in Exercise 5.52. 
The characterization in Exercise 5.50 of relation algebras in which all 
atoms are functions is from Jénsson-Tarski [55]. 

The description implicit in Exercise 5.55 of relations R with the 
property that R= R| R7!| R is due to Jacques Riguet [90] and [91]. 
The result in Exercise 5.53 is from Tarski’s 1970 seminar, while the 
one in Exercise 5.54 is due to Andréka and Givant. 
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The characterization in Exercise 5.56 of elements that are both func- 
tions and equivalence elements is due to Tarski, while the characteri- 
zation in Exercise 5.57 of elements that are both functions and ideal 
elements is due to Chin; both results are contained in [22] and [23]. The 
characterizations in Exercises 5.58—5.65 of elements satisfying various 
modular laws are all due to Chin and are given in [22] and [23]. 


Exercises 


5.1. Give examples to show that each of the following statements is 
false. 


i) The relative product of two symmetric elements is symmetric. 
The complement of a transitive element is transitive. 

The sum of two transitive elements is transitive. 

The relative product of two transitive elements is transitive. 
The relative sum of two transitive elements is transitive. 

i) Ifr, s andr; s are all transitive, then r;s = s;r. 


5.2. Show that the function ? defined on a relation algebra 2 by 
a(s)=(—s)" +8 


does not in general have the set of all transitive elements in 2 as its 
range. (Compare this with Lemmas 5.4 and 5.5(vi), and with the next 
exercise. ) 


5.3. Prove that the following conditions on an element r are equivalent. 


(i) ri aoe and transitive. 


Sn 


(iii) r = (—s)~ e S er some element s. 


5.4. If S is an arbitrary relation in a set relation algebra with base 
set U, what pairs are in the relation 


R=Snil(sy 7s 
Show by means of a set-theoretic argument that R must be transitive. 


5.5. Prove that a relation R satisfies the equation R| R = R if and 
only if R is transitive and dense. (A relation R is said to be dense if 
for every pair (a, 8) in R, there is a y such that (a, y) and (7,3) are 
both in R.) 
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5.6. Prove that if r and s are transitive, and if 


[oe] [oe] 
do(r;s)" and (8; 1r)” 
n=1 n=1 
[oe] 
exist, then 5° (r +s)” exists and 
n=1 


(r+ srarto+ D(ris+ Llsiny 


at [sors] ars [52 (ssn). 


3 
ll 
an 


5.7. Prove that if r and s are transitive, and r;s = s;r, then 
(oe) 
YVi(rt+ts)"=r4+r;sts. 


5.8. If a relation R satisfies the inequalities 
R|RCR and R|R'CR, 


is R necessarily an equivalence relation on some set? What if R satisfies 
the inequalities 


R|RCR and R'|RCR? 


5.9. Prove that the following conditions on an element r are equivalent. 


r is reflexive equivalence element. 
(ii) r = [(-r)~ +r] “(rv + —r). 
| 


(—s)~ +s]-(s~+4+—s) for some element s. 


5.10. Give a detailed proof that for every element s in a countably 
complete relation algebra, there is a smallest equivalence element r 
such that s < r, and in fact r is given by the equation in Lemma 5.8(ix). 


5.11. For an equivalence element r, prove that r;—r = —r-(r;1). 
5.12. For an equivalence element r, prove that 
(r;l+tl;r)-V<r. 


5.13. If r is a reflexive equivalence element and s an arbitrary element, 
prove that r;—(r;s) =—(r;s). 
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5.14. If r is a equivalence element, prove that r;1;r is also an equiv- 
alence element. 


5.15. Prove the following generalization of Lemma 5.12: if r and s are 
equivalence elements, then so is (r-—s) ; (7-—s). Conclude that if r is 
an equivalence element, then so are (r- 0’); (r-0’) and —r;—r. 


5.16. If r and s are equivalence elements and r;s < s, prove that r-—s 
is also an equivalence element. 


5.17. If r is a equivalence element, prove that 
rele) = Crt) ¢ 
and that r; (r-0’) is also an equivalence element. 


5.18. Determine the non-zero equivalence elements in the complex al- 
gebra €m(P) of a geometry P, and show that each such equivalence 
element is reflexive. Prove that the set of non-zero equivalence elements 
in €m(P) is a modular lattice with zero and one, under the meet and 
join operations of Boolean and relative multiplication respectively. 


5.19. Determine the non-zero equivalence elements in the complex al- 
gebra €m(L) of a modular lattice L with zero, and show that each such 
equivalence element is reflexive. Prove that the set of non-zero equiva- 
lence elements in €m(L) is a modular lattice with zero and one, under 
the meet and join operations of Boolean and relative multiplication 
respectively. 


5.20. Prove that every modular lattice with zero is isomorphic (as a 
lattice) to a sublattice of the lattice of non-zero equivalence elements 
in some abelian relation algebra. 


5.21. Prove that r;1=r;r~;1 for every element r. 


5.22. Prove that for any element r in a relation algebra, the set of all 
elements below r is a right-ideal if and only if r is a right-ideal element. 


5.23. Prove Lemma 5.31 by using Lemmas 5.28-5.30 instead of the 
inner cylindrification function v. 


5.24. Give examples to show that, in general, the set of right-ideal ele- 
ments in a relation algebra does not contain the identity and diversity 
elements and is not closed under converse. 
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5.25. Prove that if r and s~ are right-ideal elements, then 
r;s=T-s and r+s=rt+s. 


5.26. Prove the following stronger version of Lemma 5.39(ii): if X is 
a set of subidentity elements, then the sum 5°) X exists if and only if 
the sum )°{1;2;1: a € X} exists, and if one of these sums exists, 
then 


Le Xt l=) fl sede eX). 
In particular, ifr =1;2;1 and y=1;y;1, thenr+s=1;(4%+y);1. 


5.27. Give an example to show that the following improvement of 
Lemma 5.39(iii) is false: if ¢ and y are subidentity elements, and 


r=1;2;1 and s=1;y;l, 
then r-s=1;(#-y):1. 


5.28. Give an example to show that the following improvement of 
Lemma 5.39(iv) is false: if 2 is a subidentity element, and r= 1;2;1, 
then —r=1;(V-—2);1. 


5.29. Give a careful proof of Lemma 5.40. 


5.30. Prove Lemma 5.44 by using the modular law for equivalence 
elements in Lemma 5.14 instead of the modular laws for right- and 
left-ideal elements. 


5.31. Formulate the first dual of Lemma 5.44. What do you notice? 


5.32. Formulate the second dual of Lemma 5.44 and prove it directly, 
without using Lemma 5.44. 


5.33. Formulate the second dual of Lemma 5.45 and prove it directly, 
without using Lemma 5.45. 


5.34. Prove that the following conditions on an element r are equiva- 
lent. 


(i) r is an ideal element. 
t= Sra rae, 
(iii) r and —r are both equivalence elements. 
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5.35. Prove for any element r that 
relat if and only if err. 


This law gives two equivalent ways of expressing that the domain of a 
relation is the entire base set. 


5.36. Prove that for any subsets X and Y of a set U, 
tix (EO 2) dy aH XR. 


Conclude that a relation R on a set U satisfies the abstract definition 
for being a rectangle in Re(U) if and only if R is a rectangle in the 
set-theoretic sense of the word. 


5.37. Suppose (2; : 7 € I) and (y; : 7 € I) are systems of subidentity 
elements, and (r; : 7 € I) is a system of arbitrary elements, such that 


the products 
I]; 2%, lim: liv 
all exist. Prove that the product [],(xi;7i; yi) exists and 
[Leis risus) = This): Tir): Ti )- 


5.38. Show that in a non-simple relation algebra, there may exist non- 
zero subidentity elements x, y, u, and v with « # u and y ¥ v such 
that the rectangles x;1;y and u;1;v are equal. 


5.39. Prove that a square x; 1; is zero if and only if the side «x is 

Zero. 

5.40. Prove that a relation R on a set U satisfies the equation 
R"|RC idy 


if and only if R is a function in the set-theoretical sense of the word, 
that is to say, if and only if the presence of pairs (a, 3) and (a,y) in R 
always implies that 6 = 7. 


5.41. Determine which elements are functions in the complex algebra 
of a group. 


5.42. Determine which elements are functions in the complex algebra 
of a geometry. 
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5.43. Give an example to show that the hypothesis of disjointness in 
Lemma 5.72 cannot be dropped. 


5.44. Formulate the first dual of Lemma 5.77. 

5.45. Prove that r is a function if and only if 
(r~ 58) -t=r~ ;[s—(r;2)] 

for all elements s and t. 

5.46. Formulate the first dual of the law in Exercise 5.45. 

5.47. Prove that r is a function if and only if the modular law 
rs[s+(r38)] = (ris) 4(rs8) 

holds for all elements s and t. 

5.48. Prove that if r is a function, then r;r~ is an equivalence element. 


5.49. If r is a function and r;1 = 1, prove that —(r;s) =r; -—s for 
every element s. 


5.50. Prove that in a relation algebra, the following conditions are 
equivalent. 


(i) Every atom is a function. 
(ii) If r and s are atoms, then r; s = 0 or r;s is an atom. 
(iii) If r is an atom, then so is r~ ;r. 


5.51. Prove that if r and s are bijections, then so is r; s. 
5.52. Prove that r is a permutation if and only if 
Po 7 — and rer =i, 


5.53. Prove that if r is either a function, an equivalence element, a 
right-ideal element, or a left-ideal element, then r=r;r~ ;r. 


5.54. Prove that if r satisfies the equation r= r;r~;r, then r~ ;r 
and r;r~ are equivalence elements. 


5.55. Describe the relations R in a full set relation algebra Re(U) with 
the property that R= R| R-!| R. 
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5.56. Prove that r is a function and an equivalence element if and only 
if r is a subidentity element. 


5.57. Prove that the following conditions on an element r are equiva- 
lent. 


(i) r is a function and an ideal element. 

(ii) r is a function and a right-ideal element. 
) 
) 
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5.58. Prove that the following conditions on an element r are equiva- 
lent. 
(iy ds 
(ii) r-(s +t) =r-s+t for all elements s and t. 
(iii) r-(s+t) =r-s+t for all elements s and t. 


5.59. Prove that r;(s+t) =r;s-+t for all elements s and t if and 
only ifr=T7. 


5.60. Prove that r;(s-t) = (r;s)-t for all elements s and t if and 
only ifr<V. 


5.61. Prove that r;(s+t)=r;s+r;t for all elements s and t if and 
only it p= (ler ely. 


5.62. Prove that s-(r;t) = (s-r);t for all elements s and t if and 
only ifl;r;1<V. 


5.63. Prove that r-[s;(r-t)] = (r-s);(r-t) for all elements s and t 
if and only ifr;r<randr;r~ <r. 


5.64. Prove that r;[s-(r;t)] = (r;s)-(r;t) for all elements s and t 
if and only ifr;r<randrV3r<r. 


5.65. Prove that r;[s+(r;t)] = (r;s)+(r;t) for all elements s and t 
if and only if r;r=r. 


Chapter 6 
Subalgebras 


There are several general algebraic methods for constructing new rela- 
tion algebras from old ones. Among them are the formation of subalge- 
bras, quotients, and direct products. In this chapter we focus on those 
methods that are connected with the formation of various kinds of sub- 
algebras. Quotients and direct products will be discussed in Chapters 8 
and 11 respectively. 


6.1 Subuniverses and subalgebras 


Consider an algebra 
A=(A, +, 345 ~s i) 


of the same similarity type as relation algebras. A subuniverse of 2 is 
defined to be a subset B of the universe A that contains the element 1’ 
and is closed under the operations of 21 in the sense that if r and s are 
elements in B, then so are 


r+s, —T, Tr 58, and r 


Every subuniverse of 21 must contain the distinguished elements 0, 1, 
and 0’ in 2, and must be closed under the operations of multiplication 
and relative addition in 21, because these elements and operations are 
defined by means of terms in 2. 

A subalgebra of 2 is a subuniverse B of 2, together with the distin- 
guished element of 2{ and the restrictions of the operations of 2 to the 
set B as its fundamental operations. If S is a subalgebra of 2l, then 2 
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is called an extension of 8. It is common practice—one that we shall 
often follow—to identify subuniverses with the corresponding subalge- 
bras, and therefore to speak of subalgebras as if one were speaking of 
subuniverses, and vice versa. For example, we write 8 C 2 or AD B 
to express that % is a subalgebra of 21, and we shall sometimes say 
that 8 is included in 2, or that 2 includes B. 

Every relation algebra 2 has a largest subalgebra, namely 2 itself. 
It is called the improper subalgebra of 21. Every other subalgebra of 2l 
is said to be a proper subalgebra. 

The relation of being a subalgebra has several important and easily 
verified properties. First, it is reflexive in the sense that every algebra 
is a subalgebra of itself. Second, it is antisymmetric in the sense that 
if two algebras are subalgebras of each other, then they must be equal. 
Finally, it is transitive in the sense that if S is a subalgebra of 2, 
and € a subalgebra of 8, then € must be a subalgebra of 2. Thus, 
the relation of being a subalgebra is a partial order on the class of 
all relation algebras, and indeed on the class of all algebras. We shall 
return to this point in Section 6.4. 

The equational nature of axioms (R1)—(R10) implies that every sub- 
algebra of a relation algebra is again a relation algebra. In more detail, 
if $8 is a subalgebra of a relation algebra 2, and if r, s, and ¢ are el- 
ements in 8, then these elements also belong to 2, and therefore the 
equations in (R1)—(R10) hold for these elements in 2. Since the oper- 
ations of S are just restrictions to B of the operations in 2, it follows 
that the equations hold for these elements in % as well, so BS is a 
relation algebra. 


6.2 Properties preserved under subalgebras 


The observation made above that subalgebras of relation algebras are 
relation algebras is a special case of a much more general phenomenon: 
the passage to a subalgebra preserves all algebraic properties that are 
expressible by means of universal formulas. To prove this statement, it 
is helpful to formulate a lemma concerning the preservation of values 
of terms under the passage to subalgebras. 


Lemma 6.1. Jf 8 is a subalgebra of A, then for every term y and 
every appropriate sequence r of elements in 8, the value of y(r) is the 
same in 8B as it is in A. 
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Proof. The proof proceeds by induction on terms. There are two base 
cases to consider. If y is a variable v;, then the value of y(r) is 7; 
in both 8 and 2, so the conclusion of the lemma holds. If y is the 
individual constant symbol 1’, then the value of y(r) is the identity 
element in % and in 2, and these two identity elements are the same, 
by the assumption that % is a subalgebra of 2. Consequently, the 
conclusion of the lemma holds in this case as well. 

Assume now as the induction hypothesis that o and 7 are terms 
such that the value of a(r) is the same in © as it is in 21, and similarly 
for T(r). There are four cases to consider. If y is the term o ; 7, then 


V(r) = (037)? (r) = 0 (r) 37? (r) 


= O(n) 57%(r) = (05 7)Mr) = 770). 


The first and last equalities use the assumption on y, and the second 
and fourth use the definition of the value of a term on a sequence of 
elements in an algebra (see Section 2.4). The third equality uses the 
induction hypotheses on o and 7, together with the assumption that 8 
is a subalgebra of 2l, which implies that relative multiplication in ¥ is 
just the restriction of relative multiplication in 2l. Thus, the conclusion 
of the lemma holds in this case. A similar argument applies if 7 is one 
of the terms 0 + 7, or —o, or o~. Use the principle of induction for 
terms to arrive at the desired conclusion. O 


For equations, and more generally, for quantifier-free formulas I’, a 
sequence of elements satisfies I’ in a subalgebra if and only if it satisfies 
I’ in the parent algebra. 


Lemma 6.2. If 8 is a subalgebra of A, then for every quantifier-free 
formula I" and every appropriate sequence r of elements in 8, the 
sequence r satisfies ' in B if and only if it satisfies I in A. 


Proof. The proof proceeds by induction on quantifier-free formulas. 
For the base case, suppose that I" is an equation, say 0 = T. The value 
of o(r) is the same in % as it is in 2, by Lemma 6.1, and similarly 
for value of 7(r). Consequently, r satisfies the equation I’ in 8 if and 
only if it satisfies I in 21, by the definition of satisfaction. 

Assume now as the induction hypothesis that the lemma holds for 
formulas A and @. If I’ is the formula =A, then the sequence r satis- 
fies I’ in B if and only if it does not satisfy A in 8, by the definition of 
satisfaction, and similarly for the algebra 2. The induction hypothesis 


232 6 Subalgebras 


implies that r does not satisfy A in % if and only if r does not sat- 
isfy A in 2. Combine these observations to conclude that r satisfies I” 
in % if and only if r satisfies I in 2. 

If I’ is the formula + A, then the sequence r satisfies I’ in 8 if and 
only if it satisfies A whenever it satisfies ® in 8, and similarly for the 
algebra 2, by the definition of satisfaction. The induction hypothesis 
implies that r satisfies A whenever it satisfies in S if and only if r 
satisfies A whenever it satisfies & in 2. Combine these observations to 
conclude, as before, that r satisfies ’ in S$ if and only if r satisfies I" 
in 2. Use the principle of induction for open formulas to arrive at the 
desired conclusion. O 


From Lemma 6.2, it may be concluded that for universal formulas, 
satisfaction is preserved under the passage to appropriate subalgebras. 


Corollary 6.3. If a universal formula I is satisfied by a sequence r 
of elements in an algebra A, then I’ is satisfied by r in all subalgebras 
of L that contain the elements of r. 


Proof. Suppose I” has the form 
Vvo os .Vum-1A(vo, -++Um—1;Um;--- ipa) 


where A is a quantifier-free formula (and 0 < m < n), and consider a 
sequence 


= (mecesTaet) (1) 
of elements that satisfies I’ in 2. The definition of satisfaction implies 
that for any elements r9,...,%m—1 in 2, the sequence 

(actaghmaiehms et (2) 


satisfies A in 2. Let %S be any subalgebra of 2 that contains the ele- 
ments of (1), and consider any m elements r9,...,7m_—1 in B. These 
elements all belong to 2, because % is a subalgebra of 2. Conse- 
quently, the resulting sequence (2) satisfies A in 2, by the preceding 
remarks. Since A is assumed to be a quantifier-free formula, the se- 
quence (2) must also satisfy A in 8, by Lemma 6.2. This is true for 
any m elements in 8, so the definition of satisfaction implies that the 
sequence (1) satisfies in B. O 


Corollary 6.4. If a universal formula T° is true in an algebra 2, 
then I is true in all subalgebras of 2. 


6.3 Generators of subalgebras 233 


We say that a property of algebras is preserved under subalgebras 
if it is inherited by all subalgebras of an algebra that possesses the 
property. Similarly, a property of elements, or of sequences of elements, 
is said to be preserved under subalgebras if whenever the property 
holds for an element (or a sequence of elements) r in an algebra I, 
then it holds for r in every subalgebra of 2 that contains r (or the 
elements in r). It follows at once from Lemma 6.2 that all properties of 
elements that are defined by equations are preserved under the passage 
to subalgebras. This applies in particular to all of the properties that 
are discussed in Chapter 5. Thus, for example, if S is a subalgebra of a 
relation algebra 2, then an element r in % is an equivalence element, 
or an ideal element, or a rectangle, or a function, or the domain of 
an element s, in % if and only if r has this same property in 2. In 
a similar vein, it follows from Corollary 6.4 that if 2( is an abelian 
or a symmetric relation algebra, then so is every subalgebra of 2. 
In Chapter 9, we shall see two more very important and non-trivial 
examples of properties of relation algebras that are preserved under 
subalgebras, namely the property of being simple and the property of 
being integral. 

It also follows from Lemmas 6.1 and 6.2 that all operations and rela- 
tions on the universe of a relation algebra that are definable by means 
of universal formulas are preserved under the passage to subalgebras. 
For example, the operation of relative addition is defined by a term, so 
if r and s are elements in a subalgebra % of a relation algebra 2, then 
the relative sum of r and s is the same in 9% as it is in 2. Similarly, the 
partial order < is defined by an equation, so if r and s are elements 
in the subalgebra %, then r < s holds in % if and only if it holds in 2. 


6.3 Generators of subalgebras 


The intersection of every system of subalgebras of 2( is again a subal- 
gebra of 2. Indeed, if r and s are elements in the intersection $ of a 
system (%; : 7 € I) of subalgebras of 2, then r and s belong to %, for 
every i, and therefore so do the sum and relative product of r and s, 
and the complement and converse of r. Consequently, all of these ele- 
ments belong to the intersection 8. A similar argument shows that 1’ 
belongs to %8, so S$ is a subalgebra of 2. 
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The intersection % is in fact the largest subalgebra of 2 that is in- 
cluded in each subalgebra 8; in the system. Indeed, if € is a subalgebra 
of 2 that is included in %; for each 7, then € must be included in the 
intersection, by the definition of the intersection. For this reason, the 
intersection of the system is also called the infimum, or the meet, of 
the given system of subalgebras. The special case when the system of 
subalgebras is empty is worth discussing for a moment, if only to avoid 
later confusion. The improper subalgebra 2 is vacuously included in 
every subalgebra in the empty system (there is no subalgebra in the 
empty system that does not include 2), and it is clearly the largest 
subalgebra with this property. Consequently, 2 is, by definition, the 
infimum of the empty system of subalgebras. 

It follows from the preceding remarks that if X is a subset of 2l, then 
the intersection of all those subalgebras of 2{ that include X is a subal- 
gebra. (There is always at least one subalgebra that includes X, namely 
the improper subalgebra 2.) That intersection, say %, is the smallest 
subalgebra of 2 that includes X; in other words, S includes X, and 8 
is included in every subalgebra of 2 that includes X (because every 
such subalgebra of 2 is, by definition, one of the subalgebras in the 
system whose intersection is defined to be 8). The subalgebra B is 
said to be generated by X, and X is called a set of generators of 8. 
A simple but useful remark for subsets X and Y of 2 is that when- 
ever X is included in Y, the subalgebra generated by X is included in 
the subalgebra generated by Y. Indeed, every subalgebra of 2 that in- 
cludes Y also includes X; consequently, the intersection of the system 
of subalgebras of 2( that include Y is an extension of the intersection 
of the system of subalgebras of 2 that include X. In particular, the 
subalgebra generated by the empty set is included in every subalgebra 
of 2. It is called the minimal subalgebra of 2. A relation algebra 2 is 
said to be finitely generated if it is generated by some finite subset. 

The preceding definition of the subalgebra generated by a set of 
elements is top-down and non-constructive. It gives no idea of the 
elements that actually belong to the subalgebra. There is a bottom-up 
approach that gives more precise information about these elements. 
Fix an arbitrary subset X of a relation algebra 21, and define a system 
of subsets X; of 2 by induction on natural numbers 7. The set Xo is 
defined to be X U{1’}, and if X; has been defined, then X;41 is defined 
to be the set of all elements 


r+s, =f Pees Ts 


6.3 Generators of subalgebras 235 


where r and s vary over elements in X;. The set X;+41 is called the 
one-step closure of the set X;. 


Lemma 6.5. Each set X; is included in the set Xj41, and the union 
of these sets, B =|), Xi, is the smallest subuniverse of A that includes 
the set X. 


Proof. To prove that X; is included in X;41, observe that if r is any 
element in X;, then the sum r +r belongs to X;41, by the definition 
of this set. Since this sum is just r, it follows that r belongs to Xj41. 

The next step is to prove that the union set B is a subuniverse of 2l 
that includes X. Indeed, X is included in B because X is included 
in Xo, and 1’ belongs to B for the same reason. Assume now that r 
and s are elements in B. Since B is the union of the sets X;, there must 
be natural numbers 7 and j such that r is in X; and s in X;. Without 
loss of generality, it may be assumed that 7 < 7. In this case, r belongs 
to X;, because X; is included in X;, and therefore the elements 


r+s, —T, r38, and r 


all belong to the set Xj41, by the definition of this set. Consequently, 
these elements all belong to B, so B is closed under the operations 
of 2 and is therefore a subuniverse of 2. 

Finally, to show that B is the smallest subuniverse that includes X, 
consider any subuniverse C’ of 2 that includes X. A simple argument 
by induction on 7 shows that X; is included in C’ for each natural 
number 7. Indeed, Xo is included in C' because X is assumed to be 
included in C and because 1’ belongs to C. If X; is included in C, 
then the sums, complements, relative products, and converses of all 
the elements in X; must also belong to C’, because C’ is closed under 
the operations of 21. Consequently, the set X;,1 must be included in C, 
by the definition of this set. Since each set X; is included in C, the 
union L),; X;, which is B, is also included in C. Conclusion: the set B 
is included in every subuniverse of 2 that includes X, so B is the 
smallest subuniverse of 2l that includes X. O 


One consequence of the preceding lemma is that it places an upper 
bound on the size of the subalgebra generated by a given set X. 


Corollary 6.6. If a subset X of a relation algebra is finite, then the 
subalgebra generated by X is countable. If X is infinite, then the sub- 
algebra generated by X has the same cardinality as X. 
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Every finitely generated Boolean algebra is finite, and in fact it is 
isomorphic to the Boolean algebra of all subsets of some finite set. 
In particular, every finite Boolean algebra has cardinality 2” for some 
natural number n. It follows that every finite relation algebra must 
have cardinality 2” for some natural number n, because the Boolean 
part of a finite relation algebra is a finite Boolean algebra. It is not 
true, however, that every finitely generated relation algebra is finite. 
There are in fact infinite relation algebras that are generated by a 
single element. Consider for example the set N of all natural numbers, 
and let 2 be the full set relation algebra on N. The successor relation R 
in 2 that is defined by 


R={(n,n+1):neN} 


generates an infinite subalgebra of 2. In fact, a straightforward in- 
duction on natural numbers m shows that the mth power of R is the 
relation 

R™ ={(n,n+m):ne€N}, 


and these relations are all distinct for distinct natural numbers m. 
The problem of describing all finitely generated relation algebras is 
impossibly difficult. It is known, for example, that there is a relation 
algebra 2l with one generator such that all of set theory can be encoded 
into 2 (see [113]), so the problem of describing relation algebras with 
a single generator is as difficult as the problem of describing all sets. 


6.4 Lattice of subalgebras 


The relation of one subalgebra being included in another is a par- 
tial order on the set of subalgebras of 21 (see the relevant remarks in 
Section 6.1), and under this partial order the set of subalgebras of 2 
becomes a complete lattice. The infimum, or meet, of a system of sub- 
algebras is the intersection of the system. The supremum, or join, of 
the system is the subalgebra generated by the set that is the union of 
the universes of the subalgebras in the system. In other words, the join 
is the smallest subalgebra that includes every member of the system 
as a subalgebra. The zero of the lattice is the minimal subalgebra, and 
the unit is the improper subalgebra. 

In general, the join of a system of subalgebras is not the union of 
the system, because that union is usually not a subalgebra. There is 
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an exception, however. A system (2; : 7 € I) of algebras is said to 
be directed if any two members 2; and 2; of the system are always 
subalgebras of some third member yz. 


Lemma 6.7. The union of a non-empty, directed system of subalge- 
bras of a relation algebra 2 is again a subalgebra of 2. 


Proof. Let (8; : 7 € I) be a non-empty, directed system of subalgebras 
of 2, and let B be the union of the universes of the algebras in the 
system. It is to be shown that B is a subuniverse of 2. Certainly, the 
identity element 1’ belongs to B, since it belongs to each member of the 
directed system, and the system is assumed to be non-empty. To show 
that B is closed under the operations of 2{, consider elements r and s 
in B. There must be indices i and j in J such that r is in 8; and s 
in $j, by the definition of B. These two subalgebras are included 
in some third subalgebra %, of the system, because the system is 
assumed to be directed. The elements r and s are therefore both in Bz, 
and consequently so are their sum, complements, relative product, and 
converses. It follows that the sum, complements, relative product, and 
converses of r and s also belong to B, as desired. O 


The lemma applies, in particular, to non-empty systems of subal- 
gebras that are linearly ordered by the relation of being a subalgebra. 
Such systems are called chains. 


Corollary 6.8. The union of a non-empty chain of subalgebras of a 
relation algebra 2 is again a subalgebra of 2. 


Lemma 6.7 implies that every relation algebra is the union of a 
directed system of finitely generated subalgebras. To prove this, we 
begin with a more general lemma. 


Lemma 6.9. Suppose a relation algebra 2 is generated by a set X. 
For each finite subset Y of X, let My be the subalgebra of 2 generated 
by Y. The system of subalgebras 


(Qy :Y CX andY is finite) 
is directed, and its union is QL. 


Proof. The given system is easily seen to be directed. Indeed, if Yj 
and Y are finite subsets of X, then so is the set Y = Y, U Yo, and the 
subalgebras generated by Y; and Y2 are both included in the subalgebra 
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generated by Y. It follows from Lemma 6.7 that the union of this 
directed system is a subalgebra of 2. Since this union includes every 
finite subset of X, it must include X itself, and therefore the union 
must include the subalgebra generated by X, which is 2. O 


Take the universe of 2 for the set X in the preceding lemma to 
arrive at the desired conclusion. 


Corollary 6.10. Every relation algebra is the union of a directed sys- 
tem of finitely generated subalgebras. 


An element in a lattice is said to be compact if it has the following 
property: whenever it is below the join of a system of elements in the 
lattice, then it is below the join of a finite subsystem of these elements. 


Lemma 6.11. Finitely generated subalgebras are compact in the lattice 
of subalgebras of a relation algebra. 


Proof. We begin with a preliminary observation. Suppose 8 is the join 


of a system 
(8; :i€ 1) (1) 


of subalgebras of a relation algebra 21. Write X for the union of the 
universes of the subalgebras in the system, and observe that X gener- 
ates 8, by the definition of the join of a system of subalgebras. Apply 
Lemma 6.9 to see that % is the union of the directed system of sub- 
algebras generated by the finite subsets of X. It follows that every 
element in $ belongs to a subalgebra generated by some finite subset 
of X. 

Consider now a finitely generated subalgebra € of 21, and let Z bea 
finite set of generators of €. To establish the compactness of €, suppose 
that € is a subalgebra of the join of a system (1) of subalgebras of Q. 
Take X be the union of the universes of these subalgebras, as before. 
Each element r in the set Z is generated by a finite subset Y;, of X, 
by the observation of the first paragraph. Let Y be the union of the 
sets Y; for r in Z. As a union of finitely many finite sets, Y must 
be a finite subset of X. Also, Y generates the elements in Z, and Z 
generates €, so € must be included in the subalgebra of 2 generated 
by Y. 

Each element in Y belongs to the set X, which is defined to be the 
union of the universes of the subalgebras in system (1), so each element 
in Y belongs to some subalgebra 8; in (1). Since Y is finite, there must 
be a finite subset J of the index set J such that Y is included in the 
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union of the universes of the subsystem (8; : i € J), and therefore also 
in the join of this subsystem . Consequently, the subalgebra generated 
by Y is included in the join of this subsystem. Since € is included in 
the subalgebra generated by Y, it must be included in the join of the 
subsystem as well. Oo 


Lemmas 6.9 and 6.11 imply that every subalgebra of a relation al- 
gebra 2 is the join of compact elements. Lattices with this property 
are said to be compactly generated. The following theorem has been 
proved. 


Theorem 6.12. The subalgebras of a relation algebra form a com- 
plete, compactly generated lattice that is closed under directed unions. 


The lattice structure gives a rough classification of the subalgebras 
of a relation algebra: the structurally less complicated subalgebras are 
toward the bottom of the lattice, and the structurally more compli- 
cated subalgebras are toward the top. 

The notion of a directed system of algebras makes sense even if the 
algebras in the system are not assumed a priori all to be subalgebras 
of some given algebra. Moreover, the union of such a system always 
exists. Indeed, given a system (2; : i € I) of algebras, define the union 
of the system to be the algebra 2( determined as follows. The universe 
of 2( is the union of the universes of the algebras in the system. For 
any two elements r and s in 2, there are indices 7 and j such that r is 
in 2; and s in A;. The assumption that the system is directed implies 
that there is an index k such that 2; and 2; are subalgebras of 2l;,. In 
particular, r and s both belong to 2. The sum and relative product 
of r and s, and the complement and converse of r, in the union 2 are 
respectively defined to be the sum and relative product of r and s, 
and the complement and converse of r, in 2%. The identity element 
in 2 is defined to be the identity element in any one of the algebras 
of the directed system. These definitions are independent of the choice 
of the algebra 2; (as well as the algebras 2; and 2,;). For example, 
if r and s both belong to some other algebra 2, in the system, then 
there is an index m such that 2; and 2¢ are both subalgebras of 2,,.. 
The relative product of r and s in 2%, and in 2%, must therefore be 
equal, because they are both equal to the relative product of r and s 
in ,,. The same remark applies to the other operations and to the 
identity element. Analogous arguments show that every algebra 2; in 
the directed system is a subalgebra of the union 2, and that a relation 
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algebraic equation is valid in 2 if and only if it is valid in each algebra of 
the directed system. We summarize these observations in the following 
lemma. 


Lemma 6.13. The union of a non-empty directed system of relation 
algebras is a relation algebra that is an extension of every algebra in 
the system. 


A special case of the lemma occurs when the directed system of 
algebras is in fact a chain in the sense that it is linearly ordered by the 
relation of being a subalgebra. 


Corollary 6.14. The union of a non-empty chain of relation algebras 
is a relation algebra that is an extension of every algebra in the chain. 


6.5 Regular and complete subalgebras 


If % is a subalgebra of a complete relation algebra 2, and if the supre- 
mum in 2 of every subset of 8 belongs to %, then B is called a com- 
plete subalgebra of 2. Equivalently, 8 is a complete subalgebra of 2 
just in case the infimum in 2 of every subset of 8 belongs to 8. Con- 
sequently, a complete subalgebra % contains the infima and suprema 
of all of its subsets, and these infima and suprema are the same in 8 
as they are in 2. In particular, a complete subalgebra is a complete 
relation algebra. The universe of a complete subalgebra of 2l is called 
a complete subuniverse of 2. 

For a complete relation algebra 2, the complete subalgebra gener- 
ated by a subset X is defined to be the intersection of the complete 
subalgebras of 2 that include X. It is not difficult to check that this 
intersection is a complete subalgebra of 21, and in fact it is the small- 
est complete subalgebra of 2( that includes X. We shall sometimes say 
that this subalgebra is completely generated by X. 

There is an intermediate notion, stronger than “subalgebra”, but 
weaker than “complete subalgebra”, that is sometimes useful. It does 
not require the algebra 2 to be complete. To motivate it, we make a 
preliminary obvious, but useful, observation. 


Lemma 6.15. Suppose 8 is a subalgebra of 2, and X a subset of B. 
If an element r in B is the supremum of X in 2, then r remains the 
supremum of X in 8, in symbols, 
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The requirement that S be a regular subalgebra of 2 is just the 
reverse implication. A regular subalgebra of a relation algebra 2 is de- 
fined to be a subalgebra %8 with the following additional property: for 
all subsets X of S, if X has a supremum r in 8, then X has a supre- 
mum in 2 as well, and that supremum is r. (Warning: a subset of B 
may have a supremum in 2 without having a supremum in 9%; the 
definition says nothing about such subsets.) Intuitively, this definition 
says that all suprema which exist in the subalgebra S are preserved 
in the passage to the extension 2. If B is a regular subalgebra of 2, 
then 2 is called a regular extension of 8. In a complete relation alge- 
bra 2, complete subalgebras are always regular subalgebras, but the 
reverse implication may fail; that is to say, there may be regular sub- 
algebras of 2 that are not complete subalgebras. If, however, 8 is a 
regular subalgebra of 21, and 8 is complete, then S must be a complete 
subalgebra of 2. 

Just as the notion of subalgebra is transitive, so too the notion of a 
regular subalgebra is transitive, and in fact it is strongly transitive in 
the sense of the following lemma. 


Lemma 6.16. (i) Jf € is a regular subalgebra of B, and B is a reg- 
ular subalgebra of 2, then € is a regular subalgebra of 2. 
(ii) If € is a regular subalgebra of 2, and B is a subalgebra of 2 that 
includes €, then € is a regular subalgebra of B. 


Proof. Consider a subset X of € that has a supremum r in €. If the 
hypotheses of (i) hold, then r must be the supremum of X in 8, by the 
assumption that € is a regular subalgebra of 8, and consequently r 
must be the supremum of X in 2, by the the assumption that B is a 
regular subalgebra of 2(. It follows that € is a regular subalgebra of 2l. 
This proves (i) 

On the other hand, if the hypotheses of (ii) hold, then r must be the 
supremum of X in 2, because € is assumed to be a regular subalgebra 
of 2. Since € is a subalgebra of 8, by assumption, the set X is included 
in 8, and r is an element in 8. It follows that r, being the supremum 
of X in 2, must also be the supremum of X in 8, by Lemma 6.15. 
Thus, € is a regular subalgebra of %. This proves (ii). O 


A necessary and sufficient condition for a subalgebra B of a relation 
algebra 2 to be a regular subalgebra of 2 is that for every subset X 
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of B, if }>X = 1 in B, then })X = 1 in A. The necessity of the 
condition is obvious: it is part of the definition of a regular subalgebra. 
To prove sufficiency, suppose the condition is satisfied, and let Xo be 
an arbitrary subset of 8 that has a supremum r in %. It is to be 
proved that r is the supremum of Xo in 2. Write X = {—r}U Xo and 
observe that 

{r-s:sEX}=Xo, 


because r-—r = 0 and r-s=s for every s in Xo (since r is an upper 
bound of Xo). The supremum of X in B is 1. Indeed, 1 is obviously an 
upper bound of X in 8%. Suppose now that t is any upper bound of X 
in 8. In particular, t is an upper bound of Xo, because Xo is included 
in X; and therefore t > r, because r is the least upper bound of Xo 
in 8. Also, t > —r, since —r is in X, so 


t>r+-—r=1. 


Thus, 1 is the least upper bound of X in 8. The assumed condition 
now implies that 1 is the supremum of X in 2. Consequently, 


reaPrler:} X= Virestee X}= >) Xp 


in 2. 

It is not difficult to check that a subalgebra % of a relation algebra 2 
is a regular subalgebra just in case every subset of %8 that has an 
infimum in % has the same infimum in 2. This condition is, in turn, 
equivalent to the condition that for every subset X of 8, if [] X =0 
in 8, then [[ X =0 in . 

It is not true that the union of a directed system of regular subal- 
gebras of a relation algebra 2 is again a regular subalgebra of 2 (see 
Lemma 6.7 and the exercises), but there is a version of Lemma 6.13 
that holds. Call a system (2; : i € I) of relation algebras a directed 
system of regular subalgebras if any two algebras 2; and 2; in the 
system are always regular subalgebras of some third algebra 2, in the 
system. 


Lemma 6.17. Every algebra in a non-empty, regular directed system 
of relation algebras is a regular subalgebra of the union algebra. 


Proof. Consider a regular directed system of relation algebras 


(Q,:7¢€ I), (1) 
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and write 2% for the union of the system. Observe that 2 is a re- 
lation algebra, and (1) is a directed system of subalgebras of 21, by 
Lemma 6.13. 

To prove that each algebra 2; is a regular subalgebra of 2, let X 
be a subset of 2(;, and r an element in 2; such that r is the supremum 
of X in 2. Certainly, r is an upper bound of X in 2. To see that it is 
the least upper bound, consider an arbitrary upper bound t of X in 2. 
Since 2 is the union of the system in (1), there must be an algebra 2; 
in the system that contains t. The system is assumed to be regularly 
directed, so there is an algebra 2; in the system such that 2; and 2; 
are both regular subalgebras of 2l;. In particular, r is the supremum of 
the set _X in 2l;, and the element t belongs to 2;. As t is assumed to be 
an upper bound, and r the supremum, of X, we must have r < t in Az, 
and therefore also in 2. It follows that r is the least upper bound of X 
in 2. O 


A subalgebra of an atomic relation algebra need not be atomic. 
Regular subalgebras have the rather curious property that they do 
preserve the attribute of being atomic. 


Theorem 6.18. A regular subalgebra of an atomic relation algebra is 
atomic. 


Proof. Let 2 be an atomic relation algebra, and $8 a regular subalgebra 
of 2. It is to be shown that every non-zero element in %8 is above an 
atom in %. Fix a non-zero element r in %, and choose an atom s 
in 2 that is below r. Such an atom certainly exists, by the assumption 
that 2 is atomic. The set X of elements in S that are above s (in 2) 
contains r, by the choice of s. Moreover, for every element ¢ in 8, 
exactly one of t and —t belongs to X, since s, as an atom, is below 
exactly one of these two elements. Finally and most importantly, X has 
a non-zero lower bound in 8. To see this, assume to the contrary that 
no non-zero lower bound of X exists in 8. Since 0 is clearly a lower 
bound of X in %, it follows that 0 must be the greatest lower bound 
of X in 8. Consequently, 0 is the greatest lower bound of X in 2, by 
the assumption that % is a regular subalgebra of 2. This conclusion 
contradicts the obvious fact that s is a non-zero lower bound of X 
in 2. 

Let p be a non-zero lower bound of X in %. For each element t in 8, 
exactly one of t and —t is in X, and therefore exactly one of these two 
elements is above p. (If both of them were above p, then p would be 
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zero.) Consequently, p is an atom in 8%. Since p is below every element 
in X, it must in particular be below r. Oo 


The next lemma characterizes the property of being a regular sub- 
algebra that is atomic. 


Lemma 6.19. The following conditions on a subalgebra 8 of a rela- 
tion algebra 2 are equivalent. 


(i) B is a regular subalgebra of 2 that is atomic. 
(ii) The sum in A of the set of atoms in B is 1. 
(iii) Every non-zero element in A has a non-zero meet with some atom 


in B. 


Proof. Write W for the set of atoms in %. If condition (i) holds, 
then 1 = )>W in %, because % is atomic; and therefore 1 = )> W 
in 2, because ¥% is a regular subalgebra of 2. Thus, condition (ii) holds. 

Assume now that condition (ii) holds, with goal of deriving condi- 
tion (i). Condition (ii) implies, in particular, that 1 = 5> W in 8, since 
this equation is assumed to hold in 2, and since all of the elements in- 
volved in this equation belong to 8. Consequently, 8 must be atomic. 
In more detail, if s is any non-zero element in BS, then 


s=s-l=s:-SW=){s-r:rew} (1) 


in 8, so s-r # O for some atom r in %, and for that atom r we 
obviously have r < s. 

In order to show that % is a regular subalgebra of 2, consider any 
subset X of 8 such that the equation }*> X = 1 holds in 8B. It must 
be shown that this equation also holds in 2, by the remarks preceding 
Theorem 6.18. Let ¢ be any upper bound of X in 2. For each element r 
in W, we have r <1=)°> X in %, and therefore r < s for some s in X, 
because r is an atom, and X a set of elements, in 8. Of course, s < t, 
since t is assumed to be an upper bound of X in 2, so r < t. This 
argument shows that t is above each element in W. Since 1 is assumed 
to be the least upper bound of the set W in 2, by condition (ii), 
it follows that t = 1. Conclusion: 1 is the unique upper bound, and 
therefore the least upper bound, of the set X in 2. 

Turn now to the proof of the equivalence of conditions (ii) and (iii). 
If condition (ii) holds, and if s is any non-zero element in 2, then the 
argument in (1) shows that s-r 4 0 for some element r in W, so 
condition (iii) holds. On the other hand, if condition (iii) holds, and 
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if s is any element in 2 that is different from 1, then —s is a non-zero 
element in 21, so there must be an element r in W such that —s-r 4 0. 
It follows that s cannot be an upper bound of the set W in 2, so 1 is 
the unique upper bound, and therefore the least upper bound, of W 
in 2. O 


Corollary 6.20. A necessary and sufficient condition for a subalge- 
bra B&B of an atomic relation algebra A to be a regular subalgebra is 
that 1 be the supremum in 2 of the set of atoms in B. 


Proof. If 8 is a regular subalgebra of 2, then %8 is atomic, by The- 
orem 6.18, and therefore 1 is the supremum in 2 of the set of atoms 
in 8, by Lemma 6.19. On the other hand, if 1 is the supremum in 2 
of the set of atoms in %, then % is a regular subalgebra of 2, by 
Lemma 6.19. O 


The proofs of the preceding theorem, lemma, and corollary make 
no mention of the extra-Boolean operations of the algebras involved. 
Consequently, the results are actually valid in the general context of 
Boolean algebras with arbitrary extra-Boolean operations. We shall 
make use of this fact in the next section. 


6.6 Atomic subalgebras 


The next theorem presents a method for constructing atomic subalge- 
bras of any relation algebra, and indeed of any Boolean algebra with 
completely distributive operators, even an atomless one. 


Theorem 6.21. Suppose 2 is a Boolean algebra with complete opera- 
tors, and W is a subset of 2 with the following properties. 


(i) The elements in W are disjoint and sum to 1. 
(ii) The element V is a sum of elements in W. 
(iii) If p is in W, then p~ is a sum of elements in W. 
(iv) If p and q are in W, then p;q is a sum of elements in W. 


The set of sums )> X such that X is a subset W and >> X exists in L 
is then the universe of a regular subalgebra of X that is atomic, and the 
atoms of this subalgebra are just the non-zero elements in W. If, in 


addition, 2 is complete, then the subalgebra is a complete subalgebra 
of 2. 
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Proof. We begin with a preliminary remark. If an element r in 2 is 
the sum of a subset X of W, then X must contain all of the non- 
zero elements in W that are below r, and —r must be the sum of the 
elements in the set W ~ X. The set X may also contain 0, provided 
that 0 is in W. For the proof, observe that every element in X is 
obviously below r, since r is assumed to be the supremum of X. If t is 
an element in W that is not in X, then ¢ must be disjoint from every 
element in X, by the first part of condition (i), and therefore 


t-r=t-()X) = {t-s:sEeX}=0, 


by Boolean algebra. It follows that ¢ cannot be below r unless t is 0. 
Thus, every non-zero element in W that is below r must belong to X. 
This argument also shows that every element in W ~ X is below —r. 
Since )> W = 1, by the second part of condition (i), we may conclude 
that 


—-r=-r-l=-r-QO(W)=)d{-r-t:tew} 
=Si{-r-t:tewWrX}=S{t:tewn~X}, 
by the preceding observations and Boolean algebra. 
Let B be the set of sums defined in the conclusion of the theorem. 


Condition (ii) implies that B contains 1’. To show that B is closed 
under the operations of 2, consider elements r and s in B, say 


‘mew pe,e and s=)CY, 
where X and Y are subsets of W. Write 
XoY={tew:t<p;q for some pe X andgeEY}, 
X“={tEeW:t<p~ for some pe X}. 
It is not difficult to see that 
r+s=)>Z, where Z=X UY, ( 
—r=)\Z, where Z=W~X, (2 
r;s=)>Z, where Z=X oY, ( 
r- =)°Z, where Z = X". ( 
These equations and condition (ii) imply that B contains the distin- 


guished constant 1’ and is closed under the operations of 2, so B is a 
subuniverse of 2. 
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Equation (2) follows directly from the preliminary observation made 
in the first paragraph. We focus on the proof of (3), and leave the proofs 
of (1) and (4) as an exercise. For the elements r and s defined above, 
we have 


Ps = 4) 0) 
=\{p;q:peExX andgeY} 
=S{Yo{tew:t<p;q}:pex andgeY} 
=) (46Y). 


The first equality uses the assumptions on r and s, and the second 
uses the assumed complete distributivity of the operation ;. The third 
equality follows from condition (iv) and the preliminary remark of 
the first paragraph, which together imply that for p and q in W, the 
element p;q must be the sum of all of the elements in W that are 
below p;q. The fifth equality uses the definition of the set X oY and 
the general associative law for addition. 

The preceding argument shows that the set B is the universe of a 
subalgebra 8 of 2. Every element in % is, by definition, a sum of 
elements in W, so the non-zero elements in W are clearly the minimal 
elements in %, that is to say, they are atoms. The unit in 2 is the sum 
of the set of all elements in W, by condition (i), so it is obviously the 
sum of the set of all non-zero elements in W, that is to say, it is the 
sum of the set of atoms in 8. Apply Lemma 6.19 to conclude that 8 
is a regular subalgebra of 2 that is atomic. 

Finally, if 2 is complete, then the supremum of every subset of W 
exists in 2, and therefore belongs to %8, by the definition of 8. Consider 
now an arbitrary subset X of %8. Since 2 is complete, the set X has a 
supremum in 2, say t. For each element r in X, there is a subset W,. 
of W such that r = }> W, in 2, by the definition of 8. Write 


Y =U{W,:r € X}, 


and observe that Y is a subset of W. The definition of t and the general 
associative law for addition in 2 imply that 


t=] {rer era ND Wr ealyayyY 


in 2, so t belongs to %, by the definition of 8. Thus, 8 is a complete 
subalgebra of 2. O 
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We shall refer to the preceding theorem as the Atomic Subalgebra 
Theorem. Warning: the subalgebra %S defined in the proof is not nec- 
essarily generated by W unless W is finite. We shall have a bit more 
to say about this in the next section. It is natural to ask why we 
don’t require that the elements in the set W be non-zero. The reason 
is that the elements in W may be specified in a way that renders it 
inconvenient to say whether any given one of them is, or is not, non- 
zero. We shall see an example of this in the next section. A version 
of Theorem 6.21 that applies to Boolean algebras with quasi-complete 
operators is given in the exercises. 

In a relation algebra, the converse of an atom is always an atom, by 
Lemma 4.1(vii). Consequently, when applied to relation algebras, the 
preceding theorem has the following somewhat stronger form. 


Corollary 6.22. If the algebra A in the preceding theorem is a relation 
algebra, then condition (iii) may be replaced by the condition that p~ 
is in W whenever p is in W. 


We give two applications of the preceding theorem. For the first, 
let G be any group, and H any subgroup of G. The set W whose ele- 
ments are the set G~ H and the (singletons of) elements in H satisfies 
the conditions of Theorem 6.21 in the group complex algebra €m(G). 
Indeed, condition (i) is obviously satisfied, and condition (ii) holds 
because the identity element belongs to H, and therefore also to W. 
The converse of an element in H is again an element in H, since H 
is a subgroup and therefore closed under formation of inverses. Con- 
sequently, the converse of the set G ~ H—that is to say, the set of 
group inverses of the elements in G ~ H—must be G ~ H. It follows 
that the converse of every element in W is again an element in W, 
so condition (iii) is satisfied. The verification of condition (iv) splits 
into four cases. Consider elements p and q in W. If p and gq are both 
elements in H, then the product p;q is in H, and therefore also in W, 
since H is a subgroup of G. For the remaining cases, observe that, as 
a subgroup, H contains the identity element of the group and is closed 
under the formation of group compositions and inverses: 


H'CH and HeHCH, 


where the operations on the left sides of these two inclusions are the 
complex operations of €m(G). It follows that H is a reflexive equiva- 
lence element in €m(G) (see Section 5.3). If p is in H and if qg is equal 
to G~ H, then 
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piq=p;(G~H)=pe(G~H)=H°(G~ H)=G~H, 


by the definition of relative multiplication in €m(G), the properties of 
complex multiplication (the complex product of two cosets is equal to 
the complex product of any element in the first coset with the second 
coset), and Lemma 5.24(i). Thus, p; q belongs to W in this case. The 
argument when q is in H and p is equal to G~ H is similar. Finally, 
if p and q are both equal to G ~ H, then 


p3q=(G~H);(G~8#), 


and this product is either @, H, or G by Lemma 5.24(ii) and Corol- 
lary 4.17. (The fact that €m(G) is simple follows from Corollary 9.10.) 
In any case, the product p;q is a sum of elements in W, so con- 
dition (iv) is satisfied. Apply the Atomic Subalgebra Theorem in the 
form of Corollary 6.22 to conclude that the set of all suprema in €m(G) 
of subsets of W is the universe of a regular subalgebra of €m(G). We 
denote this subalgebra by €m(G, H). Its elements are the subsets of H 
and the subsets of G that include G~ H. 


6.7 Minimal subalgebras 


For the second application of Theorem 6.21, we describe the elements 
in the minimal subalgebra of an arbitrary relation algebra 2, and we 
put a bound on the cardinality of this subalgebra. The key point is the 
analysis of the product 0’; 0’. Define five elements in 2 by 


r4 = ([-(0’; 0’) -07];1)- VP = (r3 3 1) - ’ = domain rs, 
rs = —(0’;1) =-(0" 0° +0"; 1) = -(0' 0° +0”) = (0° 0) - 7. 


The element r, is the part of 0’;0’ that lies below the diversity element, 
while rg is the domain of r;. The element r3 is the part of —(0’ ; 0’) 
that lies below the diversity element, while r4 is the domain of r3. The 
element 75 is the part of —(0’;0’) that lies below the identity element, 
and of course it coincides with its own domain. We shall prove the 
following theorem. 
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Theorem 6.23. The elements of the minimal subalgebra of a relation 
algebra are just the distinct sums of the subsets of 


W = {r1, 72,73, 74,75}. 


The minimal subalgebra therefore has at most 2° elements, and its 
atoms are just the non-zero elements in W. 


Proof. The proof proceeds by showing that the set W satisfies condi- 
tions (i)—(iv) of Theorem 6.21. Notice that r1 + r3 = 0’ and 


re +ra= [ret ts) Ue PaHO yl) PHO 70 +0 51)-r 
=(0 30 +07). =(0' so) 21. 
These computations lead to three conclusions about the set W. First, 
ra +74 +75 = 1, 


so W satisfies condition (ii) of Theorem 6.21. Second, the sum of all 
the elements in W is 1. Third, the three elements 


Tr +73, ra +14, T5 


are mutually disjoint, so in order to show that all the elements in W 
are disjoint, it suffices to check that rj and rs, and also rg and rq, are 
disjoint. The disjointness of the first two elements is obvious, but that 
of the second two takes a bit of computation. Observe that 


r1;0’ <0’°;0’, (1) 
because r; is below 0’, and consequently 
Milan Wears arngVaniee ey HO, 2) 


by the definition of 0’ and Boolean algebra, the distributive and iden- 
tity laws for relative multiplication, (1), and the definition of ry. 
From (2) and the definition of rg it follows that 


(rig Dre = 0, (3) 
and therefore 


(rps) a IS Wrst) LHe l= o, (4) 
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by the second equation in Lemma 5.15 (the second modular law for 
equivalence elements, with 1, r3, and r; in place of r, s, and t respec- 
tively), (3), and the first dual of Corollary 4.17. The disjointness of r2 
and r4 follows at once from (4) and the definitions of these two ele- 
ments. Conclusion: the set W satisfies condition (i) of Theorem 6.21. 

To see that W satisfies condition (iii) of the theorem, observe 
that each element in W is symmetric. For the three subidentity el- 
ements, rg, r4, and rs, this follows from the second equation in 
Lemma 5.20(i). For r3, we have 


rz =[-(0"; 0°) -0]~ =[-(0; 0°)" 0 = -[(@ ; 0’)~] 0% 
= -(0 ;0°%)-0 =-(0'; 0”) -0' =r, 
by the definition of r3, Lemma 4.1(ii),(v), the second involution law, 


and Lemma 4.7(vi). The computation for r; is similar but easier, and 
is left to the reader. 


} Tr 12 [13 | T4 | 75 
Ty{T1 +72} T1 0/01] 0 
T2 ry T2 0|0/0 
r3| O 0 Ira|r3] 0 
T4 0 0 T3|T4 0 


TS 0 0 0/0 T5 


Table 6.1 Relative multiplication table for elements in W. 


The proof that W satisfies condition (iv) of Theorem 6.21 is more 
involved. The operation of relative multiplication is commutative on 
elements in W, by the second involution law and the fact that each ele- 
ment in W is symmetric. Consequently, it is only necessary to compute 
the products rj ;7r; for 1 <7 < j <5. The values of these products are 
summarized in Table 6.1. We shall explain in a later chapter how each 
of the products may be easily determined, but for now we take a brute 
force approach. Most of the entries in the table are readily checked 
using Lemmas 5.20(i), 5.48(ii), and 5.51, or simple arguments similar 
to the ones given in the proofs of those lemmas. For example, since 
every element in W is its own converse, the domain of every element 
in W must equal the range of that element. Consequently, 71 ;r2 = 11, 
by Lemma 5.48(ii). The domains of r; and r3 are disjoint, by (4), 
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so 71 373 = 0 by Lemma 5.51. The domain of r4 is equal to that of r3, 
so we also get r1 374 = 0 by Lemma 5.51. Finally, 


(7131) -75 < (0; 0’) -r5 =0, (5) 
by (2) and the definition of rs. Since 
ry3T5 =0 if and only if (tists) -1=0, 
if and only if (774 1) =O, 


by Boolean algebra, the De Morgan-Tarski laws, and the symmetry of 
the element r1, it follows that r,; 75 = 0. 

Three of the values in the table are somewhat more difficult to check, 
namely the values of the relative products 


Ti Fis a. 3733 and Ta $75: 


To compute the first product, observe that r; is below both 0’ and 1, 
and therefore 


ry371 <0';0’ and rosmy <i], (6) 


by the monotony law for relative multiplication. Consequently, 


(+1) =(ri371)-0°+ (ri371)-V 


rest = C1 si) 1 = a i) 
(0 0 20? 2 re) ar ee, 


by Boolean algebra and the definition of 0’, (6), and the definitions of r1 
and rg. This proves that the product rj ; 71 is below the sum rj + ro. 
On the other hand, 


re = (07 50") 20" < [(0" 0") +O] 2 (0 (0 30") 
= [(0’; 0’) -0’]; [0°- (0°; 0°)J =r; ri, 


by the definition of r;, Lemma 4.25 (with r, s, and ¢ all replaced by 0’), 
and Lemma 4.7(vi). Also, 


rH ere ris leis, =i, ane, (7) 


by the definition of r2, Lemma 4.19 (with r1, 1, and V’ in place of r, s, 
and t respectively), Boolean algebra, the identity law for relative mul- 
tiplication, and the symmetry of r;. Consequently, the sum r; + Tr is 
below the relative product r; ; 71. Conclusion: ry ;7y = 171 + 12. 
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Turn now to the second product, r3 ; 73. An argument parallel to 
the one given for (7) yields 


res (reply Ts re le, 31) raat, = 15s (8) 


To establish the reverse inequality, observe that r3 is, by its very def- 
inition, below 0’, so r3 ; 0’ is below 0’; 0’, by the monotony law for 
relative multiplication. Also, rz is below —(0’ ; 0’), so 


rz -(r3; 0°) < —(0’;0’) - (0’; 0’) =0. (9) 
Consequently, 
(rao7s) <0" Ss res [rege 20) = res Ge) < 30 =O, 


by Lemma 4.19 (with rg in place of r and s, and 0’ in place of t), the 
symmetry of r3, (9), the monotony law for relative multiplication, and 
Corollary 4.17. It follows that the relative product r3 ;1r3 is below the 
identity element 1’, and it is also below r3;1, by the monotony law for 
relative multiplication, so 


ret6s = esl) et =a, (10) 


Combine (10) with (8) to conclude that r3 ;r3 = 14. 

Turn finally to the computation of r3 ;1r5. Observe first that rg ; 1 
is below 0’; 1, because r3 is below 0’, and therefore rg ; 1 is disjoint 
from rs, by the definition of r;. An argument similar to the one given 
for (7) now yields 


Taira = (tas r5)*1 S33 [Gs<lr, ¢1)] 
=r (re*(ra sl) =r 0=0. 


Table 6.1 makes clear that condition (iv) of Theorem 6.21 is satisfied. 
Apply the theorem in the form of Corollary 6.22 to conclude that the 
set of sums of elements in W is a subuniverse of the given relation 
algebra. It follows that this subuniverse has cardinality less then or 
equal to the number of subsets of W, which is 2°. O 
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6.8 Elementary subalgebras 


Subalgebras of relation algebras preserve the finitary operations of 
addition and multiplication, complement, relative addition, relative 
multiplication, and converse of the parent algebra. Complete subalge- 
bras preserve also the infinitary operations of forming suprema and 
infima. There is another kind of subalgebra that preserves all prop- 
erties expressible in the first-order language of relation algebras (see 
Section 2.4). A subalgebra % of an algebra 2 is called an elementary 
subalgebra if, for every formula I’ with n free variables in the language 
of relation algebras, and every sequence r of n elements in 8, the se- 
quence r satisfies the formula I’ in % if and only if r satisfies I” in 2. 
When I is a sentence, this simply means that I’ is true in % if and 
only if I’ is true in 2. If $8 is an elementary subalgebra of 2, then 2 
is called an elementary extension of 8. 

The relation of one algebra being an elementary subalgebra of an- 
other is strongly transitive in the sense of the following lemma. 


Lemma 6.24. If 8 is an elementary subalgebra of 2, and € a subal- 
gebra of 8, then € is an elementary subalgebra of 2 if and only if it 
is an elementary subalgebra of SB. 


Proof. Let I’ be a formula with n free variables in the language of 
relation algebras, and r a sequence of n elements in €. Of course r 
is also a sequence of n elements in %, since € is assumed to be a 
subalgebra of 8. Moreover, r satisfies I" in 2 if and only if it satisfies I” 
in %, by the assumption that % is an elementary subalgebra of 2. 
Consequently, the requirement that r satisfy I in € if and only if 
it satisfies I’ in 2 is equivalent to the requirement that r satisfy I 
in € if and only if it satisfies in %. The first requirement holds 
for all formulas I’ and all appropriate sequences r if and only if € is 
an elementary subalgebra of 21, and the second requirement holds for 
all I’ and all appropriate r if and only if € is an elementary subalgebra 
of %, by the definition of an elementary subalgebra. Combine these 


observations to arrive at the conclusion of the lemma. O 


The fundamental result concerning the existence of elementary sub- 
algebras and extensions is known as the Lowenheim-Skolem- Tarski 
Theorem. There are two versions of this theorem, the downward ver- 
sion and the upward version. The downward version, in its application 
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to relation algebras, says that for every subset X of an infinite re- 
lation algebra 21, and for every infinite cardinal number « between 
the cardinality of X and the cardinality of 2, there is an elementary 
subalgebra of 2( that includes X as a subset of its universe and has 
cardinality «. The upward version says that if a relation algebra 2 
has infinite cardinality «, then for every infinite cardinal A > « there 
is an elementary extension of 2 of cardinality A. The proofs of these 
theorems are of course metamathematical in nature. We begin with 
a lemma which refers to formulas I'(vo, v1,...,Un) in the language of 
relation algebras. The notation is meant to indicate that the free vari- 
ables occurring in J” are among the distinct variables vo, v1,...,Un- 


Lemma 6.25. For 8 to be an elementary subalgebra of a relation al- 
gebra A, it is necessary and sufficient that SB be a subalgebra of A 
and that 8 satisfy the following condition: for every first-order for- 
mula A(vo,V1,---;Un) and every sequence (r1,...,1%%) of elements 
from 8, if the sequence (r1,...,1%) satisfies the formula AvpA in A, 
then there is an element ro in 8 such that the sequence (1r0,11,---,Tn) 
satisfies the formula A in Ql. 


Proof. If 8 is an elementary subalgebra of 2, then obviously B satis- 
fies the condition of the lemma. To establish the reverse implication, 
assume that 8 satisfies the condition of the lemma, and write S for 
the set of formulas I" with the property that any given sequence of 
elements in % satisfies I’ in 88 if and only if the sequence satisfies I” 
in 2. It is to be shown that every formula in the language of relation 
algebras belongs to S. The proof proceeds by induction on formulas. 

If Fis an equation, then a sequence of elements in % satisfies 7’ in S 
if and only if it satisfies I in 2, by Lemma 6.2, because % is assumed to 
be a subalgebra of 21. Thus, the set S contains all equations. The proof 
that S is closed under the formation of negations and implications is 
straightforward, and proceeds just as in the proof of Lemma 6.2. The 
details are left to the reader. 

The closure of S under negation implies that S is closed un- 
der universal quantification if and only if it is closed under existen- 
tial quantification. To show closure under existential quantification, 
let A(vo,v1,.--,;Un) be any formula in S, and suppose I is the for- 
mula 4ugA. Consider any sequence (r1,...,7%) of n elements in B. 
If (r1,...,T) satisfies [ in 8, then there must be an element ro 
in 8 such that the sequence (r9,71,.-.,7n) satisfies A in 8, by 
the definition of satisfaction. Since A belongs to S, it follows that 
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the sequence (70,71,.--,1m) satisfies A in 2, by the definition of S, 
so (T1,---,Tn) satisfies [ in 2, again by the definition of satisfaction. 
On the other hand, if (r1,...,1rn) satisfies I in 2, then the condition 
of the lemma implies the existence of an element 79 in 8 such that 
the sequence (19,11,..-,1n) satisfies A in 2. Since A belongs to S, the 
sequence (1r9,71,---,7n) must also satisfy A in 8, by the definition 
of S, so (r1,...,1n) satisfies in B, by the definition of satisfaction. 
Thus, I” belongs to S. Use the principle of induction on formulas to 
conclude that all formulas in the language of relation algebras belong 
to S. Oo 


Here is the downward Lowenheim-Skolem-Tarski Theorem. 


Theorem 6.26. Let « be any infinite cardinal. For each relation alge- 
bra 2 of cardinality at least k, and each subset X of 2 of cardinality 
at most «, there is an elementary subalgebra of 2X that includes X as 
a subset and has cardinality x. 


Proof. By adjoining new elements from 2 to X, if necessary, it may 
be assumed that X has cardinality «. Define a sequence of subsets X; 
of 2 by induction on natural numbers 7. The set Xo is defined to 
be X. Assume now that X; has been defined, and define the set X;44 
as follows. For each formula (vo, v1, ..., Un) in the first-order language 
of relation algebras, and each sequence (11,..., 1) of elements from X; 
that satisfies the formula dupI in 21, choose an element ro in 2 such 
that the sequence (r9,71,.-.,7n) satisfies I’ in 2. This is possible by 
the definition of satisfaction. Let X;,1 be the set consisting of all the 
elements chosen in this way. Every element in X; certainly belongs 
to X;41. Indeed, if I’ is the formula vp = v1, then every element rj; 
in X; satisfies the formula dup in 2, and the element rg chosen for the 
formula I’ and the sequence (r;) must of course be 71; consequently, 71 
belongs to X;41. Thus, 
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An easy argument by induction on 7, using the assumption that the 
set X has cardinality «, and the fact that the language of relation 
algebras is countable, shows that each set X; has cardinality « for 
each natural number 7. Let B be the union of the sets X;, and observe 
that B includes X, by the definition of Xo. Also, B has cardinality x, 
because the union of a countably infinite sequence of sets of infinite 
cardinality « must have cardinality k. 
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It requires a bit more work to see that B is a subuniverse of 2. 
Suppose, for example, that r; and rg are elements in B. These two 
elements must belong to the set X; for some natural number 7, by (1) 
and the definition of B. Take I’ to be the equation vg = v1 ; v2, and 
observe that the formula dvpI is satisfied by the sequence (11, rz) in 2. 
Consequently, there must be an element 1p in X;41 such that (19,171, 72) 
satisfies the equation I’ in 2, by the definition of the set X;,1. Since 
the relative product r1 ; rg coincides with ro, by the definition of I, it 
follows that this relative product belongs to the set X;,1 and therefore 
also to the union set B. Thus, B is closed under relative multiplication. 
Similar arguments show that B contains 1’ and is closed under the 
remaining operations of 2, so B is a subuniverse of 2. 

Let 8 be the subalgebra of 2( with universe B. To prove that % is in 
fact an elementary subalgebra of 2, it suffices to show that S satisfies 
the condition of Lemma 6.25. Consider a formula I'(vo, v1,..., Un), and 
suppose (r1,...,7n) is a sequence of elements in % that satisfies the for- 
mula dup in 2. There must be a natural number 7 such that the set _X; 
contains each of the elements in this sequence, by (1). Consequently, 
there is an element rp in X;41 such that the sequence (19,11,.--,1n) 
satisfies the formula I" in 2, by the definition of the set Xj;41. The 
element ro clearly belongs to %, by the definition of 8. Thus, the 
condition in Lemma 6.25 does hold for 8, so % is an elementary sub- 
algebra of 2, by the lemma. O 


Notice the similarity in the general form of the proofs of Lemma 6.5 
and Theorem 6.26. In both proofs, an increasing sequence of sets X; is 
constructed whose union is the desired subalgebra. At the ith step of 
the construction, new elements are adjoined to the set X; to obtain a 
set X;41 that is the closure of X; under single applications of certain 
operations. In the case of Lemma 6.5, the operations are those of the 
algebra 2 while in the case of Theorem 6.26, they are the operations 
induced in 2 by existential quantifications. These latter operations are 
sometimes called Skolem functions. 

The following corollary is an immediate consequence of Theo- 
rem 6.26. 


Corollary 6.27. For every countable subset X of a relation algebra A, 
there is a countable elementary subalgebra of 2 that includes X as a 
subset. 


Turn now to the upward Lowenheim-Skolem-Tarski Theorem. 
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Theorem 6.28. A relation algebra of infinite cardinality & has an el- 
ementary extension of cardinality for every cardinal X > k. 


Proof. Let 2 be a relation algebra of infinite cardinality «. Adjoin to 
the language CL of relation algebras two systems of new individual con- 
stant symbols, all distinct from one another: first, adjoin an individual 
constant symbol r for each element r in 2; and second, adjoin also a 
system (s; : 7 € I) of X individual constant symbols. Let S be the set 
of sentences obtained in the following way: whenever I(vp,..., Un—1) 
is a formula in £ and (ro,...,7n—1) a sequence of elements in 2% that 
satisfies I” in 21, put into S the sentence 
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obtained from I" by replacing the free occurrences of each of the vari- 
ables ug,...,Un—1 With the individual constant symbols ro,...,7%n—1 
respectively. (The set S is sometimes called the elementary diagram 
of 2.) Let T be the set of sentences of the form s; 4 s; for distinct 
indices 7 and 7 in I. 

Every finite subset of the set of sentences SUT has a model that is 
obtained from 2 by adding elements of 2( as distinguished constants 
interpreting the new individual constants occurring in the finite subset. 
(The assumption that 2 is infinite is needed to ensure that we can 
always adjoin distinguished constants to 21 that make the sentences in 
any given finite subset of 7 true.) Apply the Compactness Theorem 
(see Section 2.4) to conclude that the set SUT has a model %*. 
The algebra S$ obtained from %* by deleting the interpretations of 
the new individual constant symbols as distinguished constants (but 
still keeping these elements in the algebra) is a relation algebra that 
contains a copy of 2 as an elementary subalgebra, because S* is a 
model of S; and % has cardinality at least A, because S* is a model 
of T. 

The Exchange Principle (see Section 7.7) implies that the copy of 2 
inside 8 may be exchanged for 2 itself; consequently, without loss of 
generality it may be assumed that 2 itself is an elementary subalgebra 
of 8. Since 8 has cardinality at least A, and 2 has cardinality k < 4, 
an application of the downward Lowenheim-Skolem-Tarski Theorem 
yields an elementary subalgebra of % of cardinality \ that includes 2 
as a subalgebra. Use Lemma 6.24 to conclude that this elementary 
subalgebra of 8 must be an elementary extension of 2. O 
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A number of the results concerning directed systems of subalgebras 
have versions that apply to elementary subalgebras. A system (2; : 7 € 
I) of algebras is said to be a directed system of elementary subalgebras 
if any two members 2; and 2; in the system are always elementary 
subalgebras of some third member 2;. The next lemma is the analogue 
of Lemma 6.7 


Lemma 6.29. The union of a non-empty, directed system of elemen- 
tary subalgebras of a relation algebra A is again an elementary subal- 
gebra of 2. 


Proof. Consider a directed system 
(8; :i€T1) (1) 


of elementary subalgebras of 21, and let 8 be the union of this system. 
Certainly, 8 is a subalgebra of 2, by Lemma 6.7. It is to be shown 
that % is in fact an elementary subalgebra of 2. To this end, let 


I'(vo,---, Un) 
be a first-order formula in the language of relation algebras, and 


(Tiscccatn) (2) 


a sequence of elements in % that satisfies the formula dugl’ in 2. Each 
of the elements in (2) belongs to one of the algebras in the system (1), 
by the definition of 8 as the union of this system. Since the system is 
directed, there must be an algebra 8, to which all of the elements in 
the sequence belong. By assumption, 8; is an elementary subalgebra 
of 2, and the sequence (2) is assumed to satisfy the formula dvpI in A, 
so (2) must also satisfy this formula in 8;. Consequently, there must 
be an element rp in 8, such that the sequence 


(icPigase th) (3) 


satisfies I’ in 8%, by the definition of satisfaction. Use again the as- 
sumption that 8, is an elementary subalgebra of 2 to see that the 
sequence (3) satisfies I’ in 2. Of course, ro also belongs to the union 
algebra 8. Apply Lemma 6.25 to conclude that 8 is an elementary 
subalgebra of 2. O 


An immediate consequence of Lemma 6.29 is the following analogue 
of Corollary 6.8. 
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Corollary 6.30. The union of a non-empty chain of elementary sub- 
algebras of a relation algebra 2 is again an elementary subalgebra of 2. 


The next lemma gives an elementary analogue of Corollary 6.10. 


Lemma 6.31. Every relation algebra is the directed union of a system 
of countable elementary subalgebras. 


Proof. Consider the system 
(2; :7€ I) (1) 


of all countable elementary subalgebras of 2. If 21; and 2; are any two 
algebras in (1), then the union of the universes of 21; and 21; is a count- 
able subset of 21, so there must be a countable elementary subalgebra 
of 2 that includes this union as a subset, by Corollary 6.27. That sub- 
algebra must occur as one of the elementary subalgebras 2%; in (1), by 
the very definition of system (1). Both 2; and 21; are subalgebras (and 
in fact elementary subalgebras) of 2;, since all three are elementary 
subalgebras of 2 (see Lemma 6.24). Thus, system (1) is directed. 
The singleton of each element r in 2l is a countable subset of 2(, so 
there must be a countable elementary subalgebra of 2( that contains r 
as an element, again by Corollary 6.27. Consequently, every element 
in 2 belongs to one of the algebras in (1), so 21 must be the union of 
the algebras in (1). O 


The next lemma is the analogue of Lemma 6.13. 


Lemma 6.32. The union of a non-empty, elementary directed system 
of relation algebras is a relation algebra that is an elementary extension 
of every algebra in the system. 


Proof. Consider a non-empty, elementary directed system of relation 
algebras 
(M::i€D), (1) 


and write 2 for the union of this system. It follows from Lemma 6.7 
that 2 is a relation algebra extending each algebra in the system. It 
remains to prove that 2 is in fact an elementary extension of each 
algebra in the system. To this end, write S for the set of formulas I’ 
with the property that for all indices 7, and all appropriate sequences r 
of elements in 2l;, the formula I’ is satisfied by r in 2l; if and only if it is 
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satisfied by r in 2. It is to be shown that every formula in the language 
of relation algebras belongs to S. The proof proceeds by induction on 
formulas. 

The set S contains all equations, by Lemma 6.2. The argument 
that S is closed under the formation of negations and implications is 
the same as in the proof of Lemma 6.2, and is left to the reader. The 
closure of S under negation implies that S is closed under universal 
quantification if and only if it is closed under existential quantifica- 
tion, so it suffices to treat the case of an existential quantifier. For 
notational simplicity, assume that ['(v1,--- ,Un,) has the form JupA, 
where A(vo,...,Un) is a formula in S. 

Fix an index 7 in J, and consider a sequence 


P= (isos tad 


of elements in 2;. If r satisfies I’ in 2(;, then there is a sequence 


&= (eosieea) (2) 


of elements in 2;, with sg = rp for 2=1,...,n, such that s satisfies A 
in 2;, by the definition of satisfaction. The assumption that A belongs 
to S, and the definition of the set S, imply that s satisfies A in 2, so r 
must also satisfy I’ in 2, by the definition of satisfaction. 

To establish the reverse implication, assume r satisfies I” in 2. There 
must be a sequence (2) of elements in 2, with sg = ry for 2=1,...,n, 
such that s satisfies A in 2, by the definition of satisfaction. Notice 
that sg belongs to 2; for = 1,...,n, because it coincides with ry. The 
algebra 2 is the union of system (1), so there must be an algebra 2; 
in the system that contains the element so. The system is assumed to 
be elementary directed, so there must be an algebra 2; in the system 
that is an elementary extension of both 2; and 2;. In particular, the 
elements in the sequence s all belong to 2. Since s satisfies the for- 
mula A in 2, and since A is assumed to belong to the set S, it follows 
from the definition of S that s must satisfy A in 2). The definition of 
satisfaction therefore implies that r satisfies I’ in 2%,. Since 2; is an 
elementary subalgebra of 2l;, and the elements in r all belong to 2, it 
may be concluded that r satisfies I’ in 2l;, as desired. The observations 
of the last two paragraphs show that the formula I’ belongs to S. Use 
the principle of induction on formulas to conclude that all formulas in 
the language of relation algebras belong to S. O 
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A special case of the preceding lemma occurs when the directed 
system is in fact a chain in the sense that it is linearly ordered by the 
relation of being an elementary subalgebra. 


Corollary 6.33. The union of a non-empty elementary chain of rela- 
tion algebras is a relation algebra that is an elementary extension of 
every algebra in the chain. 


6.9 Historical remarks 


The notions of a subalgebra and the subalgebra generated by a set 
are general algebraic in nature and apply to arbitrary algebras. In 
particular, all of the notions and results in Sections 6.1—6.4 are special 
cases of general results about arbitrary algebras. Good sources for 
this information are [20], [39], and [84]. The specific example given in 
Section 6.3 of an infinite set relation algebra with a single generator is 
due to Tarski [112]. 

The notions of a regular subalgebra and a complete subalgebra 
come from the theory of Boolean algebras, and the results in Sec- 
tion 6.5 apply to arbitrary Boolean algebras, and therefore to ar- 
bitrary Boolean algebras with additional operations (possibly non- 
distributive). Lemma 6.17 and the example implicit in Exercise 6.25 
(see the selected “Hints and Solutions” to the exercises), which shows 
that the union of a directed system of regular subalgebras need not 
be a regular subalgebra, are due to Givant. Theorem 6.18 (for arbi- 
trary Boolean algebras with or without additional operations) is due 
to Robin Hirsch and Ian Hodkinson [43] (see also Lemma 2.16 in [44]). 
Earlier, Alexander Abian [1] proved that if a monomorphism from a 
Boolean ring 8 into a Boolean ring of all subsets of some set pre- 
serves all existing suprema, then % must be atomic. This paper re- 
mained largely unknown, and was unknown to Hirsch and Hodkinson 
at the time that they discovered their theorem. The equivalence of 
conditions (i) and (iii) in Lemma 6.19 is essentially due to Hirsch and 
Hodkinson, although their formulation is slightly weaker than ours; 
see Lemma 2.17 in [44]. The equivalence of conditions (i) and (ii) in 
Lemma 6.19, and Corollary 6.20, are due to Givant. 

A version of Theorem 6.21 is valid for Boolean algebras with com- 
pletely distributive operators of an arbitrary similarity type. The con- 
ditions in (iii) and (iv) of the theorem must be replaced by a condition 
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that applies to completely distributive operators of arbitrary rank n, 
and not just of ranks 1 and 2. The general theorem is an unpublished 
result of Givant and Tarski. An extension of this result to Boolean al- 
gebras with quasi-complete operators (see Exercises 6.34 and 6.35) is 
due to Givant. The application of Theorem 6.21 to the analysis of the 
subalgebra €m(G, H) of a group complex algebra €m(G) is also due 
to Givant. The ideas underlying the analysis of minimal relation alge- 
bras go back to results in Jonsson-Tarski [55] (see, in particular, their 
Theorems 4.33, 4.35, and 4.36). The use of these ideas to prove Theo- 
rem 6.23 is due to Tarski. The particular proof presented in Section 6.6 
is due to Givant. The elegant derivations of the equations 


ry3m1 =ri tre, 73573 =a, 73375 =0 


that are given in the proof of Theorem 6.23 are due to Maddux. The- 
orem 6.23 is closely related to the well-known theorem that the first- 
order theory of equality admits elimination of quantifiers. In fact, The- 
orem 6.23 can be viewed as a version of the quantifier elimination the- 
orem for the theory of equality when this theory is formalized within 
the framework of a logic with just three variables. 

The notions and results in Section 6.8 are valid for arbitrary rela- 
tional structures, subject to some restrictions on the number of funda- 
mental operations and relations. The original result in this domain is 
due to Leopold Léwenheim [65], who proved a version of the theorem 
that every first-order sentence which is valid in some structure is valid 
in a countable structure. Lowenheim was working in the framework of 
the calculus of relations, and his theorem is formulated in that frame- 
work. Thoralf Skolem [101] filled a serious gap in L6wenheim’s argu- 
ment, and he extended Lowenheim’s theorem by proving that every 
countable set of first-order sentences that is valid in some structure 
must be valid in a countable structure. Tarski [102] noted that if a 
countable set of sentences is valid in some structure, but not in a finite 
structure, then the set of sentences is valid not only in a structure of 
countably infinite cardinality, but also in a structure of uncountably in- 
finite cardinality. Thus, this upward version of the L6wenheim-Skolem 
Theorem is due to Tarski. 

The general notions of an elementary substructure and an elemen- 
tary extension were introduced for arbitrary relational structures by 
Tarski and Robert Vaught in [114]. Lemmas 6.24, 6.25, and 6.32, and 
Theorems 6.26 and 6.28 (formulated for arbitrary relational structures) 
are all from [114]. 
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The results in Exercises 6.1 and 6.3 are due to Andréka-Givant- 
Németi [5]. The result in Exercise 6.5 is due to Givant (see p. 250 
of [113]). The result in Exercise 6.24, in its application to Boolean 
algebras, dates back at least to Sikorski [99] (see also Sikorski [100]). 
The result implicit in Exercise 6.21 and the results in Exercises 6.26 
and 6.28, as well as Exercises 6.37-6.49, are due to Givant. 


Exercises 


6.1. Prove that the set of finite subsets and cofinite subsets (comple- 
ments of finite subsets) of a group G is a subuniverse of the group 
complex algebra €m(G). 


6.2. If P is a projective geometry of finite order, and ifs is the new 
element that is adjoined to P as an identity element, prove that the 
set of finite and cofinite subsets of the set P U {v} is a subuniverse of 
the geometric complex algebra €m(P). 


6.3. A group is called torsion-free if for each element f different from 
the group identity element, the integer powers of f are all distinct. 
Prove that if G is a torsion-free group with identity element e, then 
every finite or cofinite subset X of G that is different from 


S, {e}, G ~ {fe}, and G 
must generate an infinite subalgebra of the complex algebra €m(G). 


6.4. Prove that the subuniverse generated by a subset X of a rela- 
tion algebra 2 is just the set of values of relation algebraic terms on 
sequences of elements from X. 


6.5. Prove that the full set relation algebra on a finite set is always 
generated by a single element. 


6.6. If 8 is a subalgebra of a relation algebra 2, prove that every 
subalgebra of 2( whose universe is included in 8 must be a subalgebra 
of B. 


6.7. Complete the proof of Lemma 6.1 by treating the cases when 7¥ is 
one of terms 0 + T, —a, and o~. 
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6.8. Complete the proof of Lemma 6.2 by treating the cases when I’ 
is the formula 6 > A. 


6.9. Prove Corollary 6.8 directly, without using Lemma 6.7. 


6.10. Let (2; : 2 € I) be a directed system of relation algebras, and 2 
the union of this system. Prove that an equation in the language of 
relation algebras is true in 2 if and only if it is true in 2; for each 7. 


6.11. Is the union of a directed system of Boolean relation algebras 
again a Boolean relation algebra? 


6.12. Is the union of a directed system of symmetric algebras again a 
symmetric relation algebra? 


6.13. Is the union of a directed system of group complex algebras again 
a group complex algebra? 


6.14. Is the union of a directed system of geometric complex algebras 
again a geometric complex algebra? 


6.15. Is the union of a directed system of set relation algebras again 
a set relation algebra? 


6.16. Give an example to show that the union of two subalgebras of a 
relation algebra need not be a subalgebra. 


6.17. Prove that a subalgebra % of a complete relation algebra 2 is 
a complete subalgebra if and only if the infimum in 2 of every subset 
of 8 belongs to B. 


6.18. Prove that the relation of one relation algebra being a complete 
subalgebra of another is a partial order on the class of all complete 
relation algebras. 


6.19. If 8 is a complete subalgebra of a complete relation algebra 2, 
and € a subalgebra of 8, prove that € is a complete subalgebra of 2 
if and only if it is a complete subalgebra of B. 


6.20. Prove that the intersection of a system of complete subalgebras 
of a complete relation algebra 2 is again a complete subalgebra of 2. 


6.21. Is the union of a chain of complete subalgebras of a complete 
relation algebra 2( necessarily a complete subalgebra of 2l? 
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6.22. Prove that the relation of one relation algebra being a regular 
subalgebra of another is a partial order on the class of all relation 
algebras. 


6.23. Prove that the following conditions on a subalgebra % of a rela- 
tion algebra 2 are equivalent. 


(i) B is a regular subalgebra of Ql. 
(ii) For every subset X of B, if X has an infimum r in %, then r is 
also the infimum of X in 2. 
(iii) For every subset X of 8, if [] X = 0 in B, then [[ X =0 in A. 


6.24. A subalgebra % of a relation algebra 2 is said to be dense in 2 
if every non-zero element in 21 is above a non-zero element in %8. Prove 
that a dense subalgebra is necessarily a regular subalgebra. 


6.25. Is the union of a chain of regular subalgebras of a relation alge- 
bra 2 necessarily a regular subalgebra of 2{? 


6.26. Give an example of a complete relation algebra 2 and a relation 
algebra S such that % is a regular subalgebra of 21, but not a complete 
subalgebra of 2(. Can you give an example in which 2 is simple? 


6.27. If a complete relation algebra % is a regular subalgebra of a com- 
plete relation algebra 2, prove that %S must be a complete subalgebra 
of 2. 


6.28. Suppose 2 is a Boolean algebra with quasi-complete (or com- 
plete) operators. Prove that every regular subalgebra of 2( must also 
have quasi-complete (or complete) operators. 


6.29. Formulate and prove a version of Theorem 6.18 that applies to 
arbitrary atomic Boolean algebras with additional operations. 


6.30. Prove directly that conditions (i) and (iii) in Lemma 6.19 are 
equivalent, without using condition (ii). 


6.31. Formulate and prove a version of Lemma 6.19 that applies to 
arbitrary Boolean algebras with additional operations. 


6.32. Complete the proof of Atomic Subalgebra Theorem 6.21 by 
showing that the set B defined in the proof is closed under the op- 
erations + and ~. 
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6.33. Formulate and prove a version of Atomic Subalgebra Theo- 
rem 6.21 that applies to Boolean algebras with complete operators 
of arbitrary ranks. 


6.34. Prove the following version of Atomic Subalgebra Theorem 6.21 
that applies to Boolean algebras with quasi-complete operators of the 
same similarity type as relation algebras. Suppose 2 is a Boolean al- 
gebra with quasi-complete operators, and W is a subset of 2l with the 
following properties. 


(i) The elements in W are disjoint and sum to 1. 
(ii) The element 1’ is the sum of the elements in W that are below I’. 
(iii) If p is in W U {0}, then p~ is the sum of the elements in W that 
are below p~. 
(iv) If p and q are in W U {0}, then p;q is the sum of the elements in 
W that are below p;q. 


The set of sums }> X such that X is a subset W and )° X exists in 2 
is then the universe of a regular subalgebra of 2 that is atomic, and 
the atoms of this subalgebra are just the non-zero elements in W. If, in 


addition, 2l is complete, then the subalgebra is a complete subalgebra 
of 2. 


6.35. Formulate and prove a version of Atomic Subalgebra Theo- 
rem 6.21 that applies to Boolean algebras with quasi-complete op- 
erators of arbitrary ranks. 


6.36. Complete the computations of the values in Table 6.1 by showing 
that 


T2572 =12, T3574 = 173, T4;T4 = 174, T5575 = 15, 


and 
72373 =72;7T4=72575 =74575 = 0. 


6.37. Let P be a projective geometry, 4 the new element that is ad- 
joined to P as the identity element of €m(P), and Q a subspace of P. 
Take W to be the set consisting of the subset P ~ Q and the single- 
tons of the individual elements in Q U {z}. Prove that W satisfies the 
conditions of Atomic Subalgebra Theorem 6.21 with respect to the ge- 
ometric complex algebra €m(P). Describe the elements and atoms in 
the resulting subalgebra of €m(P). 
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6.38. Let H be a normal subgroup of a group G, and take W to be the 
set of cosets of H that are different from H, together with the elements 
in H. Prove that W satisfies the conditions of Atomic Subalgebra 
Theorem 6.21 with respect to the relation algebra €m(G). Describe 
the complete subalgebra of €m(G) that is completely generated by the 
set W. 


6.39. Let Z be the additive group of the integers, and W the set con- 
sisting of {0}, the set E of non-zero even integers, and the set O of 
odd integers. Prove that W satisfies the conditions of Atomic Sub- 
algebra Theorem 6.21. Conclude that W generates an eight-element 
subalgebra of €m(Z) in which the atoms are precisely the elements 
in W. 


6.40. Let Z be the additive group of the integers, and n an integer 
greater than 1. Put 


Xp ={meEZ:m=0 modnand mF}, 
and for integers k with 0 < k <n, put 
Xp={meEZ:m=k mod n}. 


Let W to be the set consisting of {0} and the sets X; forO<k <n. 
Prove that W satisfies the conditions of Atomic Subalgebra Theo- 
rem 6.21 with respect to the complex algebra €m(Z). Conclude that W 
generates a subalgebra of €m(Z) of cardinality 2”+! in which the atoms 
are precisely the elements in W. Notice that this exercise generalizes 
the construction in Exercise 6.39. Notice also that the algebra is closely 
related to the complex algebra of the group of integers modulo n, but 
the two algebras are not the same, and in fact they don’t even have 
the same cardinality. 


6.41. Let H be a non-trivial normal subgroup of a group G. Take W 
to be the set consisting of singleton of the group identity element 1, 
the set H ~ {v}, and the cosets of H that are different from H. Prove 
that W satisfies the conditions of Atomic Subalgebra Theorem 6.21 
with respect to the complex algebra €m(G). Describe the complete 
and atomic subalgebra of €m(G) that is completely generated by the 
set W. This exercise generalizes Exercise 6.40. 
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6.42. Let G be a group and H a non-trivial normal subgroup of G. 
Write 2% for the complete subalgebra of €m(G) described in Exer- 
cise 6.41. Suppose K is a non-trivial normal subgroup of G that is 
included in H and has index « in H (that is to say, K has « cosets 
in H). Prove that 247 is a complete subalgebra of 2% and that every 
atom in 24 different from the identity atom v is the sum of k atoms 
in AK. 


6.43. Let Z be the additive group of the integers, and W the collection 
of subsets of Z of the form {—n,n} for n = 0,1,2,.... Prove that W 
satisfies the conditions of Atomic Subalgebra Theorem 6.21. Conclude 
that the collection of sets of the form |) X, for subsets X of W, is the 
universe of a complete and atomic subalgebra 2 of €m(Z), and that 
the atoms in 2 are just the elements in W. Observe that the elements 
in 2 are precisely the symmetric elements in €m(Z). 


6.44. Let Z be the additive group of the integers. For each integer n, 
define R, to be the function (and hence binary relation) on Z that 
maps each integer m to the integer m+n. Take W to be the set 
of relations R, for n in Z. Prove that W satisfies the conditions of 
Atomic Subalgebra Theorem 6.21 with respect to the full set rela- 
tion algebra Ne(Z). Describe the complete subalgebra of Re(Z) that 
is completely generated by W. 


6.45. Let 2% be the complete subalgebra of Re(Z) constructed in the 
preceding exercise (where Z is the additive group of integers), and fix 
an integer k > 2. Write kZ for the subgroup of Z consisting of the 
multiples of &, and for each integer i with 0 <i < k, write kZ+i for 
the coset of kZ obtained by adding 7 to each integer in kZ. Take W 
to be the set of restrictions of atoms in 2 to cosets of kZ. Thus, for 
each integer n and each integer 7 with 0 <i < k, the restriction of the 
relation R,, (defined in Exercise 6.44) to the coset kZ +7 is an element 
in W, and every element in W has this form. Prove that W satisfies 
the conditions of Atomic Subalgebra Theorem 6.21 with respect to 
the full set relation algebra Re(Z). Describe the complete subalgebra 
of Re(Z) that is completely generated by W. If 2; is this subalgebra, 
prove that 2 is a complete subalgebra of 2;, and that every atom in 
2 is the sum of k atoms in Ay. 


6.46. Consider the algebras 2, constructed in the preceding exercise. 
Prove that 2; is a subalgebra, and hence a complete subalgebra, of 2¢ 
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if and only if & divides @. Prove further that if 2 = km, then every 
atom in 2; is the sum of m atoms in Ay. 


6.47. Give an example to show that a subalgebra of an atomic rela- 
tion algebra can be atomless. (Compare this with the result in Theo- 
rem 6.18.) 


6.48. Give an example to show that a subalgebra of a simple, atomic 
relation algebra can be atomless. 


6.49. Give an example to show that a subalgebra of an infinite integral 
relation algebra (see Exercise 3.20) can have exactly one atom. (It will 
be shown in Section 9.2 that the identity element is always an atom 
in an integral relation algebra.) 


6.50. Prove that the relation of one relation algebra being an elemen- 
tary subalgebra of another is a partial order on the class of all relation 
algebras. 


6.51. Formulate and prove a version of the downward Lowenheim- 
Skolem-Tarski Theorem 6.26 that applies to arbitrary relational struc- 
tures. 


6.52. Formulate and prove a version of the upward Lowenheim-Skolem- 
Tarski Theorem 6.28 that applies to arbitrary relational structures. 


6.53. Formulate and prove a version of Lemma 6.32 that applies to 
arbitrary relational structures. 


Chapter 7 
Homomorphisms 


Two algebras with the same intrinsic structure are often identified in 
mathematics, even though the elements in the two algebras may in 
fact be different. The way of making this identification precise is via 
the notion of an isomorphism. More generally, two algebras may bear 
a structural resemblance to one another, even though they do not 
have exactly the same intrinsic structure. Homomorphisms provide 
a tool for establishing structural similarities. Because the notion of 
a homomorphism is more general than that of an isomorphism, we 
discuss it first. It is general algebraic in nature, and applies to arbitrary 
algebras, not just to relation algebras. 


7.1 Homomorphisms 


Let 2 and % be algebras of the same similarity type as relation al- 
gebras. A homomorphism from 2 to % is defined to be a mapping y 
from 2 into B (or, more precisely, from the universe of 2 into the 
universe of 8) that preserves the operations of 2 in the sense that 


y(r+s)=(r)+(s), v(-r)=—¢(r), 
y(r;s)=9(r); 9(s), g(r) = v(r)~ 


for all elements r and s in 2, and y(1’) = 1’. (The operations on the 
left sides of the equations are those of 21, while the ones on the right 
sides are those of 8.) The algebras 2 and % are respectively called 
the domain algebra and the target algebra of the homomorphism. A 
homomorphism that maps 2 onto % is called an epimorphism, and 
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one that maps 2 one-to-one into B is called a monomorphism, or 
an embedding. A homomorphism that is both one-to-one and onto is 
called an isomorphism. If there is a homomorphism y from 2 onto B, 
then % is said to be a homomorphic image of 2, and in this case B is 
called the range algebra or image algebra of the homomorphism; if y 
is also one-to-one and therefore an isomorphism, then % is said to be 
an isomorphic image of 2, and 2 and 8 are said to be isomorphic. A 
homomorphism with domain algebra 2{ is said to be a homomorphism 
on 2. 

A homomorphism y is called an ertension of a homomorphism 1, 
and w is called a restriction of y, if the domain of w is a subalgebra of 
the domain of y and if y and w agree on the elements in the domain 
of w. 

The composition of a homomorphism from 2 to 8 with a homo- 
morphism from % to € is easily seen to be a homomorphism from 2 
to €. Moreover, if both homomorphisms are onto, or both are one-to- 
one, then so is the composition. In particular, the composition of an 
isomorphism from 2 to 8 with an isomorphism from % to € is an iso- 
morphism from 2 to €. The inverse of an isomorphism from 2 to B is 
of course an isomorphism from % to 2. All these assertions are easily 
checked and are left to the reader. 

The equational nature of axioms (R1)—(R10) implies that every ho- 
momorphic image of a relation algebra is again a relation algebra. In 
more detail, suppose 2 is a relation algebra and y a homomorphism 
from 2 onto some algebra %S. To see that the second involution law 
holds in %, let u and v be arbitrary elements in BS. Since y is assumed 
to be onto, there must be elements r and s in 2 that are mapped 
by y to u and v respectively. The second involution law holds in 2l, by 
assumption, so 

(2) Ser 
Apply the homomorphism y to both sides of this equation, and use the 
assumptions about r and s, and the homomorphism properties of y, 
to obtain 


(u;v)~ = (lr) 3 9(s8))~ = o((r 5 8)~) 


= ((r;s 
= 9(s- ;r~) = 9(s)" 5 9(r)> =u Gu 


Similar arguments show that the other relation algebraic axioms hold 
in % as well. 
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A mapping y from a relation algebra 2 into a relation algebra S 
that preserves the Boolean operations of 21, but not necessarily the 
Peircean operations, is called a Boolean homomorphism. Analogously, 
if y preserves the Peircean operations of 2 (including the identity el- 
ement), but not necessarily the Boolean operations, then y is called 
a Peircean homomorphism. If a Boolean or Peircean homomorphism 
is onto, or one-to-one, or both, then we may replace the term “ho- 
momorphism” by “epimorphism”, or “monomorphism”, or “isomor- 
phism” respectively, speaking for example of a Boolean or a Peircean 
isomorphism. In the sequel, when speaking simply of a homomorphism, 
we shall always mean a homomorphism from one relation algebra into 
another, unless explicitly stated otherwise. If necessary, we shall speak 
of a relation algebra homomorphism to clarify the situation. 


7.2 Properties preserved under homomorphisms 


Homomorphisms preserve not only the fundamental relation algebraic 
operations, but also the operations that are definable by terms in the 
language £ of relation algebras. 


Lemma 7.1. Let y(vo,..-,Un—1) be a term in the language of relation 
algebras, and y a homomorphism from & to B. For every sequence of 
elements r9,...-,Tn—1 in A, we have 


e(V(T0,-+-s?n-1)) = Y(Y(T0), +++, (Tn-1))- 


Proof. The proof proceeds by induction on terms. There are two base 
cases to consider. If y is a variable v;, then 


p((T0,-++5?n-1)) = (ri) = V(P(70),---, P(Tn-1)), 


by the definition of the value of a term on a sequence of elements. 
(The operations on the left and right sides of this equation are the 
ones induced by ¥ in 2l and in % respectively.) A similar argument 
applies if y is the individual constant symbol 1’. 

Assume now as the induction hypothesis that the operations induced 
by terms o and 7 are preserved by y in the sense of the lemma. There 
are four cases to consider. If 7 is the term o ;7, then 
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p(a(ro,...5%n—1) 3 T(10,+++5%n—1)) 

Ola (Po. ss4yai)) 2 UF tee) 
(o(r0), +++» 9(tm—-1))  T(E(T0); «++ P(Tn-1)) 
(y(T0), +++, 9(Tn—-1))- 


Posy Tht) 


=o 
mae i 


The first and last equalities use the assumption on the form of y and 
the definition of the value of a term on a sequence of elements. The 
second equality uses the assumption that y is a homomorphism and 
therefore preserves the operation ;. The third equality uses the induc- 
tion hypothesis that y preserves the operations induced by the terms o 
and +. Thus, the conclusion of the lemma holds in this case. A similar 
argument applies if y is one of the terms 0 +7, or —o, or o~. The 
principle of induction for terms now yields the desired conclusion. O 


Homomorphisms preserve positive algebraic properties, that is to 
say, they preserve properties that can be expressed by positive formulas 
(see Section 2.4). In particular, homomorphisms preserve all equations. 
To formulate this result precisely, it is helpful to introduce a bit of 
notation. If r is a sequence of elements in an algebra 2, say 


ae ees ee 


and if y is a homomorphism from 2 into %, then write y(r) for the 
image of r under vy, so that 


9(r) = (y(T0), +++, P("n-1)). 


Lemma 7.2. If y is a homomorphism from A onto B, then for every 
positive formula I’ and every appropriate sequence r of elements in , 
ifr satisfies I’ in A, then the sequence y(r) satisfies I in B. 


Proof. The proof proceeds by induction on positive formulas. For the 
base case, assume that I’ is an equation, say 0 = T. Suppose 


Use Lemma 7.1 to conclude that 
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o(y(r)) = r(e(r)). 


Thus, y(r) satisfies [ in 8, as desired. 

Assume now as the induction hypothesis that the lemma holds for 
formulas A and ®. Consider the case when I" is the disjunction AV ©. 
If r satisfies I in 21, then r must satisfy at least one of A and @ in 2, 
by the definition of satisfaction. The induction hypothesis therefore 
implies that y(r) must satisfy at least one of A and @ in %. Use the 
definition of satisfaction again to conclude that y(r) satisfies I in B. 
An analogous argument applies when I’ is the conjunction of A and @. 

Turn now to the case when J’ is obtained from A by existential 
quantification. For notational simplicity, it may be assumed that I" 
has the form dvpA(v9,..., Un), and 


P SANigencytn)s (1) 


If r satisfies I’ in 2, then there must be an element ro in 2 such that 
the sequence 


(fo, Pigliis ha): (2) 
satisfies A in 2, by the definition of satisfaction. The induction hy- 
pothesis on A implies that the sequence 


(plo), (71), --- (Tn) (3) 


satisfies A in 8. Use the definition of satisfaction again to conclude 
that y(r) satisfies Fin B. 

There remains the case when I’ is obtained from A by universal 
quantification. For notational simplicity. it may be assumed that I has 
the form Vup A(v9,..., Un) and r is determined as in (1). If r satisfies I” 
in 2, then for all elements rp in 2, the sequence (2) must satisfy A 
in 2, by the definition of satisfaction. The induction hypothesis on A 
implies that the sequence (3) satisfies A in 8. The homomorphism vy 
is assumed to map 2 onto %, so every element in B has the form y(ro) 
for some element ro in 2. Use this observation and the definition of 
satisfaction to conclude that y(r) satisfies [ in 8. The conclusion 
of the lemma now follows by the principle of induction for positive 
formulas. O 


The assumption in the preceding lemma that y maps 2 onto B 
is only used in the induction step for universal quantification. Conse- 
quently, for positive formulas without universal quantifiers, the lemma 
is true even when y does not map 2 onto B. 
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Corollary 7.3. If a positive formula I is true in an algebra A, then I 
is true in all homomorphic images of 2. 


It follows from the preceding discussion that homomorphisms pre- 
serve all operations and relations on the universe of a relation algebra 
that are definable by means of positive formulas. For example, homo- 
morphisms automatically preserve the operations of multiplication and 
relative addition, and they also preserve the distinguished constants 
zero, one, and the diversity element, because these operations and dis- 
tinguished constants are defined by means of terms in the language of 
relation algebras (see Lemma 7.1). 

Also, inequalities are preserved by a homomorphism y in the sense 
that 

r<s implies p(r) < y(s), 


because the relation < is defined in terms of addition by a positive 
formula. The converse that y(r) < y(s) implies r < s fails in general 
for homomorphisms and even for epimorphisms, but it holds when y 


is a monomorphism. In more detail, if y(r) < y(s), then 
(r) + ols) = 9s), 


by the definition of <, and therefore 


y(r + 8) = 9(s), 


by the homomorphism properties of y. For a monomorphism y, it 
follows that r +s = s and therefore r < s. 

Other examples of positive properties that are preserved under the 
passage to homomorphic images are all of the properties of individual 
elements discussed in Chapter 5, because these properties are defined 
by means of equations. For example, if r is an equivalence element, 
or an ideal element, or a function, or a rectangle in a relation alge- 
bra, then the image of r under a homomorphism must also possess 
this property in the image algebra. These observations also apply to 
sequences of elements. For example, if two elements r and s in a rela- 
tion algebra 2 commute, then the images of these two elements under 
a homomorphism must also commute in the image algebra; and if an 
element r in 2l satisfies the distributive law for relative multiplication 
over multiplication in the sense that the equation 


r3(s-t) =(r;s)-(r;t) 
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holds for all elements s and ¢ in 2, then for every epimorphism y 
from 2 to an algebra %, the image of r under y must satisfy the 
same distributive law in S$. Analogous remarks hold for properties that 
apply to entire relation algebras. For example, if 2l is a commutative 
or a symmetric relation algebra, then so is every homomorphic image 
of 2. 

Algebraic properties that are not positive are usually not preserved 
by homomorphisms. For example, the homomorphic image of an atom- 
less relation algebra need not be atomless; in fact, the image can be 
atomic. Similarly, the property of a specific element being an atom in 
a relation algebra is not preserved by homomorphisms, since an atom 
may be mapped to zero by a homomorphism. 

There are also important properties of sets of elements that are 
preserved under homomorphisms. An example is the property of being 
a subuniverse: the homomorphic image of a subuniverse is again a 
subuniverse, and so is the inverse homomorphic image of a subuniverse. 


Lemma 7.4. Let y be a homomorphism from a relation algebra 2 into 
a relation algebra 8. If C is a subuniverse of A, then the image set 


9(C) = {elr) :r EC} 


is a subuniverse of 8. Similarly, if D is a subuniverse of 8, then the 
inverse image set 


g'(D) = {r € A: g(r) € D} 
is a subuniverse of 2. 


Proof. The subuniverse C’ contains the identity element of 21, by as- 
sumption, and y maps this identity element to the identity element 
of %8, by the definition of a homomorphism, so the identity element 
of 8 belongs to y(C). If u and v are elements in y(C), then there must 
be elements r and s in C' that are mapped to u and v respectively, by 
the definition of the image set y(C). The elements 


r+s, =i TS, r 


all belong to C, by assumption, so the images of these elements belong 
to y(C). The homomorphism properties of y imply that these images 
are just the elements 
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respectively, so y(C) is closed under the operations of $8 and is con- 
sequently a subuniverse of 8. This proves the first assertion of the 
lemma. The second is proved in an analogous fashion. O 


Corollary 7.5. A homomorphism from a relation algebra 2 into a 
relation algebra 8 maps the minimal subalgebra of 2 homomorphically 
onto the minimal subalgebra of B. 


Proof. Let C' and D be the universes of the minimal subalgebras of 2 
and % respectively. The image set y(C) is a subuniverse of 8, by 
the first part of Lemma 7.4, and D is the minimal subuniverse of BS, 
so D is included in y(C). Similarly, the inverse image set y~'(D) is 
a subuniverse of 21, by the second part of Lemma 7.4, and C is the 
minimal subuniverse of 2, so C’ is included in y~!(D). It follows from 
this last observation that y(C) is included in D, because any element r 
in C must belong to y~!(D) and therefore y(r) must belong to D. 
Conclusion: y(C) = D. O 


The preceding corollary says that a homomorphism maps the sub- 
universe of 2{ generated by the empty set onto the subuniverse of 8 
generated by the empty set. For epimorphisms, a more general result 
is true: the image of a generating set of 21 under an epimorphism is 
always a generating set of B. 


Lemma 7.6. Let y be an epimorphism from a relation algebra A to a 
relation algebra 8. If X is a set of generators of A, then the image set 


A(X) = {y(r):r € X} 
is a set of generators of 8. 


Proof. Write Y for the image set y(X). It is to be shown that Y 
generates 8. Define sequences of sets 


Xo, X1, X2,... and Yo, Y1, Ya,..- 
in terms of X and Y just as is done before Lemma 6.5: 


Xp=XuU{V} and Y=Yu{r}, (1) 
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and Xj41 and Yj;+1 are the one-step closures of X; and Y; in 2 and 8 
respectively (see the remarks preceding Lemma 6.5). We proceed to 
prove by induction on natural numbers 7% that 


p( Xi) = Yj (2) 


for each i. For the case 1 = 0, this equality follows immediately from 
the definitions of Xo and Yo in (1), and from the definition of Y as 
the image set y(X). Assume now as the induction hypothesis that (2) 
holds for a given natural number i. If t belongs to the set X;41, then 
there must be elements r and s in X; such that t is equal to one of 


r+s, =", rT 38, / a 


by the definition of X;,1 as the one-step closure of X;. Suppose as an 
example that t = r; s. The elements u = y(r) and v = ¢(s) belong 
to Y; by the induction hypothesis, so the product w = u;v belongs 
to the set Y;41, by the definition of Y;,1 as the one-step closure of Yj. 
Since 
y(t) = v(r3s) = lr); 9(s) =usv=w, (3) 

it follows that y(t) belongs to Y;,1. This argument shows that y(Xi+1) 
is included in Y;41. 

To establish the reverse inclusion, consider any element w in Yj;+1. 
There must be elements u and v in Y; such that w is equal to one of 


Ut Uv, —U, U5, WU, 


by the definition of Y;,1. Suppose as an example that w = u;v. The 
induction hypothesis implies that there are elements r and s in X; 
which are mapped by y to u and v respectively. The product t = r; 5 
belongs to the set X;41, by the definition of X;1, so the computation 
in (3) shows that w belongs to the set y(Xj41). Thus, Yj41 is included 
in y(X;41). This proves (2). 

It is easy to see, using (2), that Y generates 8. The universe of 2 
is equal to the union of the sets X;, by Lemma 6.5, and the universe 
of % is the image of the universe of 21 under y, by the assumption 
that y is an epimorphism. Consequently, 


B= 9(A) = 9(U; *i) = Ui 9%) = Ui Yi, 


so Y generates 8, by Lemma 6.5. O 
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If a function y from a relation algebra 2 into a relation algebra B 
preserves enough operations, so that the remaining operations are de- 
finable by positive formulas in terms of the preserved ones, then y is 
a homomorphism. Consider, for example, the Boolean operations. A 
function y that preserves addition need not preserve complement; but 
if y preserves addition and multiplication, and if y maps 0 to 0, and 1 
to 1, then y does preserve complement, because complement is defin- 
able in terms of addition, multiplication, zero, and one by a positive 
formula: 


s=-r ifandonlyif r+s=1landr-s=0. 


If » actually maps 2 onto %8, then it suffices to show that y preserves 
addition and multiplication in order to conclude that y preserves com- 
plement, because complement is definable in terms of these two oper- 
ations alone by a positive, universally quantified formula: 


s=-r ifandonlyif (r+s)-t=tand(r-s)+t=t for allt. 


(The assumption that y is onto is needed because the variable t is 
universally quantified in this formula.) If y is in fact a bijection, then 
it suffices just to show that y preserves the operation of addition in 
order to conclude that y preserves multiplication and complement, 
because both of these operations are definable in terms of addition 
alone, albeit not by positive formulas. For example, the relation < 
is defined in terms of addition, and multiplication can be defined in 
terms of < because t = r-s if and only if t is greatest lower bound 
of r and s. 

Consider next the Peircean operations. If a function y from 2 to B 
preserves the operations of addition, complement, relative multiplica- 
tion, and the identity element, then y must preserve the operation of 
converse, because converse is definable in terms of the other operations 
by means of a positive formula: 


st if and only if s;—r+0'=0' andr;—s+0'=0’, 


by Lemma 4.15. (This observation demonstrates the advantage of the 
characterization of converse in Lemma 4.15 over the characterization 
in Lemma 4.14.) If y maps 2 onto %, then » preserves the iden- 
tity element whenever it preserves relative multiplication, because the 
identity element is definable in terms of relative multiplication by a 
positive formula with a universal quantifier (see Section 4.3). 
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Combine these observations to arrive at the following conclusions. 
If a function y from a relation algebra 2 into a relation algebra S 
preserves the operations of addition, multiplication, and relative mul- 
tiplication, and also the distinguished constants 0, 1, and 1’, then yisa 
homomorphism from 2 into 8. If y maps 2 onto %, then it suffices to 
show that y preserves the operations of addition, multiplication, and 
relative multiplication in order to conclude that y is a homomorphism 
and consequently an epimorphism. If y maps 2 bijectively to B, then 
it suffices to show that y preserves addition and relative multiplica- 
tion in order to conclude that y is a homomorphism and hence an 
isomorphism. 

There is one more remark in this direction that is quite useful: homo- 
morphism are completely determined by their action on a generating 
set. 


Lemma 7.7. If a set X generates a relation algebra A, and if yp and w 
are homomorphisms from & into B such that y(r) = V(r) for every r 
in X, thenp=w. 


Proof. The set C of elements r in 2% such that y(r) = W(r) is easily 
seen to be a subuniverse of 2. Indeed, the identity element 1’ belongs 
to C because both y and w map IL’ to the identity element of BS. If r 
and s are elements in C’, then 


g(r; s)=9(r); 9(s) = V(r); V(s) = V(r; 5), 


by the homomorphism properties of y and w, and the definition of 
the set C, so r;s belongs to C. Thus, C is closed under relative 
multiplication. Analogous arguments show that C is closed under the 
remaining operations of 2. The set X is clearly included in C’, because 
the given homomorphisms are assumed to agree on the elements in X. 
Conclusion: C’ is a subuniverse of 2( that includes the generating set X, 
so C' must coincide with the universe of 2%. The homomorphisms » 
and w are therefore equal, by the definition of C. O 


7.3 A class of examples 


We proceed to construct a concrete class of examples of homomor- 
phisms between relation algebras. Let E be any equivalence relation 
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on a set U, and take 2 to be the full set relation algebra on the rela- 
tion EF, so that 2 = Re(£). Fix some set X of equivalence classes of E 
(not necessarily the set of all equivalence classes of F), and put 


F=U{Wwxw:Wex} and V=UX. 


Thus, F' is the restriction of the relation E to the set V that is the 
union of the equivalence classes in _X. Take % to be the full set relation 
algebra on the equivalence relation F’, so that B = Re(F’). Define a 
function y from 2 into B by 


y(R) = ROF 


for all relations R in 2l. The function y clearly preserves the operations 
of union and intersection, and it maps the unit E and the zero © of 2 
to the unit F and the zero @ of % respectively, so y must preserve 
the operation of complement as well (see the remarks near the end 
of Section 7.2). Also, y clearly maps the identity element idy to the 
identity element idy. To check that y preserves the operation of rela- 
tional composition, observe that the relation F’ is an ideal element in 
the algebra 2 (see Section 5.5), so 


(R| S)OF =(RNF)|(SOF) 


for all relations R and S in 2, by the distributive law for ideal elements 
in Lemma 5.44. Using this equality, we obtain 


o(R|S) =(R/S)NF = (RO F)|(S0 F) = p(R) | 9(S), 


which shows that ~ preserves relational composition. It follows from 
these observations and those of the previous section that y is a homo- 
morphism from 2 into %. In fact, since every relation in % is also a 
relation in 2(, and since y maps every relation in % to itself, it may be 
concluded that y is an epimorphism. 

A special case of the preceding construction occurs when X consists 
of a single equivalence class V of the relation E. In this case, the 
mapping y defined above maps the full set relation algebra on the 
relation EF homomorphically onto the full set relation on the set V. 


7.4 Complete homomorphisms 


An isomorphism between relation algebras preserves every infinite 
supremum and infimum that happens to exist, but in general a mere 
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homomorphism will not do so. A homomorphism y from 2 to B is 
called complete if it preserves all suprema (and consequently all in- 
fima) that happen to exist. This means that if a set X of elements 
in 2 has a supremum s, then the image of X under y, that is to say, 
the set 


O(X) = {y(r) 7 € X} 


has a supremum in %, and that supremum is y(s), in symbols, 


(8) = 7 0(X) = Vilvlr) ir € X}. 


A complete monomorphism is also called a complete embedding. If there 
is a complete homomorphism from 2 onto 8, then % is said to be a 
complete homomorphic image of 2. 

The homomorphism y from Re(£) to Re(F’) that is discussed in 
Section 7.3 is an example of a complete homomorphism. For the proof 
that y preserves arbitrary sums, consider an arbitrary set Y of relations 
in Ne(L), and write R= JY. We have 


WAh=kRIF= (YIN 
=U{SNF:SeY}=U{y(S):SeYV} 


by the definition of y, the definition of R, and the distributivity of in- 
tersections over arbitrary unions. Since suprema in Re(E) and Re(F’) 
are just unions, this argument shows that y preserves all existing 
suprema. 

It is not difficult to see that the composition of two complete homo- 
morphisms is again a complete homomorphism. 


Lemma 7.8. If yp is a complete homomorphism from A to B, and w 
a complete homomorphism from 8 to €, then the composition wey is 
a complete homomorphism from LA to €. 


Proof. The composition of two homomorphisms is again a homomor- 
phism, so the composition J = wey is a homomorphism from 2 to €. 
It remains to check that 0 is complete. To this end, consider a subset X 
of 2 for which the supremum, say s, exists in 2. The homomorphism y 
is assumed to be complete, so the image set 


¥ = 9(X) ={y(r):r eX} 


has a supremum in %, and that supremum is the element t = ¢(s). 
The homomorphism wy is also complete, so the image set 
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WY) ={bp) : DEY} ={P(ylr)) :r eX} 
= {v(r):rEx}= WX) 


has a supremum in €, and that supremum is 


Combine these observations to conclude that the image set V(X) has 
a supremum in €, and that supremum is 0(s). Consequently, the ho- 
momorphism v is complete. O 


There is an interesting connection between complete monomor- 
phisms and regular subalgebras: a monomorphism is complete if and 
only if its image algebra is a regular subalgebra. 


Lemma 7.9. A monomorphism y from A into B is complete if and 
only if the image of 2 under y is a regular subalgebra of B. 


Proof. The image of 2( under the monomorphism y is certainly a sub- 
algebra of 8, by Lemma 7.4. Denote this subalgebra by €, and observe 
that y is an isomorphism from 2 to €. Assume first that € is a regu- 
lar subalgebra of 8. To prove that the monomorphism y is complete, 
consider an arbitrary subset X of 2 with a supremum s. Since » is an 
isomorphism from 2% to €, the supremum of the set 


Y={g(r):re X} 


in € must be y(s). Since € is a regular subalgebra of B, the ele- 
ment y(s) must also be the supremum of Y in 8. Consequently, y is 
a complete monomorphism from 2 into B. 

To establish the reverse implication, assume that the monomor- 
phism y is complete, with the goal of showing that € is a regular 
subalgebra of 98. Consider an arbitrary subset Y of € with a supre- 
mum ¢ in €. It is to be shown that t is the supremum of Y in B. 
Since vy is an isomorphism from 2 to €, there is a uniquely determined 
subset X of 2 and a uniquely determined element s in 2 such that y 
maps X bijectively to Y, and y(s) = t. The isomorphism properties 
of y imply that s must be the supremum of the set X in 2. The com- 
pleteness of y ensures that y(s) is the supremum of Y in %, and this 
directly implies the desired conclusion that t is the supremum of Y 
in 8. O 
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There is a version of Lemma 7.7 that applies to complete homomor- 
phisms. 


Lemma 7.10. If a set X completely generates a complete relation al- 
gebra A, and if p and w are complete homomorphisms from 2 into a 
relation algebra 8 such that y(r) = wW(r) for allr in X, then p=w. 


Proof. Take C' to be the set of elements in 21 on which the complete 
homomorphisms y and yw agree. The proof of Lemma 7.7 shows that C’ 
is a subuniverse of 21 and X is a subset of C’. In fact, C is a complete 
subuniverse of 21. To see this, consider an arbitrary subset Y of C, 
and let r be the supremum of the set Y in 2; this supremum exists 
because 2 is complete. The assumed completeness of y and w, and 
the fact that these two homomorphisms agree on elements in C’ (and 
therefore on elements in Y) imply that 


9(r) = oY) = Litvls): se VY} 
= Div(s): 8 EYP =G(LY) = vr). 


Consequently, r belongs to the set C. 

Turn now to the assertion of the lemma. The set X is assumed 
to completely generate the algebra 2, and the set C' is a complete 
subuniverse of 2( that includes X. Consequently, C' must coincide with 
the universe of 21, and therefore y must equal w, by the definition 
of C. O 


7.5 Isomorphisms 


The relation of one relation algebra being isomorphic to another is an 
equivalence relation on the class of all relation algebras. Indeed, every 
relation algebra 2 is isomorphic to itself, because the identity function 
on the universe of 2( is an isomorphism; if y is an isomorphism from 2 
to %, then the inverse of y is an isomorphism from % to 2; and if y is 
an isomorphism from 2 to 8, and w~ an isomorphism from % to €, then 
the composition ~°y is an isomorphism from 2 to €. Algebras in the 
same equivalence class of this relation are said to have the same iso- 
morphism type and are often treated as if they were the same algebra, 
at least from an algebraic point of view. We occasionally write 2 = 8 
to express that algebras 2 and % are isomorphic. 
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Isomorphisms preserve all intrinsic properties of algebras. They also 
preserve all intrinsic properties of elements, of sets of elements, and 
of relations between elements and sets of elements, in the algebras. 
Here are some examples. Suppose y is an isomorphism from 2% to B. 
The algebras 2( and %8 obviously must have the same cardinality; 
and 2 will be atomic, or atomless, or complete if and only if 8 is 
atomic, or atomless, or complete respectively. An element r is an 
atom in 2 if and only if y(r) is an atom in B. More generally, for 
any formula I(vo,...,Un—1) in the language of relation algebras, a se- 
quence (r9,.--,7n—1) of elements from 2 satisfies I’ in 2 if and only if 
the image sequence (y(7r0),---, 9(n—1)) satisfies in 8. A subset X 
of 2 is a subuniverse, or a generating set, of 2 if and only if the image 
set p(X) = {y(r) : r € X} is a subuniverse, or a generating set, of B 
respectively. An element r is the supremum or infimum of a subset X 
in 2 if and only if y(r) is the supremum or infimum of the image 
set p(X) in B. And so on. 

The fact that isomorphisms preserve all algebraic properties can be 
used to demonstrate that two relation algebras are not isomorphic. 
To this end, it suffices to formulate an algebraic property of one of 
the two algebras that is not shared by the other. For example, the 
complex algebra of the group of integers cannot be isomorphic to the 
complex algebra of the group of real numbers because the set of atoms 
in the former has cardinality strictly smaller than the set of atoms in 
the latter. Nor can the complex algebra of the group of integers be 
isomorphic to the full algebra of binary relations on some (infinite) 
set because relative multiplication is a commutative operation in the 
former algebra, but not in the latter. 

Here is a useful class of examples of isomorphisms between relation 
algebras. Consider sets U and V of the same cardinality, and let 3 be 
a bijection from U to V. Define a mapping y on the set of all relations 
on U by putting 


o(R) = {(0(a), (8) = (a, 6) € R} 


for every relation R on U. It is an easy matter to check that ~ maps 
the set of all relations on U bijectively to the set of all relations on V. 
In fact, if ~% is the mapping on the set of all relations on V that is 
defined by 


¥(T) = {(9-*(a),9-"(8)) : (a, 8) € T} 
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for every relation T on V, then the compositions yew and wey are 
easily seen to be the identity functions on their respective domains. 
Consequently, vy is a bijection and w is its inverse. 

The mapping y preserves all operations on binary relations, all re- 
lations between binary relations, and all distinguished binary relations 
that are intrinsically definable. For example, to see that relational com- 
position is preserved by y, consider relations R and S$ on U. Let a and 6 
be elements in U, and write 6 = J(a) and ¢ = 0(3). The definition of ¢, 
the definition of relational composition, and the assumption that 7? is 
a bijection imply that the following six statements are equivalent: 


(6,0) € p(R|S), 
(a, 8) € RS, 
(a, y) € R and (7,6) € S for some y € U, 
(V(a), W(y)) € pCR) and ((7), 0(B)) € y(S) for some 7 € U, 
(6,7) € p(R) and (7,¢) € y(S) for some 7 € V, 
(6,0) € p(B) | y(S). 
Consequently, 


o(R|S) = p(R)| 9(S). 


Analogous arguments show that y preserves the operations of union, 
complement, and converse, and maps the identity relation on the set U 
to the identity relation on the set V. 

If 2 and % are set relation algebras with base sets U and V respec- 
tively, and if the function y defined in the preceding paragraph maps 
the set of relations in 2{ onto the set of relations in %, then the restric- 
tion of y to the universe of 2 is an isomorphism from 2 to %. This 
type of isomorphism is called a base isomorphism, or more precisely, 
the base isomorphism from 2 to 8 induced by J; and the algebras 2 
and B are said to be equivalent or base isomorphic (via the isomor- 
phism induced by #). If 2 and % are the full set relation algebra on U 
and V respectively, then the function y does map the set of relations 
in 2 onto the set of relations in %, so in this case the algebras 2 and 8 
are base isomorphic. Conclusion: two full set relation algebras on sets 
of the same cardinality are always isomorphic and in fact they are base 
isomorphic. 

For another class of examples of isomorphisms between relation al- 
gebras, consider an arbitrary set U. Let Re(U) be the full set relation 
algebra on U, and INa(U) the matrix algebra on U. The function y 
that maps each relation R in Re(U) to the corresponding matrix Mr 
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in Mta(U) is a bijection from Re(U) to Ma(U), and vy preserves the fun- 
damental operations, including addition and relative multiplication, 
by the remarks in Section 1.6. Consequently, y is an isomorphism 
from Re(U) to Ma(V). 


7.6 Atomic monomorphisms 


The task of constructing an isomorphism between two relation alge- 
bras is often simplified when the algebras in question are atomic. In 
this case, it suffices to construct a bijection between the sets of atoms 
that preserves the existence of suprema and preserves the Peircean 
operations on atoms. The result actually holds in the broader con- 
text of Boolean algebras with completely distributive operators, so we 
formulate it in this broader context. 


Theorem 7.11. Let 2% and 8 be atomic Boolean algebras with com- 
plete operators, and y a bijection from the set of atoms in L to the 
set of atoms in 8% that satisfies the following supremum property: for 
each set X of atoms in A, the supremum of X exists in A if and only 
if the supremum of the set of atoms {p(p) : p € X} exists in B. If p 
preserves the Peircean operations on atoms in the sense that 


ux<p;q  ifandonlyif = ylu)< a M 9(q), 
u<p~ if and only if p(u) 
u<V if and only if p(u) 


for all atoms p, q, and u in 2, then y can be extended in a unique way 
to an isomorphism from 2 to B. In fact, the isomorphism is just the 


mapping w defined by 
vr) = Vi{elp):p € X} 


for every element r in 2, where X is the set of atoms below r. More- 
over, every isomorphism from 2 to B is obtainable in this fashion 
from a bijection of the set of atoms in 2 to the set of atoms in 8 that 
satisfies the above conditions. 


Proof. Consider a bijection y from the set U of atoms in 2 to the 
set V of atoms in %8, and suppose y satisfies the supremum property 
formulated in the theorem. For every subset X of U, write 
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P(X) = {y(p) :p € X}. 


Every element r in 2 is the supremum of a unique set X, of atoms 
in 2, by the assumption that 2 is atomic; in fact, X;, is the set of all 
atoms below r. The supremum property implies that the supremum of 
the set y(X,-) exists in 8. Consequently, the function ~ from 2 to B 
that is defined by 


Wr) = do e(Xr) = Vey): p € U and p< r} (1) 


for every r in 2 is well defined. 

If r and s are distinct elements in 2, then there must be an atom 
that is below one of the two elements, but not the other, because 2 
is atomic. The sets of atoms X, and X, are therefore distinct, so the 
images of these sets under the bijection y are distinct sets of atoms 
in 8. Consequently, the suprema of the image sets y(X;,) and y(X;) 
are distinct in 8, so ~(r) is different from w(s), by (1). Thus, ~ is 
one-to-one. 

An arbitrary element t in 8 is the supremum of the set Y of atoms 
in 8 that are below t, because $8 is atomic. Let X be the uniquely 
determined set of atoms in 2 that is mapped bijectively to Y by y. 
The supremum r of the set X exists in 2, by the supremum property, 
and X must be the set of all atoms below r, so 


Pr) = VOX) = LY =, 


by (1) and the definition of X. Thus, w is onto. 

Assume now that y preserves the Peircean operations on atoms in 
the sense of the theorem. To see that w preserves the operations on all 
elements, consider arbitrary elements r and s in 2, say 


> ae. and s=)CY, 


where X and Y are the sets of atoms below r and s respectively. The 
set of atoms below r+ s is just the set Z = X UY, so 


w(r +s) = ditvlp): pe Z}=Vi{ylp): pe XUY} 
= dHvlp): pe X}+Vi{ylp) pe VY} =vV(r)+ V(s), 


by the definition of ~, the definition of the set Z, and the laws of 
Boolean algebra. Thus, ~ preserves addition. A bijection between 
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Boolean algebras that preserves addition must preserve all Boolean 
operations, so w is a Boolean isomorphism. 

The argument that w preserves the operation ; is similar, but more 
involved. The set of atoms below r ;s is the set 


Z={uEeU:u<p;q for some pe X,qE Y}, 
since 


r3s=QUX);QCY) 
=DVitpiq:pe X,qeY} 
=Dih{ueU:us<pig:pex,geY} 
=) {ue U:u<p;q for some pe X,q EY} 
= 24: 
by the complete distributivity of the operation ; in 2, the assumption 
that 2 is atomic (so every element is the sum of the set of atoms that 


are below it), the laws of Boolean algebra, and the definition of the 
set Z. Consequently, 


Wr 5s) = dive(u) sue Z}, (2) 
by the definition of w. 
Because vy is a bijection from U to V, the assumption that 
u<p;q_ ifandonlyif — yu) < v(p); (9) 


for all atoms p, q, and u in U implies that y must map the set of atoms 
below p;q in 2% bijectively to the set of atoms below ¢y(p) ; y(q) in B. 
In other words, 


{p(u):weU andu<p;qJ={vEeV:iv<olp)syla}. (3) 


It follows that 


vr); b(s) = {vlp) : p © X}); {ela : ae Y}) 
= Vivly); 9g): pe X,qeY} 
=VihtveViv< v(p);o(M} pe X,qeV} 
= D1te(u) swe U andu<p;q}:peEex,qeY} 
= V{y(u): ue U and u< p;q for some pe X,qgE Y} 
= Vite(u): ue Z} 
= W(r; 8), 
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by the definition of ~, the complete distributivity of the operation ; 
in %, the assumption that B is atomic, (3), the laws of Boolean alge- 
bra, the definition of the set Z, and (2). This shows that w preserves 
the operation ;. The proofs that ~ preserves the operation ~ and 
maps 1’ to I’ are similar. Conclusion: ~ is an isomorphism from 2 
to B. 

To see that w~ is the unique extension isomorphism of y, consider 
an arbitrary isomorphism J from 2 to 8 that agrees with y on the 
elements in U. Isomorphisms preserves all existing sums, so 


Br) = V{V(p) -pEeX}=Vi{ylp): pe X} 


for every r in 2, where X is the set of atoms below r. It follows from 
the definition of 7 that 0 and w agree on all elements r in 2, so 0 = w. 

Turn now to the final assertion of the theorem. Consider an arbi- 
trary isomorphism ¥ from 2 to S. Certainly, 7 maps the set of atoms 
in 2 bijectively to the set of atoms in S, and ¥V satisfies the supremum 
property and preserves the Peircean operations on atoms in the sense 
of the theorem, because ¥ is an isomorphism. Consequently, if y is the 
restriction of J to the set U, then y is a bijection from U to V that 
satisfies the hypotheses of the theorem, and ? is the unique extension 
of y. Conclusion: every isomorphism from 2 to % is the unique exten- 
sion of a bijection y satisfying the hypotheses of the theorem. O 


We shall refer to the preceding theorem as the Atomic Isomorphism 
Theorem. Notice that the condition on y regarding the existence of 
suprema is automatically satisfied when the algebras 21 and %8 are 
complete. In its application to relation algebras, the theorem can be 
strengthened somewhat. 


Corollary 7.12. Let 2 and 8 be complete and atomic relation alge- 
bras. If yp is a bijection from the set of atoms in A to the set of atoms 
in B that preserves relative multiplication on atoms in the sense that 


u<p;q — ifandonlyif — plu) < v(p); (a) 


for all atoms p, q, and u in &, then y can be extended in a unique way 
to an isomorphism from 2X to B. In fact, the isomorphism is just the 
mapping w defined by 


W(r) = Vtvlp): pe X} 
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for every r in A, where X is the set of atoms below r. Moreover, every 
isomorphism from 2% to 8 is obtained in this fashion from a bijection 
of the set of atoms in 2 to the set of atoms in 8 that satisfies the 
above condition. 


Proof. Let 2’ and 8’ be the algebras obtained from 2 and % respec- 
tively by deleting the operation of converse and the identity element. 
Assume y is a bijection from the set of atoms in 2 to the set of atoms 
in % that preserves relative multiplication on atoms. Apply the Atomic 
Isomorphism Theorem, with 2’ and 8’ in place of 2% and B, to ob- 
tain an isomorphism ~ from 2’ to B’ that extends y. The mapping w 
is a bijection from the relation algebra 2 to the relation algebra $8 
that preserves the operations of addition and relative multiplication. 
As was observed in Section 7.2, such a mapping must automatically 
be an isomorphism from 2 to B. O 


As an application of the preceding corollary, consider two groups, 
say G and H. The atoms in the complex algebras of these groups are 
(the singletons of) the elements in the groups. A group isomorphism » 
from G to H clearly preserves the operation of relative multiplication 
on atoms in the complex algebra, since 


u=peq  ifandonlyif — y(u) = v(p) v9) 


for all elements p, q, and u in G (where © is the operation of com- 
position in the groups), and since relative multiplication in the com- 
plex algebras, when restricted to atoms, coincides with group composi- 
tion. Apply Corollary 7.12 to conclude that the group isomorphism 
can be extended in a unique way to a relation algebra isomorphism 
from €m(G) to €m(#), and that every relation algebra isomorphism 
from €m(G) to €m(H) arises in this fashion from a corresponding 
group isomorphism from G to H. 

Atomic Subalgebra Theorem 6.21 can be combined with the Atomic 
Isomorphism Theorem to arrive at a useful condition for a verifying 
that a given mapping from the set of atoms of an atomic relation al- 
gebra into a (not necessarily atomic) relation algebra can be extended 
to a complete monomorphism. As before, the result holds in the more 
general context of Boolean algebras with completely distributive op- 
erators. 


Theorem 7.13. Let 2% be an atomic Boolean algebra with complete 
operators, U the set of atoms in 2, and € an arbitrary Boolean algebra 
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with complete operators. Suppose yp is a mapping from U into € with 
the following properties. 


(i) The elements y(p), for p in U, are non-zero, mutually disjoint, 
and sum to 1 in €. 
(ii) V = >S{y(u) :ueU andu< 1}. 
(iii) yp(p)~ = So{y(u):ueU andu < p~} for all p inU. 
(iv) o(p); (a) = Ve{y(u): ueU andu <p; q} for all p,q in U. 
(v) For every subset X of U, the sum > X exists in 1 if and only if 
the sum )-{y(p):p © X} exists in €. 


Then y can be extended in a unique way to a complete monomorphism 
from &A into €. In fact, the monomorphism is just the mapping w de- 
fined by 

Wr) = Vit{ye(p) :p € X} 


for every element r in A, where X is the set of atoms below r. 


Proof. On the basis of condition (i), each of conditions (ii)—(iv) may 
be formulated in a somewhat different way. Condition (ii) is equivalent 
to the assertion that for all u in U, 


a 7 implies plu) <7, 
ils o implies ga) P= 


(where the elements and operations on the left are those of 2, and the 
ones on the right are those of 8). Condition (iii) is equivalent to the 
assertion that for all u in U, 


u<p- implies plu) < pp)”, 
u-p~ =0 implies y(u)-v(p)~ =0. 


Condition (iv) is equivalent to the assertion that for all u in U, 


u<p;q implies = yp(u) < (p); ¥(4), 
u-(p;q)=0 implies = ypu) - (v(p) ; v(q)) = 0. 


For example, to see that the last two implications are equivalent to 
condition (iv), suppose first that condition (iv) holds. The first impli- 
cation trivially follows from (iv). To establish the second implication, 
suppose that wu is disjoint from p;q. In this case, u is different from 
every atom v that is below p;q, so y(u) must be disjoint from y(v) 
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for every such v, by the assumption in condition (i) that images of 
distinct atoms in U are disjoint. Consequently, 


0=So{y(u)-p(v):v EU and v < p;q} 
= y(u)- ({y(v):v € U and v <p; q}) 
= plu) - (y(p) sea); 


by the complete distributivity of multiplication over addition, and con- 
dition (iv). Thus, the last two implications hold. 

To establish the reverse implication, assume that the last two im- 
plications hold. Observe that the unit in € is the sum of the elements 
of the form y(u) for u in U, by condition (i). Each element wu in U 
is either below p;q or below its complement, because U is the set 
of atoms in 2%. If u is below p;q, then y(u) is below y(p) ; y(q), by 
the first implication. If u is below the complement of p; q, then y(w) 
is below the complement of y(p) ; y(q), by the second implication. 
Since y(p); y(q) and its complement partition the unit of €, it follows 
that y(p) ; y(q) must be the sum of the elements y(u) for u < p;q. 
Therefore, condition (iv) holds. 

The arguments that condition (ii) is equivalent to the first two impli- 
cations, and condition (iii) is equivalent to the second two implications, 
are completely analogous and are left as an exercise. 

The three pairs of implications (and their equivalence with the as- 
sumed conditions (ii)—(iv)) make it clear that y preserves the Peircean 
operations on atoms in the sense of Atomic Isomorphism Theorem 7.11, 
namely 


uSp;q_ ifandonlyif — y(u) < 9(p) ; 9(9); (1) 
u<p” ifand only if (uu) < y(p)~, (2 
u<v ifand only if g(u)<V, (3 


for all atoms p, g, and u in U. With the help of (1)-(3), we now show 
that the set 
V=9U) = {plp) :p € US 

satisfies the conditions of Atomic Subalgebra Theorem 6.21 (with V in 
place of W). The elements in V are mutually disjoint and sum to 1, by 
condition (i) above, so condition (i) in Theorem 6.21 holds. To verify 
condition (iv) of Theorem 6.21, suppose r and s are elements in V, 
and let p and q be elements in U such that y(p) = r and y(q) = s. We 
have 
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r3s=(p);9(¢) = V{yp(u): ue U andu<p;q} 
= Di{y(u): we U and y(u) < v(p) ; p(a)} 
=Si{t:teV andt<r;s} 


by the choice of p and q, the assumed condition (iv) of this theorem, the 
equivalence in (1), and the definition of the set V. Thus, condition (iv) 
in Theorem 6.21 holds (with p and q replaced by r and s respectively). 
Conditions (ii) and (iii) in that theorem are verified in a completely 
analogous manner, using (3) and (2). 

Apply Theorem 6.21 (with € and V in place of 2 and W respec- 
tively) to conclude that the set of all sums of subsets of V that exist 
in € is the universe of a regular subalgebra 8 of € that is atomic, and 
whose atoms are precisely the elements in V (since every element in V 
is assumed to be non-zero, by condition (i) above). 

The next step in the proof is to show that the mapping y satisfies the 
conditions of Atomic Isomorphism Theorem 7.11. Certainly, y maps 
the set U of atoms in 2 onto the set V of atoms %, by the definition 
of the set V, and y is one-to-one because distinct elements in U are 
mapped by ¢ to disjoint elements in V, by condition (i) in the theorem. 
Moreover, as we have seen in (1)—(3) above, y preserves the Peircean 
operations on atoms. It remains to check that y has the supremum 
property mentioned in Theorem 7.11. A subset X of U has a supremum 
in 2 if and only if the image set 


p(X) = {y(p): pe X} 


has a supremum in €, by condition (v) in the theorem. If the image 
set y(X) has a supremum r in €, then r must belong to 8, by the 
definition of &, and consequently r must be the supremum of y(X) 
in $8. On the other hand, if p(X) has a supremum s in B, then s must 
be the supremum of y(X) in €, because % is a regular subalgebra of €. 
Thus, X has a supremum in 2% if and only if p(X) has a supremum 
in B. 

Apply Theorem 7.11 to conclude that y can be extended to an 
isomorphism wy from 2 to S that is defined as in the theorem, and in 
fact w is the unique extension of y to such an isomorphism. Since 8 
is a regular subalgebra of €, it follows from Lemma 7.9 that w is a 
complete monomorphism from 2{ into €. O 


We shall refer to Theorem 7.13 as the Atomic Monomorphism The- 
orem. If the algebras 21 and € in the theorem are complete, then of 
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course condition (v) of the theorem is automatically satisfied. In this 
case, it may also be concluded that every complete monomorphism 
from 2 into € is the unique extension of a function y satisfying the 
conditions of the theorem. Indeed, if 7 is any complete monomorphism 
from 2 into €, then the restriction of J to the set U is a mapping y 
that satisfies all of the hypotheses of the theorem, and consequently 7 
must be the unique extension of y guaranteed by the theorem. We 
summarize this observation as a corollary. 


Corollary 7.14. Let & be a complete and atomic Boolean algebra with 
completely distributive operators, U the set of atoms in A, and € a 
complete Boolean algebra with completely distributive operators. If p 
is a mapping from U into € that possesses properties (i)—(iv) from 
Theorem 7.13, then p can be extended in a unique way to a complete 
monomorphism from 2 into €. Moreover, every complete monomor- 
phism from 2 into € is obtainable in this fashion from a mapping of 
the set U into € that possesses properties (i)—(iv). 


As an application of Corollary 7.14, consider the Cayley represen- 
tation of a group (G, °, ~!, e), that is to say, the function y that 
represents the group as a group of permutations under the operations 
of relational composition and inverse. It is defined by 


y(f) ={(9,9°f): 9 € G} 


for all f in G. The element y(f) is a permutation of the set G and 
therefore an element in the full set relation algebra Re(G). The follow- 
ing properties of the Cayley representation are well-known and easy to 
prove. First of all, y preserves the group operations in the sense that 


g(e)=ide, (ff ")=9(f)*, ol feh) = o(f) | y(h). 


(Here, the elements and operations on the left sides of the equations 
are those of the group G, while the ones on the right sides of the equa- 
tions are the Peircean elements and operations of Re(G).) Secondly, 
the binary relations y(f), for distinct elements f in G, are non-empty, 
mutually disjoint, and have the universal relation on G as their union. 
Thus, vy satisfies the hypotheses of Corollary 7.14, so it can be extended 
in a unique way to a complete monomorphism from the complex alge- 
bra €m(G) into Re(G). This monomorphism is sometimes called the 
Cayley representation of the complex algebra €m(G). 
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7.7 Exchange Principle 


Occasionally, one would like to show that a given relation algebra 2g 
can be extended to a relation algebra 2 possessing certain desirable 
properties. The actual construction, however, may not yield an exten- 
sion of 29, but rather something weaker, namely a relation algebra 8 
with the desired properties, and an isomorphism yo from 29 to a sub- 
algebra So of %. The isomorphism yp shows that oq is structurally 
identical to 8g. One would therefore like to effect an “exchange”, re- 
placing Bo with 29 in order to obtain an extension of 2% that has 
the desired properties. A small difficulty arises if 2l9 contains elements 
that occur in % in a structurally different and conflicting way. This 
obstacle may be overcome by first replacing the troublesome elements 
in 8 with new elements that do not occur in 29, and then effecting 
the exchange. The assertion that all of this is possible is called the 
Exchange Principle. 


Theorem 7.15. If a relation algebra Ap is isomorphic to a subalge- 
bra Bo of a relation algebra B via a mapping yo, then there is a rela- 
tion algebra 2 such that Ao is a subalgebra of A, and A is isomorphic 
to B via a mapping that extends yo. 


Proof. Let B, be the set of elements that are in B but not in Bo. 
Choose any set A; that has the same number of elements as B, and 
that is disjoint from Ap, and let y, be any bijection from A; to By, 
(see Figure 7.1). For instance, we might define 


A, ={(p,Ao): pe Bi}, and — yi((p, Ao)) =p 


for every pair (p, Ag) in Ay. Let A be the union of the sets Ag and Aj, 
and define a mapping y from A to B by 


Bis yo(r) 3 r € Ao, 
yi(r) if re Aj. 


It is easily checked that y is a bijection from A to B that extends yo. 
Turn the set A into a relation algebra 2 by defining operations on A 
and a distinguished element in A that are the counterparts under y~! 
of the corresponding operations and the distinguished element of %8. 
More precisely, define 1’ = y~'(1’), and if r and s are elements in A, 
then define 
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Fig. 7.1 Diagram of the Exchange Principle. 


r+s=9 (g(r) +¥(s)),  —-r=~ *(-¢(r)), 
r;s=9 ‘(~(r) 3 9(s)), r =o" '(y(r)”). 


(The identity element and the operations on the right sides of the 
equations are those of %, while the ones on the left are those that 
are being defined for 2.) The idea here is that to perform a certain 
operation on elements in A, we first translate the elements to the 
algebra % via the mapping y, perform the required operation on these 
translations in 8, and then translate the result back to A. Under these 
definitions, y automatically becomes an isomorphism from 2X to 8. For 
instance, y preserves relative multiplication because 


o(r;s) = (— *(v(r) ; 9(s))) = g(r) 3 9(s) 


for any elements r and s in 2, by the definition of relative multipli- 
cation in 2. It follows that 2l is the isomorphic image of 8% under 
the mapping y~!, and therefore % is a relation algebra with the same 
structural properties as B. Also, y is, by definition, an extension of Yo. 

There is one more matter to check, namely that the operations of 2, 
when restricted to the elements of 29, coincide with the operations 
of 29. In other words, 29 should be a subalgebra of 2. As an example, 
we treat the operation of relative multiplication. Let r and s be ele- 
ments in 29, and form their relative product in 2. A straightforward 
computation shows that the result coincides with the relative product 
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of r and s in po: 


r3s= 9 '(p(r); 9(s)) = 99" (vo(r) ; Yo(s)) 
= 9 (yolr;s))=r38. 


(The first relative product is formed in 2, the second in %, the third 
in Bo, and the fourth and fifth in 2%.) The first equality uses the 
definition of relative multiplication in 21, the second uses the fact that 
on elements in 29, the mapping y coincides with yo, the third uses the 
isomorphism properties of yo, and the last uses the fact that yo 1 is 
the inverse of the mapping yo. The other operations of 29 are handled 
in a similar fashion. O 


It should be pointed out that the Exchange Principle is really a quite 
general principle that applies to arbitrary algebras and structures, and 
not just to relation algebras. 


7.8 Automorphisms 


An automorphism of a relation algebra 2 is an isomorphism from 2 
to 21. Every relation algebra has at least one automorphism, namely 
the identity automorphism, which maps every element to itself. This 
is called the trivial automorphism. The inverse of an automorphism is 
again an automorphism, and the composition of two automorphisms 
is an automorphism, so the set of automorphisms of a relation alge- 
bra form a group under the operations of functional composition and 
inverse, with the identity automorphism as the group identity element. 

Does every relation algebra of cardinality greater than two have a 
non-trivial automorphism? Somewhat surprisingly, the answer is nega- 
tive. In fact, it is known that there are Boolean algebras of cardinality 
greater than two for which the only automorphism is the trivial one. 
The corresponding Boolean relation algebra is therefore an example 
of a relation algebra for which the only automorphism is the trivial 
one. If 2t is an abelian relation algebra that is not symmetric, then the 
function that maps every element to its converse is an example of a 
non-trivial automorphism of 21. A concrete example of such a relation 
algebra is €m(G), where G is an abelian group that is not a Boolean 
group (so not every element in G is its own inverse). 
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To give an example of a class of automorphisms, consider a permu- 
tation f in a relation algebra 2, that is to say, an element f satisfying 
the equations 

f ofS 07 HE 
(see the remarks at the end of Section 5.8). Define a mapping y on the 
universe of 21 by 
gpr)=fori fo 
for every element r. 


Lemma 7.16. The function py is an automorphism of A. 


Proof. Let g = f~. Observe that the composite functions yf°y, 
and y,°yrf are both the identity mapping on the universe of 2. For 
instance, 


eres) =ftearig st" ye ea ar 


=f; 
s7 srs ses HU ea 


for every r in 2, by the definitions of the mappings y+ and Yg, the 
definition of g, the first involution law, the associative law for relative 
multiplication, the definition of a permutation, and the identity law 
for relative multiplication. It follows that the functions yy and gq, are 
inverses of one another, and therefore ys maps the set A bijectively 
to itself. The mapping yf preserves addition, by the distributive law 
for relative multiplication. The proof that yy also preserves relative 
multiplication reduces to a simple computation: if r and s are in 2, 
then 


errssp=firgesh =firsliesy 
=/or3f is eit" = OHO) ore): 


by the definition of y,, the identity and associative laws for relative 
multiplication, and the definition of a permutation. Since yf is a bi- 
jection of the universe of 2 that preserves addition and relative multi- 
plication, it must be an isomorphism, and therefore an automorphism, 
by the remarks in Section 7.2. O 


Automorphisms of the form yf for some permutation f in 2 are called 
inner automorphisms of 2. They form a subgroup of the group of all 
automorphisms of 2. 
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7.9 Elementary embeddings 


A mapping y from 2 to B is said to be elementary if it preserves 
all properties that are expressible in the elementary (that is to say, 
the first-order) language C of relation algebras (see Section 2.4). This 
means that for every formula I'(vp,...,Un—1) in £, an arbitrary se- 
quence r = (r9,.--,;Tn—1) of elements from 2 satisfies I’ in 2 if and 
only if the image sequence 


y(r) = (y(ro),---, P(%n-1)) 


satisfies [’ in 8S. The formulas expressing that two elements are dis- 
tinct, that some element is the relative product of two other elements, 
and so on, are all first-order, so they are satisfied by a sequence r in 2 
if and only if they are satisfied by the image sequence y(r) in 8, when- 
ever y is elementary. From this observation, it follows at once that an 
elementary mapping is necessarily a monomorphism. For that reason, 
an elementary mapping is usually called an elementary embedding. 

There is a characterization of elementary embeddings that is similar 
in flavor and in proof to the characterization in Lemma 7.9 of complete 
embeddings. 


Lemma 7.17. A monomorphism » from & into B is elementary if 
and only if the image of 2 under yp is an elementary subalgebra of B. 


Proof. The image of 21 under the monomorphism y is a subalgebra 
of 8, which we denote by € (see Lemma 7.4). Consider an arbitrary 
formula I’(vo,...,Un—1) in £ and an arbitrary sequence r of n elements 
in 21. The mapping y is an isomorphism from 2l to €, so the sequence r 
satisfies I in 2 if and only if the image sequence y(r) satisfies I in B, 
by the preservation properties of isomorphisms. 

If € is an elementary subalgebra of B, then y(r) satisfies in € if 
and only if it satisfies I’ in 8, and therefore r satisfies I’ in 2 if and 
only if y(r) satisfies I in 8, by the observations of the first paragraph. 
Since this is true for all formulas I and all appropriate sequences r, it 
follows that y must be an elementary embedding of 2 into B. 

On the other hand, if y is an elementary embedding of 2 into B, 
then r satisfies I in 2 if and only if y(r) satisfies P in 8, and there- 
fore y(r) satisfies [ in € if and only if it satisfies [ in 8, by the 
observations of the first paragraph. Every sequence s in € can be writ- 
ten in the form s = y(r) for a uniquely determined sequence r of 
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elements in 2, by the definition of € and the assumption that vy is a 
monomorphism. Consequently, an arbitrary sequence s satisfies I’ in € 
if and only if s satisfies I in %8. Since this is true for all formulas I’ 
and all appropriate sequences s, it follows that € is an elementary sub- 
algebra of 8. O 


7.10 Historical remarks 


The notion of a homomorphism is of course general algebraic in nature 
and was studied in various concrete algebraic contexts as early as the 
first decades of the 1900s. In its application to relation algebras, it was 
studied by Tarski in the early 1940s (as is documented in [105]). Lem- 
mas 7.7, 7.4, and 7.6 are well-known, simple results that are applicable 
to arbitrary algebras. 

The preservation of equations under homomorphisms on arbitrary 
algebras was first pointed out by Garrett Birkhoff in [12]. Lyndon 
[69] proved that a first-order property of algebras is preserved under 
homomorphisms if and only if that property can be expressed by a 
positive formula. 

The definability of converse in terms of the other relation algebraic 
operations is due to Tarski [105], and first appeared in print in [23]. 
The fact that converse can be defined by a positive formula is an un- 
published result of Tarski [112] that was inspired by Lyndon’s preser- 
vation theorem in [69]. In [105], one can also find the statement that 
any bijection between two relation algebras which preserves addition 
and relative multiplication is automatically an isomorphism. 

The class of examples of homomorphisms given in Section 7.3 is 
actually a special case of a much more general result due to Tarski [105] 
and published in Jénsson-Tarski [55]. The more general result will be 
discussed in Theorem 10.2 below. 

The importance of complete monomorphisms in the context of re- 
lation algebras first came to light in the work of Lyndon (see, for 
example, [70]). The notion also plays an important role in the works 
of Maddux (see, for example, [75]) and Hirsch and Hodkinson (see, 
for example, [43]). Lemmas 7.9 and 7.10 apply to arbitrary Boolean 
algebras with or without additional operations; see [38]. 

The notion of an isomorphism, like that of a homomorphism, is 
general algebraic in nature and dates back at least to the first decades 
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of the 1900s. The notion of a base isomorphism was introduced by 
Lyndon in [70] under a different name. The terminology base isomor- 
phism was introduced and extensively studied in [42] in the context of 
cylindric algebras. 

Versions of Theorems 7.11 and 7.13 in Section 7.6 are valid for 
Boolean algebras with complete operators of arbitrary ranks (see Exer- 
cises 7.40 and 7.48), and also for Boolean algebras with quasi-complete 
operators of arbitrary ranks (see Exercises 7.41, 7.42, 7.49, and 7.50). 
The conditions on the operators must be replaced by conditions that 
apply to complete operators, or quasi-complete operators respectively, 
of arbitrary rank n, and not just of ranks 0, 1, and 2. The particular 
formulation and proof of Theorem 7.11 given here are due to Givant. In 
its application to complete and atomic Boolean algebras with complete 
operators, the theorem may be derived rather easily from two theo- 
rems that apparently date back to the work of Jénsson-Tarski [54]. 
The first, which is stated explicitly as Theorem 3.9 in [54], says that 
the complex algebra of a relational structure is always a complete and 
atomic Boolean algebra with complete operators (see Corollary 19.4 
in Chapter 19), and every complete and atomic Boolean algebra with 
complete operations is isomorphic to the complex algebra of some rela- 
tional structure (see Corollary 19.6). The second is not stated explicitly 
in [54], but may well have been known to Jonsson and Tarski (see The- 
orem 3.10 in [54]), and it does occur explicitly in Corollary 2.7.37 of 
Henkin-Monk-Tarski [41]. It says that two relational structures are iso- 
morphic if and only if their complex algebras are isomorphic (see Corol- 
lary 19.10). Theorem 7.13 and Corollary 7.14 are due to Givant, as are 
the extensions of Theorems 7.11 and 7.13 to Boolean algebras with 
quasi-complete operators (see Exercises 7.41, 7.42, 7.49, and 7.50). 
The Cayley representation of a group complex algebra is much older, 
perhaps dating back to the 1940s. It was mentioned by Tarski in his 
lectures [112]. 

The Exchange Principle from Section 7.7 is also general algebraic 
in nature. The author first learned of the principle in the graduate- 
level lectures on abstract algebra given by Abraham Seidenberg at 
the University of California at Berkeley in the spring of 1967, but the 
principle probably dates back to the 1930s. 

The examples of relation algebraic automorphisms given in Sec- 
tion 7.8, and in particular, Lemma 7.16, are due to Tarski and date 
back to [105]. The negative results in Exercises 7.21 and 7.22 are due 
to Andréka and Givant. The results in Exercises 7.35 and 7.45-7.46, 
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together with the example given after Corollary 7.12 and the result im- 
plicit in Exercise 7.56, are due to Givant. The theorem in Exercise 7.51 
is due to Lyndon [70]. 

The notion of an elementary embedding was first introduced by 
Tarski and Vaught in [114], and Lemma 7.17 (formulated for arbitrary 
relational structures) is due to them. 


Exercises 


7.1. If y is a homomorphism from 2 into S, and w a homomorphism 
from % into €, prove that the composition wey, defined by 


(dov)(r) = ¥(v(r)) 


for every r in 2, is a homomorphism from 2 into €. Show further that 
if y and w are both one-to-one, or both onto, then their composition 
is one-to-one or onto respectively. 


7.2. Prove that the inverse of an isomorphism from 2 to % is an iso- 
morphism from % to 2. 


7.3. Complete the proof in Section 7.1 that the homomorphic image 
of a relation algebra is again a relation algebra, by verifying that Ax- 
ioms (R1)-(R6) and (R8)—(R10) are preserved under the passage to 
homomorphic images. 


7.4. Complete the proof of Lemma 7.1 by treating the cases when 7¥ is 
one of the terms 0 +7, or —o, or o™~. 


7.5. Complete the proof of Lemma 7.2 by treating the cases when I" 
is the conjunction A / @. 


7.6. Prove directly, without using Lemmas 7.1 or 7.2, that the im- 
age of an equivalence element under a homomorphism must be an 
equivalence element. Formulate and prove the analogous results for 
right-ideal elements, ideal elements, subidentity elements, rectangles, 
functions, bijections, and permutations. 


7.7. Prove directly, without using Lemma 7.2 or Corollary 7.3, that if 
a relation algebra 2 is commutative, or symmetric, then every homo- 
morphic image of 2( is commutative or symmetric respectively. 
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7.8. Let y be a homomorphism from 2 into 8, and € a subalgebra 
of 2. Prove that the restriction of y to € is a homomorphism from € 
into S. If y is one-to-one or onto, is the restriction of y to € necessarily 
one-to-one or onto respectively? 


7.9. Suppose (2; : 7 € I) and (B; : i € J) are directed systems of 
relation algebras with unions 2 and % respectively. For each index i, 
let y; be a homomorphism from 2%; into B;. The system (y; : i € I) is 
said to be directed if any two homomorphisms y; and y; in the system 
have a common extension to a homomorphism yz; in the system, that 
is to say, yp, agrees with y; on 2; and with y; on 2,. If the system of 
homomorphisms is directed, prove that the union of the system is a 
homomorphism from 2 into %8. If the homomorphisms in the directed 
system are all one-to-one or all onto, prove that the union of the system 
is one-to-one or onto respectively. 


7.10. Suppose y is a homomorphism from 2 into BS. If the range of y 
includes a set of generators of 8, prove that y is an epimorphism. 


7.11. Complete the proof of Lemma 7.4 by showing that If y is a 
homomorphism from 2 into 8, and if D is a subuniverse of %8, prove 
that the inverse image set 


gy '(D) ={r € A: y(r) € D} 
is a subuniverse of 2. 


7.12. Prove that a homomorphism ¢ on a relation algebra 2 is one- 
to-one if and only if y(r) 4 0 for every non-zero element r in 2. 


7.13. Give an example to show that the homomorphic image of an 
atomless relation algebra may be atomic. 


7.14. Prove that the image of an atom under an epimorphism need 
not be an atom. Is the image of an atom under a monomorphism 
necessarily an atom? 


7.15. If a homomorphism maps two atoms to non-zero elements, prove 
that it must maps them to distinct elements. 


7.16. If a homomorphism y on an atomic relation algebra maps atoms 
to non-zero elements, prove that y must in fact be a monomorphism. 
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7.17. Prove: a complete homomorphism from a complete and atomic 
relation algebra 2 into an atomic relation algebra % that maps the set 
of atoms in 2 onto the set of atoms in % is necessarily an isomorphism. 


7.18. Use Lemma 7.1 to give an alternative proof of Lemma 7.6 (see 
Exercise 6.4). 


7.19. Show that even for an epimorphism y from one relation algebra 
to another, the inequality y(r) < y(s) need not imply r < s. 


7.20. Prove that a degenerate relation algebra cannot be mapped ho- 
momorphically into a non-degenerate one. 


7.21. A well-known homomorphism extension theorem for Boolean al- 
gebras says that a mapping y from a generating set X of a Boolean 
algebra A into a Boolean algebra B can be extended to a homomor- 
phism from A into B if and only if 


IH{p(r,v(r)):r€Y}=0 implies []{p(y(r), ¥(r)):r eY} =0 


for every finite subset Y of X, and every function 7 from Y into {0, 1}, 


where 
; r if ~=1, 
r,t) = 
P(r, 4) ‘.. if i=0 


(see, for example, Theorem 4 on p. 107 of [38]). Prove that this theorem 
is not true for relation algebras. 


7.22. Another well-known homomorphism extension theorem for Bool- 
ean algebras says that if A, B, and C' are Boolean algebras, with A 
a subalgebra of B, and C complete, then any homomorphism from A 
into C can be extended to a complete homomorphism from B into C 
(see, for example, Theorem 5 on p. 114 of [38]). Prove that this theorem 
is not true for relation algebras. 


7.23. Find a formula in the first-order language of relation algebras 
that defines complement in terms of addition. 


7.24. Prove directly that the homomorphism y defined in Section 7.3 
preserves the operation of converse. 


7.25. Find an analogue of the example in Section 7.3 for arbitrary 
relation algebras. 
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7.26. Suppose y is a homomorphism from 2 into 8. If a set X of 
elements in 2 has a supremum s, show that y(s) is an upper bound 
for the set Y = {y(r): r € X} in B. Conclude that if the supremum 
of Y exists in 8, then that supremum must be below ¢(s). 


7.27. Prove that the following condition is necessary and sufficient for 
a homomorphism y from 2 to % to be complete: whenever a sub- 
set X of 2 has the supremum 1 in 2, the image of X under vy has the 
supremum 1 in B. 


7.28. Prove that a complete homomorphism preserves all infima that 
happen to exist. 


7.29. If a homomorphism y between relation algebras preserves all 
infima that happen to exist, prove that y must be a complete homo- 
morphism. 


7.30. Prove that the following condition is necessary and sufficient for 
a homomorphism y from 21 to % to be complete: whenever a subset X 
of 2( has the infimum 0 in 2, the image of X under ¢ has the infimum 0 
in B. 


7.31. Suppose relation algebras 21 and $8 are isomorphic. Give a direct 
proof that 2 is atomic, or atomless, or complete if and only if $ is 
atomic, or atomless, or complete respectively. 


7.32. Suppose ¢ is an isomorphism from 2% to B, and I(vo,..., Un—1) 
a formula in the language of relation algebras. Prove that a se- 
quence (r9,.--,7n—1) of elements from 2 satisfies I in 2 if and only if 
the image sequence (y(ro),.--, 9(Tn—1)) satisfies [in B. 


7.33. Prove that the complex algebra of a group, a geometry, or a 
lattice can never be isomorphic to the full algebra of relations on a set 
of cardinality at least two. 


7.34. Prove that the complex algebra of a group with at least two 
elements cannot be isomorphic to the complex algebra of a geometry 
of order at least three. 


7.35. Prove that the complex algebra of a Boolean group—that is 
to say, a group in which each element is its own inverse—is always 
isomorphic to the complex algebra of a projective geometry of order 
two. Is the converse true? 
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7.36. Let J be a bijection from a set U to a set V, and y the induced 
bijection from the set of relations on U to the set of relations on V 
that is defined by 


o(R) = {(0(a), 0(8)) : (a, 8) € R} 


for every relation R on U. Prove directly that y preserves the oper- 
ations of union, complement, and converse on relations, and that 0 
maps the identity relation on U to the identity relation on V. 


7.37. Suppose ¥ is an arbitrary mapping (not necessarily a bijection) 
from a set U into aset V, and y is the mapping from the set of relations 
on U into the set of relations on V that is defined as in Exercise 7.36. 
Which of the basic operations on relations discussed in Chapter 1 are 
preserved by y? Is y a homomorphism from Re(U) into Re(V)? What 
if ? is one-to-one? What if 7 is onto? 


7.38. Let 0 be an arbitrary mapping from a set U onto a set V. Define 
a mapping ¢ from the set of relations on V to the set of relations on U 
by 

p(R) = {(a, 8) : (8(a), W(a)) € R} 


for every relation R on V. Which of the basic operations on relations 
does y preserve? Is y a homomorphism? 


7.39. Complete the proof of Atomic Isomorphism Theorem 7.11 by 
showing that the function ~ preserves the operation of converse and 
maps the identity element in 2 to the identity element in 8. 


7.40. Formulate and prove a version of Atomic Isomorphism Theo- 
rem 7.11 that applies to Boolean algebras with complete operators of 
arbitrary ranks. 


7.41. Prove the following version of Atomic Isomorphism Theorem 
Theorem 7.11 for Boolean algebras with quasi-complete operators. 
Let 2 and %8 be atomic Boolean algebras with quasi-complete opera- 
tors of the same similarity type as relation algebras, and y a bijection 
from the set of quasi-atoms in 2 to the set of quasi-atoms in 8 that 
maps zero to zero and satisfies the following supremum property: for 
each set X of atoms in 2, the supremum of X exists in 2 if and only 
if the supremum of the set of atoms {y(p) : p € X} exists in B. If y 
preserves the Peircean operations on quasi-atoms in the sense that 
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usp;q  ifandonlyif = y(u) < v(p); 9(4), 
ae a ifand only if yu) < v(p)~, 
u<Vv ifandonly if g(u)<V, 


for all quasi-atoms p and q, and all atoms u, in 2, then y can be 
extended in a unique way to an isomorphism from 2 to B. In fact, the 
isomorphism is just the mapping w defined by 


W(r) = {vlp) : p € X} 


for every element r in 2, where X is the set of atoms below r. Moreover, 
every isomorphism from 2 to % is obtainable in this fashion from a 
bijection of the set of quasi-atoms in 2 to the set of quasi-atoms in 8 
that satisfies the above conditions. 


7.42. Formulate and prove a version of Atomic Isomorphism Theo- 
rem 7.11 that applies to Boolean algebras with quasi-complete opera- 
tors of arbitrary ranks. 


7.43. Prove that the algebra constructed in Exercise 6.44 is isomorphic 
to the complex algebra of the group of integers. 


7.44. Prove that the group of automorphism of a group G is isomorphic 
to the group of automorphisms of the complex algebra €m(G). 


7.45. A collineation is a bijection between geometries that preserves 
the relation of collinearity. Prove that every collineation from a ge- 
ometry P to a geometry Q can be extended in a unique way to an 
isomorphism from the complex algebra €m(P) to the complex alge- 
bra €m(Q); and conversely, every isomorphism from €m(P) to €m(Q) 
is the extension of a uniquely determined collineation from P to Q. 
Conclude that the group of automorphisms of €m(P) is isomorphic to 
the group of autocollineations of P. 


7.46. Formulate and prove a version of Exercise 7.45 that applies to 
lattice complex algebras. 


7.47. Fill in the missing details in the proof of Theorem 7.13. 


7.48. Formulate and prove a version of Theorem 7.13 that applies to 
Boolean algebras with complete operators of arbitrary ranks. 
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7.49. Prove the following version of Theorem 7.13 that applies to 
Boolean algebras with quasi-complete operators of the same similarity 
type as relation algebras. Let 2{ be an atomic Boolean algebra with 
quasi-complete operators, U the set of atoms in 2, and € an arbi- 
trary Boolean algebra with quasi-complete operators. Suppose y is a 
mapping from U U {0} into € with the following properties. 


(i) y(O) = 0, and for p in U, the elements y(p) are non-zero, mutually 
niin, and sum to 1 in €. 

(ii) V = >°{y(u): ue U andu< VL}. 

(iii) p(p)~ = SO{y(u) : u € U and u < p*} for all p in UU {0}. 

(iv) y(p);¢(q) = Lityv(u): ue U and u < p;q} for all p,q in UU {0}. 

(v) For every subset X of U, the sum 5°) X exists in 2 if and only if 
the sum )°{y(p) : p € X} exists in €. 


Then vy can be extended in a unique way to a complete monomorphism 
from 2 into €. In fact, the monomorphism is just the mapping w 
defined by 


W(r) = {v(p) : p € X} 


for every element r in 21, where X is the set of atoms below r. 


7.50. Formulate and prove a version of Theorem 7.13 that applies to 
Boolean algebras with quasi-complete operators of arbitrary ranks. 


7.51. Let P be a maximal subspace of a projective geometry Q, and D 
the affine geometry obtained from Q by deleting the points and lines 
of P. Thus, @ is the projective extension of P in which P is the ge- 
ometry at infinity—that is to say, the geometry of ideal points and 
lines—of the affine geometry D. Define a function y from P* = PU{v} 
into Re(D) by 


y(t) = {(r,8): r,s € Dand r= s}, 
and 


yp(p) = {(r, 8) : r,s € D, and Col (p,r,s)}. 


for p in P, where the ternary relation Col (p,r, s) is defined to hold for 
three points p, r, and s in Q if and only if the points are distinct and 
collinear. In other words, y(t) is the identity relation on D, and y(p) 
is the set of pairs of distinct affine points r,s such that p is the point 
at infinity of the line rs. Verify that ~ possesses properties (i)—(v) 
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in Theorem 7.13. Conclude that y can be extended to a complete 
monomorphism from the complex algebra €m(P) into Re(D). This 
extension is called an affine representation of €m(P). 


7.52. Complete the proof of Theorem 7.15 by showing first that the 
operations of addition, complement, and converse are preserved by the 
function y defined in the proof, and second that these operations in 2p 
are the restrictions of the corresponding operations in 2. 


7.53. Formulate and prove a version of Theorem 7.15 that applies to 
algebras of arbitrary similarity type. 


7.54. Suppose 2 is an abelian relation algebra that is not symmetric. 
Prove that the mapping r+—> r~ is a non-trivial automorphism of 2. 


7.55. Prove that the inner automorphisms of a relation algebra 2 form 
a subgroup of the group of all automorphisms of 2. 


7.56. Is every group isomorphic to the group of automorphisms of 
some relation algebra? 


Chapter 8 
Ideals and quotients 


Another way of constructing a new relation algebra from a given one 2 
is to “glue” some of the elements of 21 together to form an algebra that 
is structurally similar to, but simpler than 2. Congruence relations 
provide a natural way of carrying out such a gluing. The prototype for 
this construction is the ring of integers modulo n (for some positive 
integer n), which is constructed from the ring of integers by forming 
its quotient with respect to the relation of congruence modulo n. Each 
congruence relation on a relation algebra determines, and is deter- 
mined by, the set of elements that are congruent to zero, so the whole 
construction can be simplified by replacing the congruence relation 
with the congruence class of zero. This leads to the study of ideals. 
The most natural place to begin the discussion, however, is with the 
basic notion of a congruence relation. 


8.1 Congruences 


A congruence relation on a relation algebra 2, or a congruence for 
short, is an equivalence relation O on the universe of 2 that preserves 
the operations of 2 in the sense that whenever the pairs (r,t) and (s, w) 
are in O, then so are the pairs 


(es tora) (38,03); nay; (st): 
It is common to express the fact that a pair (r,t) is in O by writing 


r=t modO 
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and saying that r is congruent to t modulo ©. The preservation con- 
ditions can be expressed in this notation by saying that if 


r=t modO and s=u mod 0, 
then 


r+s=t+u mod0@, —r=-t mod 60, 


r;s=t;u mod8@, r =t~ mod0O. 


Readers already familiar with the notion of the direct product of two 
algebras (to be defined in Section 11.1) may notice that the preserva- 
tion conditions (together with the assumed reflexivity of 0) just say 
that © is a subuniverse of the direct product 2 x 2. This observation 
implies that many of the notions and results concerning subuniverses 
carry over to congruences. In the next few sections, we shall give some 
examples of this carry over. 


8.2 Properties preserved by congruences 


All operations on the universe of a relation algebra 2 that are definable 
by terms in the language of relation algebras must be preserved by a 
congruence on 2. To prove this assertion, it suffices to observe that a 
congruence is a subuniverse of the direct product 2 x 2C and therefore 
must be closed under the operations on the product that are definable 
by terms. Since we have not yet discussed direct products and the 
properties that are preserved under them, it seems preferable to give 
here a proof that does not require their use. 


Lemma 8.1. Jf © is a congruence on a relation algebra A, then for 
every term ¥(v0,-.-,;Un—1) and every pair of sequences 


P= (sayy) and 5 = (Sosdcce Spa) 
of elements in 2, if r; = 5s; mod O fori <n, then 
y(r) =7(s) mod 0. 
Proof. The proof proceeds by induction on terms y. Assume that 


rj=s,; mod9 (1) 
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for 7 <n, with the intention of showing that 
y(r) = 7(s) mod O. (2) 


There are two base cases to consider. If y is a variable v;, then the 
values of y on r and s are r; and s; respectively, by the definition 
of the value of a term on a sequence of elements, so (2) holds by the 
hypothesis (1). If 7 is the individual constant symbol 1’, then the values 
of y on r and on s are both the identity element in 2, so that (2) holds 
by the assumption that the congruence 9 is reflexive. 

Assume now as the induction hypothesis that 


O(U;<625 ni) and TU65.6505, Un) 
are terms satisfying the desired conclusion 
o(r) =o(s) mod ®@ and T(r) =7(s) mod 0. (3) 


There are four cases to consider. If 7 is the term 0; 7, then (3) and 
the definition of a congruence imply that 


o(r);T(r) =o(s);7(s) mod 0, 


so that (2) holds, by the definition of the value of a term on a sequence 
of elements. Similar arguments apply if y is one of the terms 0 +7, —a, 
or o~. Invoke the principle of induction on terms to conclude that (2) 
holds for all terms 7. O 


Concrete examples of operations that are preserved under congru- 
ences are the Boolean operations of multiplication, subtraction, and 
symmetric difference, and the Peircean operation of relative addition. 


8.3 Generators of congruences 


Every relation algebra 21 has a largest congruence, namely the uni- 
versal relation A x A, and a smallest congruence, namely the identity 
relation id,4. Furthermore, the intersection of every system of congru- 
ences on 2 is again a congruence on 2, because the intersection of 
every system of subuniverses of the direct product 2 x 2( must again 
be a subuniverse of this product. (The intersection of the empty sys- 
tem is, by convention, the universal congruence A x A.) More directly, 
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if © is the intersection of a system (0; : i € I) of congruences on AL, 
then © is certainly an equivalence relation on the universe of 2 (see 
Lemma 5.9(ii)). Moreover, if pairs (r,t) and (s, uw) are in O, then these 
pairs belong to every congruence 0; in the system, and therefore so do 
the coordinatewise sum and relative product of these two pairs, and 
also the complement and converse of the pair (r,t). It follows that the 
sum and relative product of the two pairs, and the complement and 
converse of the first pair, belong to the intersection 0, so © preserves 
the operations of 2. 

The observations of the preceding paragraph imply that if X is any 
set of ordered pairs from 2, then the intersection © of the system of all 
those congruences on 2 that include X as a subset is again a congru- 
ence on 2. (There is always at least one congruence that includes X, 
namely A x A.) The intersection O is the smallest congruence on 2 
that includes X. We say that © is the congruence generated by X, 
and X is called a set of generators of ©. If Y is also a set of ordered 
pairs from 2, and if X is included in Y, then the congruence generated 
by X is clearly included in the congruence generated by Y. In more 
detail, the congruence generated by Y includes the set Y and there- 
fore also the set X, and the congruence generated by X is the smallest 
congruence on 2 that includes X. A congruence is said to be finitely 
generated if it is generated by some finite subset. 

The preceding definition of the congruence generated by a set X is 
top-down and non-constructive. There is a complication in developing 
a bottom-up characterization of the congruence generated by X: it is 
not enough to adjoin sums, complements, relative products, and con- 
verses of pairs in a step-wise fashion, as was done in Lemma 6.5 for 
subalgebras, because the final set must also be an equivalence relation 
on the universe. It is easy to ensure reflexivity by adjoining the rela- 
tion id, at the initial step, and to ensure symmetry by adjoining the 
pair (s,r) at any given step in which a pair (r,s) is adjoined. Ensuring 
transitivity, however, poses a greater problem. It is therefore best to 
postpone the whole discussion until we come to the topic of ideals. 


8.4 Lattice of congruences 


The relation of one congruence being included in another is a partial 
order on the set of all congruences on a relation algebra 2, and under 
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this partial order, the set of congruences becomes a complete lattice. 
The infimum, or meet, of a system of congruences is the intersection of 
the system, and the supremum, or join, of the system is the congruence 
generated by the union of the system. The zero of the lattice is the 
identity congruence id, and the unit is the universal congruence Ax A. 

Just as in the case of subalgebras, the union of an arbitrary system 
of congruences on a relation algebra 2 is, in general, not a congruence, 
but the union of a non-empty directed system of congruences on 2{— 
defined in the obvious way—is again a congruence on 2. In particular, 
the union of a non-empty chain of congruences on 2 is a congruence 
on 2. If © is a congruence on 2 that is generated by a set X, and if Y 
is a subset of X, then the congruence generated by Y—call it Oy—is 
also included in 0, by the remarks in the previous section. The system 
of congruences 

(Oy :Y CX and Y is finite) 


is directed and includes the set X, so the union of this system must co- 
incide with ©. Thus, every congruence on 2 is the union of a directed 
system of finitely generated congruences. A finitely generated congru- 
ence is always a compact element in the lattice of congruences on 2. 
Consequently, the lattice of congruences on 2 is compactly generated. 
The detailed proofs of all these assertions are very similar in spirit to 
the proofs of the corresponding results in Section 6.4 and are left as 
exercises. 

The observations of the preceding paragraph are valid in the more 
general context of arbitrary abstract algebras. There are, however, 
properties of the congruence lattice of a relation algebra that are not 
generally valid. We begin with the following lemma, which says that 
on congruences on a relation algebra, the operation | of relational 
composition is commutative. 


Lemma 8.2. Jf ® and © are congruences on a relation algebra A, then 
®/O0=0| 9. 


Proof. To prove the lemma, it suffices to show that ®| 0 is included 
in ©O|®. The reverse inclusion then holds by symmetry. Consider a 
pair of elements (r,s) in the composite relation ®| ©. There must be 
an element t¢ in 2 such that (r,t) is in ® and (t, s) in 0, by the definition 
of relational composition. Observe that the pairs 


(tO s,tOs) and (ret,rety) 
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(where © is the term-defined operation of symmetric difference) be- 
long to the relations ® and © respectively, because congruences are 
reflexive relations. Form the coordinatewise symmetric difference of 
the pairs 


(et) and (t{Os,tOs), 
and also of the pairs 


(r 6t,r Ot) and (t, s), 


and use the fact that congruences preserve all term-defined operations, 
by Lemma 8.1, to conclude that the resulting pairs 


(rO (tO s),tO(tOs)) and ((r Ot) Ot), (r Ot) Os)) 


are in ® and O respectively. Recall from Section 2.1 that symmetric 
difference is a Boolean group operation with 0 as the group identity 
element. Consequently, 


tO(tOs)=(tOthOs=00Os=s 


and 
(rotheot=ro(tot)=ro0=r. 


Write 
u=rO(tOs)=(rot)os, 


and combine all of the preceding observations to conclude that the 
pairs (u,s) and (r,u) are in ® and © respectively. The pair (r,s) is 
therefore in Q| ®, by the definition of relational composition, so ®| O 
is included in ©| ®, as was to be shown. O 


We now show, with the help of the preceding lemma, that the com- 
position of two congruences ® and 0 in the lattice of congruences on a 
relation algebra 2 is again a congruence. Observe that the composite 
relation ®| © is reflexive, because the relational composition of two 
reflexive relations is reflexive, by the identity and monotony laws for 
relational composition. In more detail, 


ida = id,|id, C ®|O. 


The composite relation is also an equivalence element, by Lemmas 8.2 
and 5.9(v), so it is an equivalence relation on the universe of 21. To 
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check that ®|© preserves the operations of 21, consider two pairs in 
this relation, say (r,t) and (s, u). There must be an element p in 2 such 
that (r,p) is in ® and (p,t) in ©, and there must also be an element q 
in 2 such that (s,q) is in ©, and (q,u) in O, by the definition of 
relational composition. Congruences preserve the operation of relative 
multiplication, so the pairs (r;s,p;q) and (p;q,t; u) are in ® and 
in O respectively. It follows that the pair (r;s,¢;u) must be in ©|0, 
by the definition of relational composition. Thus, the relation &|0 
preserves the operation of relative multiplication. The proofs that this 
relation also preserves the operations of addition, complement, and 
converse are very similar and are left to the reader. Conclusion: ®| 0 
is a congruence on 2. 

It has been shown that the lattice of congruences on 2 is closed 
under the operations of relational composition and intersection. Apply 
Theorem 5.16 and its proof to conclude that the lattice is modular, and 
that its join operation is just relational composition. We summarize 
the results of this section in the following theorem. 


Theorem 8.3. The congruences on a relation algebra form a com- 
plete, compactly generated, modular lattice. The join of two congru- 
ences is their relational composition and the meet is their intersection. 


This theorem remains true in the more general context of abstract 
algebras in which a group operation is definable by means of some 
term. We shall see later that the lattice of congruences on a relation 
algebra is actually distributive. 


8.5 Quotients 


The equivalence classes, or congruence classes, of a congruence © on 
a relation algebra 2 are the sets of the form 


r/O={s:r=s mod 9}. 


The set of all congruence classes of © is denoted by A/O. The prop- 
erties of reflexivity, symmetry, and transitivity imply that 


r/O=s/0 ifand only if r=s mod9O. 


(This is a general property of equivalence relations.) In particular, two 
congruence classes are either equal or disjoint. The preservation prop- 
erties make it possible to define operations of addition, complement, 
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relative multiplication, and converse on the set A/O in the following 
way: 


(r/O) + (s/0) =(r+8)/O, — —(r/®) = (-r)/8, 
(r/®) ; (s/®) = (rv; 8)/8, (r/O)~ = (r~)/® 


for all r and s in 2. (The operations on the right sides of the equations 
are those of 2(, while the ones on the left are the operations on congru- 
ence classes that are being defined.) To show that these operations are 
well defined, it must be checked that the definitions do not depend on 
the particular choices of the elements r and s. For instance, to verify 
that the operation ; is well defined, suppose 


r/O0=t/O and S/O uO» 
These equations imply that 
r=t modO and s=u mod Q, 


SO 
r;s=t;u modO, 


by the preservation properties of ©. In other words, 
(r;s)/O = (t;u)/O, 
from which it follows that 


(r/®) ; (s/®) = (¢/®) ; (u/®), 


by the definition of the relative product of two congruence classes. 
Conclusion: in the definition of the relative product of two congruence 
classes, it does not matter whether r or ¢ is used as a representative 
of the first congruence class, nor does it matter whether s or w is 
used as a representative of the second congruence class; all choices of 
representatives lead to the same result. The same is true of the other 
operations defined above. 

The algebra consisting of the set of congruence classes of O under 
the four operations on congruence classes that were just defined, and 
with the congruence class 1’/© as the distinguished constant, is called 
the quotient of 2 modulo © and is denoted by 2/0. It is not difficult 
to show that this quotient is a relation algebra, by checking directly 
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the validity of the relation algebraic axioms. For example, here is the 
verification of Axiom (R4): 


(r/®) ; ((s/®) ; (t/O)) = (r/®) ; (8; t)/O) = (r; (8; #))/© 
= ((r; 8); #)/ = ((r; s)/®) ; (t/O) = ((r/®) ; (s/8)) ; (¢/8) 


for all r, s, and t in 2, by the definition of the operation ; in 21/0 and 
the validity of the associative law in 2. 

There is a more efficient way of proving that a quotient of a relation 
algebra 2 is always a relation algebra. For a given congruence 9 on 2, 
define a mapping y from 2 to 2/0 by writing 


g(r) =r/O 


for all r in 2. Simple computations show that vy satisfies the conditions 
for being an epimorphism. For example, y preserves the operation of 
relative multiplication because 


g(r; s) = (r;8)/O = (r/®) ; (8/9) = 9(r) ; vs); 


by the definition of y and the definition of relative multiplication in 
the quotient. The remaining computations needed to show that y is 
an epimorphism are left as an exercise. 


Lemma 8.4. For every congruence © on a relation algebra 2, the 
function mapping r to r/© for each r in A is an epimorphism from A 
to A/O. 


The mapping in the lemma is called the canonical homomorphism 
or the quotient homomorphism (or quotient mapping), from 2 to 2/0. 
It follows from the lemma that the quotient 2/0 is a homomorphic 
image of 21. Every homomorphic image of a relation algebra is again 
a relation algebra, by Corollary 7.3, so in particular, every quotient of 
a relation algebra is again a relation algebra, by Lemma 8.4. Similar 
arguments show that if a relation algebra is commutative or symmetric, 
then each of its quotients is commutative or symmetric respectively. 

The observations in the preceding lemma suggest a close connection 
between homomorphisms and congruences. To pursue this connection 
further, consider an arbitrary homomorphism y from a relation alge- 
bra 2 into a relation algebra %8. Define a binary relation O on the 
universe of 2 by specifying that two elements r and s are equivalent 
modulo © just in case y(r) = y(s). It is easy to check that O is a 


322 8 Ideals and quotients 


congruence on 2. For instance, if r and t are congruent modulo 0, and 
also s and u, then 


y(r)=y(t) and (s)= lu), 


by the definition of ©. The homomorphism properties of y imply that 


y(r;s) = p(r); 9(s) = v(t); plu) = v(t; u), 


so the relative products r;s and t;u are also congruent modulo 0. 
Consequently, © preserves the operation of relative multiplication. The 
verifications of the other congruence properties for O are equally easy 
to prove and are left as an exercise. We shall refer to 0 as the congru- 
ence induced by y. (The term kernel of y is sometimes employed, but 
we shall reserve this term for another purpose.) 

Start with a congruence O on 2, take y to be the quotient homo- 
morphism from 2 to 2/0, and let ® be the congruence on 2 induced 
by y. Using the definition of ® and the definition of y, we obtain 


r=s mod ® if and only if y(r) = ¢(s), 
ifandonly if r/O0=s/0, 
if and only if r=s mod QO. 


Consequently, © coincides with ®. This proves the following result, 
known as the Homomorphism Theorem (for congruences). 


Theorem 8.5. Every congruence © on a relation algebra 2 is induced 
by some epimorphism, namely the canonical homomorphism of 2 onto 
the quotient 2/0. 


What do the homomorphic images of a relation algebra 2 look like? 
Lemma 8.4 tells us that every quotient of 2( is a homomorphic image 
of 21. The next theorem says that, up to isomorphism, these quotients 
are the only homomorphic images of 2. The result is usually called the 
First Isomorphism Theorem (for congruences). 


Theorem 8.6. Every homomorphic image of a relation algebra 2 is 
isomorphic to a quotient of 2 modulo some congruence O. In fact, if p 
is an epimorphism from 2A to B, and if O is the congruence induced 
by y, then 2/O is isomorphic to B via the function that maps r/O 
to y(r) for every element r in A. 
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Proof. Consider an epimorphism y from 2 to %, and let © be the 
congruence on 2 induced by y. Use the definition of © to obtain the 
equivalences 


p(r) = v(t) ifand only if r=t mod@, 
ifand only if r/O0=t/O. 


The equivalence of the first and last equations, and the assumption 
that ~ maps 2 onto 8, imply that the correspondence w defined by 


b(r/O) = g(r) 


for each element r in 2 is a well-defined bijection from the universe 
of 2/0 to the universe of B. It is easy to check that this bijection is 
actually an isomorphism. For example, here is the verification that 
preserves relative multiplication: 


%((r/) ; (s/)) = P(r; 8)/0) = v(r; 8) 
= g(r); 9(s) = Y(r/®) ; ¥(s/9), 


by the definition of relative multiplication in 2/0, the definition of vy, 
and the homomorphism properties of vy. The proof that ~ preserves 
addition is similar and is left to the reader. Every bijection between 
relation algebras that preserves addition and relative multiplication 
is necessarily an isomorphism, by the remarks preceding Lemma 7.7, 
so yw must be an isomorphism. O 


The preceding theorem is valid in the more general context of arbi- 
trary abstract algebras. For a concrete instance of the theorem, take 2 
to be a set relation algebra in which the unit equivalence relation E’ has 
more than one equivalence class, take V to be one of the equivalence 
classes of E, and let y be the homomorphism from 2 into Re(V) that 
is defined by y(R) = RN(V x V) for each R in A (see the examples 
in Section 7.3). The congruence on 2 induced by ¢ is the relation O 
defined by 


R=S mod0O ifandonlyif RA(VxV)=SA(VxYV). 


If B is the image of 2 under the homomorphism y, then % is isomor- 
phic to 2/0 via the function that maps R/O to RN(V xV) for each R 
in 2, by the First Isomorphism Theorem. 
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8.6 Ideals 


A congruence © obviously determines each of its congruence classes, 
and in particular it determines the congruence class of 0, which is 
called the kernel of ©. It is a happy state of affairs that, conversely, O 
is completely determined by its kernel via the equivalence 


r=s modO if and only if rQs=0 mod 0. 


In other words, to check whether two elements r and s are congruent 
modulo 0, it is necessary and sufficient to check whether their sym- 
metric difference r © s is in the kernel. For the proof, suppose first 
that r and s are congruent modulo 0. The element s is congruent to 
itself modulo ©, because congruences are reflexive. Consequently, the 
elements r© s and s © s are congruent, because congruences preserve 
the operation of symmetric difference. The element s © s is equal to 0, 
so r © s is congruent to O and is therefore in the kernel of 0, by the 
definition of the kernel. To prove the converse, suppose r © s is in the 
kernel of 0, so that r © s and 0 are congruent modulo O. Of course s 
is congruent to itself, sor 6 506s is congruent to 0© s, by the preser- 
vation properties of 0. The first element is r and the second is s, so r 
is congruent to s modulo O. 

Under what conditions is a subset of the universe of 2( the kernel of 
some congruence on 2? Clearly, arbitrary subsets cannot be kernels, 
because the kernel of a congruence 9 has a number of special properties 
that are not shared by arbitrary subsets. First of all, 0 = 0 mod 0, 
so the element 0 must be in the kernel of ©. Second, if r =0 mod O 
and s=0 mod 9, then 


r+s=0 mod@Q, r+s=0 mod 0, r~ =0 mod 0, 


by Boolean algebra and Lemmas 4.7(ix), 4.1(vi), and 8.1. Thus, the 
kernel of © must be closed under the operations of addition, relative 
addition, and converse. Third, ifr =0 mod 9, and if s is any element 
in 2, then 


r;s=0 mod@, s;r=0 mod 98, r-s=0 modO, 


by Boolean algebra, Corollary 4.17 and its first dual, and Lemma 8.1. 
Thus, the kernel is closed under the operations of multiplication and 
relative multiplication by arbitrary elements from 2 (and not just by 
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elements from the kernel). It turns out that a subcollection of these 
properties is enough to characterize the sets that are kernels of some 
congruence; the remaining properties are derivable from this subcol- 
lection. 


Definition 8.7. An ideal in a relation algebra 2 is a subset M of the 
universe with the following properties. 
(i) Ois in M. 
(ii) If r and s are in M, thenr+s isin M. 
(iii) If r is in M and s in 2, then r-s is in M. 
(iv) Ifr isin M and s in 2, then r;s and s;r are in M. O 


These conditions are similar to the closure conditions that are sat- 
isfied by a subalgebra. (We shall derive the corresponding closure con- 
ditions for converse and relative addition in the next lemma and in 
Corollary 8.10 below.) Note, however, that conditions (iii) and (iv) are 
stronger than the corresponding subalgebra closure conditions; they 
say that M is closed under multiplication and relative multiplication 
by arbitrary elements from 2, and not just by elements from M. Also, 
the closure of M under the operation of complement is not required, 
and is not true (except in one trivial case). Conditions (i)—(iii) are ex- 
actly the conditions that M be a Boolean ideal (see, for example, [38]). 
Thus, a relation algebraic ideal is a Boolean ideal that is closed under 
relative multiplication by arbitrary elements from the relation algebra. 
In other words, it is a Boolean ideal that satisfies condition (iv). 

Each of the conditions in Definition 8.7 has a useful equivalent for- 
mulation. 


Lemma 8.8. Condition (iii) is equivalent to the condition: 
(v) Ifr is in M ands <r, then s is in M. 


Under the assumption of condition (iii), the following further equiva- 
lences hold. Condition (i) is equivalent to the condition: 


(vi) M is not empty. 
Condition (ii) is equivalent to the condition: 
(vii) [fr and s are in M, thenr Os is in M. 
Condition (iv) is equivalent to the conjunction of the two conditions: 


(viii) [fr is in M, then r~ is in M. 
(ix) Ifr is in M and s in, thenr;s isin M. 
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Proof. Suppose first that condition (iii) holds. If r isin M and s <r, 
then the product r-s must be in M, by (iii). This product coincides 
with s, so s is in M and therefore condition (v) holds. Assume now 
that condition (v) holds. If r is in M and s in 2, then r-s must belong 
to M, by (v), because r- s < r. Thus, condition (iii) holds. 

For the remainder of the proof, we assume condition (iii) and hence 
also condition (v). Condition (i) obviously implies condition (vi), and 
the reverse implication is a direct consequence of condition (v) and the 
fact that 0 is below every element. 

To establish the next equivalence, assume first that condition (ii) 
holds. If r and s are in M, then the products r-—s and s-—r are 
in M, by (iii), and therefore the sum of these two products is in M, 
by (ii). Since 

rOs=(r-—s)+(s-—r), 


the validity of condition (vii) follows. Assume now that condition (vii) 
holds. If r and s are in M, then the product r-s is in M, by (iii), and 
therefore r © s © (r-s) is in M, by two applications of (vii). Since 


r+s=rosoO(r-s), 


the validity of condition (ii) follows. 

To establish the final equivalence of the lemma, assume first that 
condition (iv) holds. Clearly, we have condition (ix), because this con- 
dition is just one half of (iv). To obtain condition (viii), consider an 
arbitrary element r in M. The product 1;7r;1 belongs to M, by (iv), 
and r~ <1;7r;1, by Corollary 5.42, so r~ is in M, by (v). Thus, we 
obtain condition (viii). Assume now that conditions (viii) and (ix) are 
both valid. If r is in M, and s in 2, then r~ is in M, by (viii), and 
therefore r~ ; s~ is in M, by (ix). Apply (viii) once more to obtain 
that (r~ ; s~)~ is in M. Since 


by the involution laws, we arrive at the second half of condition (iv); 
the first half of (iv) is just condition (ix). O 


We have seen that the kernel of every congruence is an ideal. The 
converse is also true: every ideal uniquely determines a congruence of 
which it is the kernel. 


Theorem 8.9. Jf M is an ideal in a relation algebra, and if © is the 
relation on the universe of 2 that is defined by 
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r=s modO if and only if roseM, 


then © is a congruence on A, and M is the kernel of O. Moreover, O 
is the only congruence on A with kernel M. 


Proof. For each element r in 21, we clearly have r GO r = 0. Since 0 is 
in M, by condition (i) in the definition of an ideal, it follows from the 
definition of © that 

r=r modQO. 


Consequently, © is reflexive. The symmetry of © is established in a 
similar way, using the commutative law r© s = s©r. To establish the 
transitivity of 0, assume that 


r=s modO and s=t mod0O. 


The elements r@s and sCt are then both in M, by the definition of 0, 
and therefore so is the symmetric difference of these two elements, by 
condition (vii) in Lemma 8.8. Since 


ret=re0et=re(ses)et=(res)O(set), 


by the associative and identity laws for symmetric difference, it follows 
that r Ct is in M, and consequently that r=t mod O. 
In order to verify the preservation conditions, assume 


r=t mod® and s=u modO. (1) 


The elements r 6 t and s © u are then in M, by the definition of 0, 
and therefore the differences 


r—t, t-r, s—u, u-—s arein M, (2) 


by condition (v) in Lemma 8.8 and the definition of symmetric differ- 
ence. Condition (ii) in the definition of an ideal therefore implies that 
the sum (r —t) + (s — u) is in M. Since 


(r+s)—(t+u) =(r+s)--t--uw=r--t--u+s--t--u 
<r--t+s--u=(r—t)+(s—u), 


it follows from condition (v) and the preceding observations that the 
difference (r+ s)—(t+u) isin M. A similar argument shows that the 
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difference (t + u) — (r+ s) is in M. Apply condition (ii) to conclude 
that the sum 


[(r+s) —(t¢+u)]4+ [(t+u)-(r+s)] 


is in M. This sum is just the symmetric difference (r+ s) 6 (t+ u), so 
this symmetric difference is in M, and therefore 


r+s=t+u mod0O, 


by the definition of ©. In other words, © preserves addition. 
The proof that © preserves the operations of complement and con- 
verse uses the laws 


—-ro-t=rot and (ret) =r" et. 


(The first law is an easy consequence of the definition of symmetric 
difference, and the second law is Lemma 4.1(iv).) In more detail, as- 
sume that the first congruence in (1) holds. The element r © t is then 
in M, by the definition of 0, and therefore (r 6 t)~ is in M, by condi- 
tion (viii) in Lemma 8.8. The two cited laws now imply that —r 6 —t 
and r~ 6t>~ are in M, so 


—r=-t modO and r~=t~ mod0O, 


by the definition of O. 

The argument that O preserves relative multiplication is somewhat 
more involved. Assume that the congruences in (1) hold. From (2) and 
condition (iv) in the definition of an ideal, we obtain that the products 


(r—t);s and t;(s—u) 


are both in M, and therefore so is the sum of these products, by 
condition (ii). Now, 


(r 3s) — (3 u) < [(r3s)— (3 5)] + [3 5) — 5 yu), 
by Boolean algebra, and 
(r;s)—(t;s)<(r—-t);s and (t;s)—(t;u) <t;(s— 4), 


by the semi-distributive law for relative multiplication over subtraction 
(Lemma 4.6). Combine these inequalities to arrive at 
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(r;s)—(t;u) < (r—t);s+t;(s—u). 


As has already been observed, the sum on the right side of this in- 
equality is in M, so the difference on the left must also be in M, by 
condition (v). A completely symmetric argument shows that the differ- 
ence (t;u) —(r;s) is in M. Consequently, the sum of these differences, 


(rss) — @5u)] + [5 u) -— (5 8)], 


is in M, by condition (ii). Since this sum is just the symmetric differ- 
ence (r;s) © (t; wu), we arrive at the conclusion that 


r;s=t;u mod9O, 


by the definition of 0. This completes the proof that © is a congruence 
on 2. 

The kernel of © is, by definition, the set of elements that are con- 
gruent to 0. In other words, it is the set of elements r such that r © 0 
belongs to M. This set is of course just M, since r C0 = r, so the 
kernel of 0 is M. 

If ® is any congruence with kernel M/, then 


r=s mod® if and only if rQs=0 mod 9, 
if and only if roseM, 
if and only if rQos=0 mod 6O, 
if and only if r=s modQO, 


by the remarks at the beginning of this section and the assumption 
that ® and O both have kernel M. Thus, ® = O. Conclusion: © is the 
unique congruence with kernel M. O 


A consequence of the preceding theorem is the observation that an 
ideal is also closed under relative addition. 


Corollary 8.10. [fr ands are elements in an ideal M, then r +s is 
in M. 


Proof. Suppose © is the congruence determined by the ideal M. If r 
and s are in M, then 


r=0O mod@O and s=0 mod QO, 


since M is the kernel of ©, and therefore 
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r+s=0+0 mod 0, 


by Lemma 8.1. The relative sum 0 +0 is 0, by Lemma 4.7(ix), so r+ s 
belongs to the kernel of ©, which is M. O 


All of the congruence classes of a congruence © can be computed di- 
rectly from the kernel M of the congruence. In fact, for each element r, 
the congruence class r/@ coincides with the coset 


roM={ros:seM}. 


To prove this assertion, we check that the sets r/O and r © M have 
the same elements: 


seEr/O if and only if r=s modQ, 
if and only if roseM, 
if and only if sEreoM. 


The first equivalence uses the definition of r/O, and the second uses 
the definition of O in terms of M. To prove the third equivalence, 
observe that ifr Os isin M and ift =ro-s, then the element rot 
belongs to the coset r 6 M, by the definition of this coset; since 


ret=re(res)=(rer)eos=00s=s, 


it follows that s is in r © M. On the other hand, if s belongs to the 
coset r © M, then s =r Ot for some element t in M; since rO s =t, 
by a computation similar to the preceding one, it follows that r © s is 
in M. 

The universe of the quotient 2/0 is defined to be the set of con- 
gruences classes of 0, but an equivalent definition is that the universe 
consists of the cosets of MM, where M is the kernel of 0. Similarly, the 
operations of the quotient algebra are defined in terms of the congru- 
ence classes of 0, but they can also be equivalently defined entirely in 
terms of the cosets of M/, in the following manner: 


(rOM)+(sCM)=(r+s)OM, —(r6 M)=(-r) OM, 
(ro M);(sOM) =(r;s)OM, (ro M)~ =(r-)OM. 


(The occurrences of addition, complement, relative multiplication, and 
converse on the left sides of these equations denote operations of 2/0, 
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while the ones on the right denote operations of 2.) The zero, unit, 
diversity element, and identity element of the quotient algebra are 


0OM, 10M, OOM, YOM 


respectively. (Of course, 0 © M coincides with M.) 

The fact that the definitions of the elements and operations of the 
quotient algebra 21/0 can be formulated entirely in terms of the cosets 
of the ideal M suggests the idea of dispensing with the congruence 0, 
and phrasing everything in terms of the ideal M. In order to adopt 
a notation and terminology that is consistent with this idea, we must 
replace the congruence © everywhere with the ideal M. Thus, for ex- 
ample, we write r/M instead of r/© to denote the congruence class of 
an element r, and we observe that r/M =r© M. Ina similar fashion, 
we write r= s mod M instead of r= s mod O to express that the 
elements r and s are congruent. It is easy to check that 


r=s mod M if and only if roseM, 
or, put a slightly different way, 


r/M =s/M ifandonlyif roseM. 


Finally, we write A/M for the universe of the quotient algebra, 
and 2/M for the quotient algebra itself. We call this quotient the 
quotient of XI modulo M. 

The quotient homomorphism that maps each element in 2 to its 
congruence class modulo © can also be defined entirely in terms of 
cosets: it is the function y from 2% to 2%/M that is determined by 


e(r) =0/M 


for each r in 2. The kernel of y is, by definition, the set of elements 
that are mapped to the zero element 0/M of the quotient, and of course 
this kernel is just the ideal M. 

Sets of elements (in this case, ideals) are almost always easier to deal 
with than sets of pairs of elements (in this case, congruences), so in 
the study of relation algebras, congruences are usually dispensed with, 
in favor of ideals. We shall follow this practice. The following lemma 
provides an example. It says that the property of being an ideal is 
preserved under epimorphisms and under inverse homomorphisms. 
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Lemma 8.11. Let y be a homomorphism from a relation algebra 2 
into a relation algebra 8. If N is an ideal in 8, then the inverse 
image set 


gi(N) = {re A:y(r) €N} 


is an ideal in 2. Similarly, if M is an ideal in A, and if p maps A 
onto 88, then the image set 


y(M) = {y(r): re M} 
is an ideal in 8. 


Proof. The proof of the lemma is similar in spirit to the proof of 
Lemma 7.4. We focus on the proof of the second assertion. It must 
be shown that conditions (i)—(iv) in the definition of an ideal are sat- 
isfied by the image set y(M) in B. The zero element in B certainly 
belongs to this image set, because (0) = 0. Thus, condition (i) holds. 

To verify conditions (iii) and (iv), consider elements u in y(M) and v 
in 8. There must be elements r in M and s in 2 that are mapped to u 
and v respectively, by the definition of the image set y(M) and the 
assumption that y is onto. The elements 


r- 8, r 38, 8317, 


all belong to M, by the assumption that M is an ideal, so the images 
of these elements under ¢ all belong to y(M). The homomorphism 
properties of y imply that these images are just the elements 


Uv, U5U, U5U, 


respectively, so these image elements are all in the image set y(M). 
Thus, the image set satisfies conditions (iii) and (iv) (with wu and v in 
place of r and s respectively). A similar argument shows that y(/) 
satisfies condition (ii). Conclusion: y(M) is an ideal in B. O 


8.7 Generators of ideals 


Every relation algebra 2 has a smallest ideal, namely the set {0}. This 
is called the trivial ideal; all other ideals are called non-trivial. Every 
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relation algebra 2 also has a largest ideal, namely the universe A. This 
is called the improper ideal; all other ideals are called proper. Observe 
that an ideal is proper if and only if it does not contain the unit 1. 
(This follows from condition (v) in Lemma 8.8.) 

The intersection of every system of ideals in a relation algebra 2 is 
again an ideal. The proof consists in verifying that the conditions of 
Definition 8.7 hold in the intersection. For instance, to verify condi- 
tion (iv), consider an element r in the intersection, and let s be any 
element in 2(. Every ideal in the system contains r, and therefore also 
contains the relative products r;s and s;7r, by condition (iv) applied 
to each ideal in the system. It follows that these relative products 
belong to the intersection of the system, so the intersection satisfies 
condition (iv). The other three conditions are verified in an analogous 
fashion. 

The special case when a system of ideals is empty is worth discussing 
for a moment, if only to avoid later confusion. The improper ideal A 
is vacuously included in every ideal in the empty system (there is no 
ideal in the empty system that does not include A). Clearly, A is the 
largest ideal that is included in every ideal in the empty system, so 
it is, by definition, the infimum of that system. Similarly, the trivial 
ideal {0} vacuously includes every ideal in the empty system (there is 
no ideal in the empty system that is not included in {0}). Since {0} 
is obviously the smallest ideal that includes every ideal in the empty 
system, it must be the supremum of that system. 

One consequence of the preceding remarks is that if X is an arbitrary 
subset of the universe of 2, then the intersection of all those ideals that 
happen to include X is an ideal. (There is always at least one ideal 
that includes X , namely the improper ideal A.) That intersection—call 
it Md—is the smallest ideal in 2( that includes X; in other words, M is 
included in every ideal that includes X, by the very definition of the 
intersection that determines M/. The ideal M is said to be generated 
by X, and X is called a set of generators for M. If Y is a subset of 2l 
that includes X, then the ideal generated by Y obviously includes the 
ideal generated by X (because the ideal generated by Y includes Y 
and therefore also X, and the ideal generated by X is the smallest 
ideal that includes X). An ideal is said to be finitely generated if it is 
generated by some finite subset. 

The definition just given of the ideal generated by a set X is top- 
down and non-constructive; it does not describe the elements in the 
ideal. (An advantage of the definition is that, with minimal changes, 
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it applies to every algebraic structure in which there is a suitable ana- 
logue of the notion of an ideal.) Fortunately, it is possible to give a 
more explicit description of the elements in the ideal. 


Theorem 8.12. In a relation algebra, an element r belongs to the ideal 
generated by a set X if and only if there is a finite subset Y of X such 
Het rs Ley ie. 


Proof. Fix a relation algebra 21 and a subset X of 2. Let M be the 
ideal generated in 2 by X, and write 


N={r:r<1;(Q5Y);1 for some finite Y C X}. (1) 


It is to be shown that the sets M and N are equal. The proof makes 
use of the conditions in Definition 8.7 and Lemma 8.8. 

Consider a finite subset Y of X. The sum )>Y belongs to M, by 
condition (ii), and therefore 1;(}> Y);1 belongs to M, by condition (iv). 
It follows that every element below 1; (>> Y);1 belongs to M, by 
condition (v). Conclusion: N is a subset of M, by (1). 

To establish the reverse inclusion, notice first that the set X is 
included in N. Indeed, an element r in X is always below 1;7r;1, by 
Lemma 4.5(iii) and its first dual, so r must be in N, by (1) (with Y 
taken to be the set {r}). 

The next step is to check that N is an ideal. In view of Lemma 8.8, 
it suffices to verify conditions (i), (ii), (iv), and (v). The empty set is a 
finite subset of X, and its sum is 0. Since 0 = 1;0;1, by Corollary 4.17 
and its first dual, we conclude from (1) that 0 belongs to N. Thus, 
condition (i) is satisfied. Condition (v) obviously holds, by (1). 

To verify condition (ii), consider elements r and s in N, say 


Pa Tay Yel and se lely 2s, 


where Y and Z are finite subsets of X. The union Y U Z is a finite 
subset of X, and 


r+ssSfl;QUY); +0500 2); =1; QV 2)]51, 


by Boolean algebra and the distributive law for relative multiplication. 
Consequently, the sum r+ s is in N, by (1). 

To verify condition (iv), consider an arbitrary element s in 2 and 
an element r in N, say r < 1; (9) Y);1, where Y is a finite subset 
of X. The associative and monotony laws for relative multiplication 
imply that 
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ries le Yelle 3 OF es) = 1 et 


Consequently, the product r; s belongs to N, by (1). The argument 
that the product s;r is in N is completely analogous. 

It has been shown that N is an ideal and X is included in N. The 
set M is the smallest ideal that includes X, so M must be included 
in N. Thus, M and WN are equal, as claimed. O 


We turn now to the problem of describing all finitely generated 
ideals. The description of the ideal generated by the empty set is easy: 
it is just the trivial ideal {0}. Consider the next most complicated 
case, when M is an ideal generated by a single element s. Such an 
ideal is said to be principal. Theorem 8.12 implies that the ideal M 
consists of the elements that are below the ideal element r = 1;5;1 (see 
Section 5.5). Consequently, we have the following description of M. 


Corollary 8.13. An ideal M in a relation algebra is principal if and 
only if M has a largest element. That largest element r, if it exists, is 
an ideal element, and M is the set of elements that are below r. 


The principal ideal generated by an ideal element r is usually de- 
noted by (r). Notice that both the trivial ideal and the improper ideal 
are principal; the former is generated by the ideal element 0, and the 
latter by the ideal element 1. 

The preceding discussion clarifies why elements of the form 1;s;1 
are called ideal elements, and it also explains why only ideal elements 
are usually considered when speaking about generators of principal 
ideals. 

Consider finally the general case of an arbitrary finitely generated 
ideal. Rather surprisingly, every such ideal must be principal. 


Corollary 8.14. Every finitely generated ideal in a relation algebra is 
principal. 


Proof. Let M be an ideal generated by a finite set X. If Y is any finite 
subset of X, then the sum 5° Y is below the sum }°>.X, and therefore 
the ideal element 1; (5) Y); 1 is below the ideal element 


ares. .4) aE 


by the monotony law for relative multiplication. Notice that r belongs 
to M, because the set X is assumed to be finite. Apply Theorem 8.12 
to conclude that r is the largest element in M, and that M consists of 
all elements below r. Thus, M = (r). O 
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In order to extend a given ideal M to a larger ideal, it is often 
helpful to proceed in a stepwise fashion, adjoining one element at a 
time and forming the ideal that is generated by this adjunction at each 
step. Theorem 8.12 implies that when adjoining a new element ro, no 
generality is lost in assuming that ro is an ideal element. The next 
lemma describes the resulting one-step extension. 


Lemma 8.15. If M is an ideal, and ro an ideal element, in a relation 
algebra, then the ideal generated by M U {ro} is just the set 


N=({r+s:r<ro andse M}. 


Proof. Let L be the ideal generated by the set M U {ro}. It is obvious 
from condition (ii) in the definition of an ideal, and condition (v) in 
Lemma 8.8, that the set N is included in L. To establish the reverse 
inclusion, consider an arbitrary element t in L. There must be a finite 
subset Y of MU {ro} such that t < 1; (> Y);1, by Theorem 8.12. 
Without loss of generality, it may be assumed that ro is in Y. Each 
element u in Y that is different from rg belongs to M, and therefore 
so does the ideal element that is generated by u, by condition (iv) in 
the definition of an ideal. It follows that the sum 


so = Di{lju;l:weY ~ {ro}} 


belongs to M, by condition (ii). The distributive law for relative mul- 
tiplication, the definition of sg, and the fact that 1;r9;1 = ro together 
imply that t < rg + so. Write 


r=ro:t and $= so-t, 


and observe that r is below ro, and s is in M, by condition (iii) in the 
definition of an ideal. Obviously, 


t=(ro+50)-t=ro-t+so-t=r+s, 


sot isin N. Thus, L is included in JN. O 


It is important to determine under what conditions a one-step ex- 
tension of a proper ideal M continues to be a proper ideal. The next 
lemma answers this question. 


Lemma 8.16. Suppose M is an ideal, and ro an ideal element, in a 
relation algebra. The ideal generated by the set M U {ro} is proper if 
and only if —ro does not belong to M. 
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Proof. The argument proceeds by contraposition. Assume first that the 
complement —7rg belongs to M. The ideal N generated by M U {ro} 
then contains both rg and —ro, so it contains the sum of these two 
elements, which is 1. Consequently, N is improper. 

Now assume that N is improper. In this case, N contains the com- 
plement —rp, so there must be an element r < rg and an element s 
in M such that —r9 = r+s, by Lemma 8.15. Form the product of both 
sides of this equation with —ro, and use Boolean algebra to obtain 


ro = —To:—To = —ro: (r +8) 
=-ro:r+—ro:s =0+-1r9-s=—T79°8. 
The equality of the first and last terms implies that —rp < s. Since s 


belongs to M, the complement —rg must belong to M as well, by 
condition (v) in Lemma 8.8. O 


8.8 Lattice of ideals 


The relation of one ideal being included in another is a partial order 
on the set of all ideals in a relation algebra 2, and under this partial 
order the set of ideals in 2( becomes a complete lattice. The infimum, 
or meet, of a system (M; : i € I) of ideals is just the intersection (); Mi 
of the ideals in the system. The supremum, or join, of the system is, 
however, generally not the union LU); M; of the ideals in the system, 
since this union is rarely an ideal. Rather, the supremum is the ideal 
generated by the union LJ, M;; in other words, it is the intersection 
of the system of ideals that include every ideal M;. We write MV N 
and M A N for the join and meet of two ideals M and N, and \V/; M; 
and /\; M; for the join and meet of a system of ideals (M; : i € I), in 
the lattice of ideals of some relation algebra. 

It is worthwhile formulating a simple but quite useful alternative 
description of the join and meet of two ideals. 


Lemma 8.17. If M and N are ideals in a relation algebra, then 
MVN=({r+s:reéEM andse N} 
and 


MAN =({r-s:rE€M andse N}. 
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Proof. The proof makes use of the four conditions (i)—(iv) in the defini- 
tion of an ideal, and condition (v) in Lemma 8.8. Let L be the complex 
sum of the ideals M and N, 


L={r+s:reéM andseN}. 


It must be shown that D= MV N. 

An element ¢t in L has, by definition, the form t = r+ s for some 
elements rin M and s in N. The ideal MV N includes both M and N, 
so it contains both r and s, and therefore it contains the sum t, by 
condition (ii). It follows that every element in L belongs to MV N, 
so L is certainly included in Mv N. 

To establish the reverse inclusion, consider an element ¢ in the 
ideal MV N. Since M V N is generated by the set M U N, there 
must exist some finite subsets X of M and Y of N such that t is below 
the product 1; [S>(X UY)];1, by Theorem 8.12. The elements 


p= 13 (y X)e1 and eet, Y jel 


belong to M and N respectively, by conditions (ii) and (iv). It follows 
that the elements 


p=r-t and q=s-t 
are also in M and N respectively, by condition (iii). We have 
#< 1; (XUV) 31 =05(2X) UF (LY) arts, 
and therefore 
t=(r+s)-t=r-t+s-t=p+gq. 


Thus, ¢ is the sum of an element from M and an element from N, so t 
must belong to L, by the definition of L. Because this is true for every 
element ¢ in MV N, the join M V N is included in L. 

Now let L be the complex product of the ideals M and JN, 


L={r-s:reéM andseN}. 


The goal is to show that D= MAN. 
An element t in MA N must belong to both M and N, since 


MAN=MON. 
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The Boolean law ¢t = t-t and the definition of L therefore imply that t 
is in L. Thus, every element in MA N belongs to L, so M AN is 
included in L. 

To establish the reverse inclusion, consider an arbitrary element t 
in L. By definition, t has the form t = r-s for some elements r in M 
and s in N. In particular, t belongs to both ideals M and N, by 
condition (iii), so t belongs to the intersection of these two ideals, 
which is M A N. Thus, each element in L is also in MAN, so L is 
included in MAN. O 


The preceding lemma assumes a particularly perspicuous form when 
applied to principal ideals. 


Corollary 8.18. If r and s are ideal elements in a relation algebra, 
then 
(r) V (s) =(r+s) and (AS) =F ea): 


A generalization of the preceding corollary to arbitrary infinite sys- 
tems of ideal elements is not valid, but the following weaker version 
does hold. 


Lemma 8.19. Suppose r is an ideal element, and (r;:i€ I) a system 
of ideal elements, in a relation algebra. 


G) (r) = Vislra) empties ¢ = 5 
(i) (7) = Ads) efhand only afr = [1,4 
Proof. The assumption in (i) implies that r belongs to the ideal gener- 


ated by the system (r; : i € I). Apply Theorem 8.12 to obtain a finite 
subset J of J such that 


rl; (Mies) 51. 
Since 
1; Qies M4) 51 = Veg 15 7451) = Vier Tis 
by the distributive law for relative multiplication and the assumption 
that r; is an ideal element for each 7, it follows that 


rs ies ". (1) 


The assumption in (i) also implies that each ideal (r;) is included in 
the ideal (7), and therefore each ideal element 1; is below r. Combine 
this with (1) to conclude that r = U,e, ri. 
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Turn now to the proof of (ii). Write 


M = Ailri) = (lr). (2) 


Assume first that r = [[, r;. In this case r is below each element r;, so r 
belongs to each ideal (r;), and therefore (r) is included in the meet WZ 
of these ideals. On the other hand, if s is an element in M, then s is 
in the ideal (r;) for each index i, by (2). Therefore, s is below each 
ideal element r;, so s is below the infimum r of these ideal elements. 
It follows that s belongs to (r). This establishes the implication from 
left to right in (ii). 

To establish the reverse implication, assume that (r) = M. In this 
case, r belongs to each ideal (r;), by (2), so r is below each element 1;. 
If s is any element that is below each r;, then s belongs to each of the 
ideals (r;), and therefore s belongs to M, by (2). It follows that s is 
in (r) and consequently below r. Thus, r is the greatest lower bound 
of the set of ideal elements 1;. oO 


The lattice of ideals in a relation algebra is not only complete, it 
is also distributive in the sense that joins distribute over meets, and 
meets over joins. The proof is a direct application of Lemma 8.17. 
Let L, M, and N be three ideals in a relation algebra. Lemma 8.17 
implies that 


LV(MAN)={r+(s-u):reL, seM,ueN} 


and 


(LVM)A(LVN)={(r+t)-(st+u):r,seL, te Mue N}. 


Since 
r+(s-u)=(r+s)-(r+u), 


by the distributive law for addition over multiplication, every element 
in the first ideal is also in the second. 

The proof of the reverse inclusion is a bit more involved. Let v be 
an arbitrary element in the second ideal, say 


v=(r+t)-(st+u), 


where r and s are in L, and t and u are in M and N respectively. 
Apply the Boolean distributive and monotony laws to obtain 
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v=(r+t)-(stu)=(r-s)+(r-u)t+(t-s)+(t-u) 
<r+r+s4+(t-u)=(r+s)4+(t-u). 


The sum r+s is in L, by condition (ii) in the definition of an ideal, and 
the elements t and u are in M and N respectively, so the product t-u 
belongs to the ideal M A N, by Lemma 8.17. The sum (r +s) + (t-u) 
therefore belongs to the first ideal defined above. Since v is below this 
sum, it too belongs to the first ideal, by condition (v) in Lemma 8.8. 
Conclusion: 


LV(MAN)=(LVM)A(LVN). 
The dual distributive law 
LA(MVN)=(LAM)V(LAN) 


can be established in a similar fashion, or it can be derived directly 
from the preceding law. 

Let us return for a moment to the question of the join of a system 
of ideals. As was mentioned earlier, the union of a system of ideals 
usually fails to be an ideal. There is, however, an exception. A non- 
empty system (M; : i € I) of ideals in a relation algebra is said to be 
directed if any two ideals M; and M; in the system are included in 
some third ideal M; in the system. 


Lemma 8.20. The union of a non-empty, directed system of ideals in 
a relation algebra A is again an ideal in 2, and this ideal is proper if 
and only if each ideal in the system is proper. 


Proof. The proof is similar to that of Lemma 6.7. Consider a non- 
empty, directed system (M; : 7 € I) of ideals in 2, and let M be the 
union of the ideals in this system. It is to be shown that M satisfies 
conditions (i)—(iv) of Definition 8.7. Certainly, 0 belongs to M, be- 
cause 0 belongs to each ideal in the given system, and the system is 
assumed to be non-empty. Thus, condition (i) is satisfied. 

To verify condition (ii), consider elements r and s in M. There 
must be indices 7 and 7 in J such that r is in M; and s in Mj, by the 
definition of M. The two ideals M; and M; are included in some third 
ideal M;, in the system, because the system is assumed to be directed. 
The elements r and s therefore both belong to M;, and consequently 
so does their sum r+ s, since M;, is assumed to be an ideal. It follows 
that this sum belongs to M, as desired. 
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The verification of conditions (iii) and (iv) is easier. Suppose r is an 
element in M, and s an element in 2%. There must be an index 7 in I 
such that r is in M;. The elements r-s,7r;s, and s;r all belong to Mj, 
by the assumption that M; is an ideal. Consequently, these elements 
all belong to M, by the definition of M. 

The ideal M is proper if and only if each ideal M; in the system is 
proper, because M is the union of the ideals M;, and the union does 
not contain the element 1 if and only if each M; does not contain 1. O 


The lemma applies, in particular, to non-empty chains of ideals, 
that is to say, to non-empty systems of ideals that are linearly ordered 
by the relation of inclusion. 


Corollary 8.21. The union of a non-empty chain of ideals in a rela- 
tion algebra 2 is again an ideal in 2, and this ideal is proper if and 
only if each ideal in the chain is proper. 


Consider now an arbitrary ideal M. Each element ¢ in M is below 
the generated ideal element r = 1;t;1, by Lemma 4.5(iii) and its 
first dual. Also, r belongs to M, by condition (iv) in the definition of 
an ideal, and therefore the principal ideal generated by r is included 
in M. It follows that M is the union of the system of principal ideals 
generated by the ideal elements in M/. This system is directed. Indeed, 
for any two ideal elements r and s in M, the sum r+ s is an ideal 
element that is also in M, by Lemma 5.39(ii) and Definition 8.7(ii), 
and the principal ideals (r) and (s) are both included in the principal 
ideal (r + s). Conclusion: every ideal in a relation algebra is the union 
of a directed system of principal ideals. 

An ideal M is defined to be a compact element in the lattice of 
ideals in a relation algebra provided that whenever M is included in 
the join of some system of ideals, it is already included in the join 
of finitely many of the ideals in the system. A principal ideal (r) is 
always a compact element. For the proof, suppose that (r) is included 
in the join of a system (M; : 7 € I) of ideals. The element r belongs to 
this join, so there must be a finite subset Y of the union L),-; Mj such 
that r is below the ideal element s = 1;()>Y);1, by Theorem 8.12. 
Since Y is finite, there must be a finite subset J of the index set J such 
that Y is included in the union U),-,; Mj. Apply Theorem 8.12 again 
to conclude that r belongs to the join of the finite system (Mj :i € J), 
and therefore (r) is included in this join. 

Conversely, every compact element in the lattice of ideals in a re- 
lation algebra is necessarily principal. Indeed, an ideal M is equal to 
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the join of a directed system of principal ideals, by the observations of 
the preceding paragraph. If M is compact, then M must be included 
in, and therefore equal to, the join of finitely many of these principal 
ideals. The join of finitely many principal ideals is again a principal 
ideal, by Corollary 8.18 and Lemma 5.39(ii), so M is a principal ideal. 


As we have already seen, every ideal is the join of a direct family 
of principal ideals, so it follows from the observations of the preceding 
paragraphs that every ideal is the join of compact elements. Thus, 
the lattice of ideals in a relation algebra is compactly generated. We 
summarize the preceding observations in the following theorem. 


Theorem 8.22. The ideals in a relation algebra form a complete, 
compactly generated, distributive lattice that is closed under directed 
unions. The join and meet of two ideals are their complex sum and 
product respectively. The compact elements are the principal ideals. 


In view of the close connection between congruences and ideals, it 
should come as no surprised that the lattice of congruences is isomor- 
phic to the lattice of ideals. 


Theorem 8.23. The function that maps each congruence on a relation 
algebra 2 to its kernel is an isomorphism from the lattice of congru- 
ences on 2 to the lattice of ideals in 2. 


Proof. Every congruence on 2t uniquely determines its kernel, which is 
an ideal, by the observations at the beginning of Section 8.6. Also, ev- 
ery ideal in 2 is the kernel of exactly one congruence, by Theorem 8.9. 
Consequently, the function mapping each congruence on 2 to its ker- 
nel is a bijection from the lattice of congruences on 2 to the lattice of 
ideals in 2. 

In order to establish the preservation properties required of a lattice 
isomorphism, it suffices to show that the bijection under consideration 
preserves the relation of inclusion in the following sense: if O and ® 
are congruences on 2, and if M and WN are their respective kernels, 
then 

O0Cc® if and only if MCN. 


To say that © is included in ® means that whenever elements r and s 
are congruent modulo O, they are also congruent modulo ®. In particu- 
lar, whenever r and 0 are congruent modulo 0, they are also congruent 
modulo ®. This is just another way of saying that the kernel / is in- 
cluded in the kernel N. On the other hand if M is included in N, then 


344 8 Ideals and quotients 


whenever a symmetric difference r 6 s belongs to M, this symmetric 
difference must also belong to N. This is just another way of saying 
that whenever elements r and s are congruent modulo 0, they are also 
congruent modulo ®, by Theorem 8.9; and this in turn means that O 
is included in ®. Oo 


One consequence of Theorems 8.22 and 8.23 is that the lattice of 
congruences on a relation algebra is actually distributive, and not just 
modular; see the remark after Theorem 8.3. 


8.9 Ideal elements and ideals 


Theorem 8.12, Corollary 8.18, and the remarks leading up to Theo- 
rem 8.22 hint at a very close connection between the ideals and the 
ideal elements in a relation algebra. We now pursue this connection 
further. The following observation was already made informally before 
Lemma 5.40. 


Lemma 8.24. The set of ideal elements in a relation algebra L is a 
strongly regular Boolean subalgebra of the Boolean part of 2. 


Corollary 8.25. If a relation algebra 2 is complete, then the Boolean 
algebra of ideal elements in 2 is a complete Boolean subalgebra of the 
Boolean part of 2. 


Rather surprisingly, it turns out that the lattice of ideals in a relation 
algebra 2 is isomorphic to the lattice of Boolean ideals in the Boolean 
algebra of ideal elements in 21. To see this, write B for the set of ideal 
elements in 2l. A relation algebraic ideal M in 2 is also a Boolean ideal 
in the Boolean part of 2, by conditions (i)—(iii) in Definition 8.7. The 
intersection 

Bu=BaM 


must therefore be a Boolean ideal in B, because the intersection of a 
Boolean ideal with a Boolean subalgebra is always a Boolean ideal in 
the subalgebra. 

Conversely, if K is a Boolean ideal in B, then the set 


Ak={réeA:l;r;leK}={reA:r<s for somese K} 


is easily seen to be a relation algebraic ideal in 2. For example, to 
check one half of condition (iv) in Definition 8.7, consider an element r 
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in Ax and an arbitrary element ¢ in 2. The definition of Ax implies 
that r < s for some element s in K. Therefore, 


rj;t<s;l=s, 


by the monotony law for relative multiplication and the fact that the 
ideal element s is a right ideal element (see Lemma 5.38(vi)). Conse- 
quently, r ; t belongs to the set Ax, by the definition of this set. 

Start with an ideal M in 2, form the Boolean ideal By, and then 
form the relation algebraic ideal Ag,,; the result is just the original 
ideal M. In other words, 


Apy = M. 


For the proof, consider an arbitrary element r in 2, let s = 1;r;1, and 
observe that r < s, by Lemma 4.5(iii) and its first dual. If r is in M, 
then s is in M, by condition (iv) in Definition 8.7; since s is also in B, 
by the definition of B, it follows that s belongs to the intersection of B 
and M, which is just Bjy. Consequently, r must belong to Ag,,, by 
the definition of the set Ax (with By, in place of kK). Conversely, if r 
is in Ag,,, then s belongs to the set By, by the definition of Ax, and 
therefore s belongs to the ideal M (and to B), by the definition of By. 
Consequently, r belongs to M, by condition (v) in Lemma 8.8. 

An entirely analogous argument shows that if we start with a 
Boolean ideal K in B, form the relation algebraic ideal Ax, and then 
form the Boolean ideal B4,,, we arrive at the original Boolean ideal K. 
In other words, 

Baga kK. 


Conclusion: the function mapping each ideal M in 2 to the Boolean 
ideal Byy in B, and the function mapping each Boolean ideal K in B 
to the ideal Ax in 2 are inverses of one another, and are therefore 
bijections. 

If M and N are ideals in 2, and if M is included in N, then obviously 


BOMCBNON, 


so that By is included in By. Conversely, if K and LF are ideals in B, 
and if K is included in L, then Ax is included in Az, since 


{re A:r<sforsomese K}C{reA:r<-s for some sce L}. 
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In particular, if Byy is included in By, then Ag,, is included in Ag,, 
and therefore M is included in N. Conclusion: 


Bu C Bn if and only if MCN. 


These observations lead to the following important theorem, called the 
Lattice of Ideals Theorem. 


Theorem 8.26. Let & be a relation algebra and B the Boolean algebra 
of ideal elements in 2. The function mapping each ideal M in 2 to the 
Boolean ideal BO M is an isomorphism from the lattice of ideals in A 
to the lattice of Boolean ideals in B. The inverse of this function maps 
each Boolean ideal K in B to the ideal {r © A: 1;r;1e K} in 2. 


The lattice of ideals in a Boolean algebra is known to be complete, 
compactly generated, and distributive (see, for example, [38]), so the 
corresponding result for the lattice of ideals in a relation algebra— 
that is to say, part of the first assertion in Theorem 8.22—follows 
at once from the preceding theorem. Any lattice isomorphism must 
map compact elements to compact elements, since the property of 
being compact can be expressed lattice-theoretically. It follows that 
the isomorphism in the preceding theorem maps the finitely generated 
relation algebraic ideals to finitely generated Boolean ideals. In other 
words, it maps principal ideals to principal Boolean ideals. Here is 
another way of seeing the same thing. A relation algebraic ideal M is 
principal if and only if it has a largest element, which is necessarily an 
ideal element. The corresponding Boolean ideal, say K, consists of the 
ideal elements in M, so if M has a largest element, then K has the 
same largest element, and vice versa. 


Corollary 8.27. An ideal in a relation algebra is principal just in case 
the corresponding Boolean ideal (in the Boolean algebra of ideal ele- 
ments) is principal. If these ideals are principal, then they are gener- 
ated by the same ideal element. 


We close this section with one more observation about the Boolean 
algebra of ideal elements, namely if a relation algebra is atomic, then 
so is its Boolean algebra of ideal elements. The corresponding remark 
about atomless algebras is false. 


Lemma 8.28. If r is an atom in a relation algebra A, then 1;7r3;1 
is an atom in the corresponding Boolean algebra of ideal elements. 
Consequently, if & is atomic, then so is the Boolean algebra of ideal 
elements in 2. 


8.10 Maximal ideals 347 


Proof. Two applications of the De Morgan-Tarski equivalences (see 
Lemma 4.8), combined with Lemma 4.1(vi), imply that, for any el- 
ements r and s in 2, 


(1;r;1)-s40 if and only if (legci)-r 2 0. (1) 


To prove the first assertion of the theorem, assume that r is an atom 
in 2. Certainly, 1;r;1 is not zero, since r < 1;r;1, by Lemma 4.5(iii) 
and its first dual. If s is an ideal element whose product with 1;7r;1 
is non-zero, then the product of r with 1; 5; 1 is non-zero, by (1). 
Since 1;5;1 = s, by the definition of an ideal element (see Section 5.5), 
it follows that r-s is non-zero, and therefore r < s, because r is assumed 
to be atom. Form the relative product of both sides of this inequality 
with 1 on the left and the right, and use the monotony law for relative 
multiplication and the definition of an ideal element to arrive at 


l;r;l<l;s;l=s. (2) 


Conclusion: for any ideal element s, the ideal element 1;7;1 is either 
disjoint from s or below s. This is precisely what it means for 1;7r;1 
to be an atom in the Boolean algebra of ideal elements. 

Now assume that 2 is atomic. For each non-zero ideal element s, 
there is an atom r in 2 that is below s, by the assumed atomicity of 2. 
The generated ideal element 1;7r;1 is an atom below s in the Boolean 
algebra of ideal elements, by (2) and the observations of the previous 
paragraph. Consequently, the Boolean algebra of ideal elements in 2 
is atomic. O 


8.10 Maximal ideals 


An ideal in a relation algebra is said to be maximal if it is a proper ideal 
that is not properly included in any other proper ideal. Equivalently, 
to say that an ideal M is maximal in a relation algebra 21 means 
that M # A, and for any ideal N in 2, 


MCNCA implies N=MorN=A. 


Thus, maximal ideals in 2l are just maximal elements in the lattice of 
ideals in 2. More generally, an ideal M is said to be maximal in an ideal 
L if M is properly included in L, and M is not properly included in 
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any other ideal that is properly included in L. Using this terminology, 
maximal ideals may be described as ideals that are maximal in the 
improper ideal A. 

Maximal ideals are characterized by some curious algebraic proper- 
ties. 


Lemma 8.29. The following conditions on an ideal M in a relation 
algebra L are equivalent. 


(i) The ideal M is maximal. 
(ii) For every ideal element r in A, exactly one of r and —r belongs 
to M. 
(iii) For every element r in 2, exactly one of r and —(1;1r;1) belongs 
to M. 
(iv) The ideal M is proper, and for every pair of elements r and s 
in QW, ifr;1;s is in M, then eitherr or s isin M. 


Proof. The proof proceeds by showing that condition (ii) is equivalent 
to each of the other three conditions. The following preliminary re- 
marks (consequences of conditions (ii) and (iv) in Definition 8.7 and 
condition (v) in Lemma 8.8) are used several times. First, the ideal MZ 
is improper if and only if, for some element r in 2%, both r and —r 
belong to M. Second, for all elements r in 2, 


rEeM if and only if l;sr;leMm. (1) 


To establish the equivalence of (i) and (ii), assume first that condi- 
tion (i) holds, and consider an arbitrary ideal element r in 2. Suppose 
that the complement —r is not in M. In this case, the set M U {r} 
can be extended to a proper ideal N, by Lemma 8.16. The assump- 
tion that M is maximal implies that N = M, so r must belong M. 
Clearly, r and —r cannot both be in M, for then M would be an im- 
proper ideal, by the preliminary remarks above. Thus, condition (ii) 
holds. 

Assume now that condition (ii) holds. The ideal M is certainly 
proper, because the element 0 is in M, by Definition 8.7(i), and there- 
fore the complement of this element, namely 1, cannot be in M, by 
condition (ii). Consider now an arbitrary ideal N in 2% that properly 
includes M. There must be an element r in N that does not belong to 
M, by the assumption that N is a proper extension of M; and it may 
be supposed, by (1), that r is an ideal element. Since r is not in M, 
the complement —r must be in M, by condition (ii), and therefore —r 
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is also in N, by the assumption that N includes M. The ideal N there- 
fore contains both r and —r, so N is an improper ideal. Conclusion: 
is a proper ideal, and the only proper extension of M is the improper 
ideal. Thus, condition (i) holds. 

The equivalence of conditions (ii) and (iii) is an immediate conse- 
quence of (1) and the definition of an ideal element. 

To establish the equivalence of (ii) and (iv), assume first that con- 
dition (iv) holds, and consider an arbitrary ideal element r in 21. We 
have 

rs3lj;—-r=r;-r=r--r=0, 


by Lemmas 5.38(vi), 5.39(ii), 5.41(ii), and Boolean algebra. Conse- 
quently, the element r;1;—r belongs to M, by Definition 8.7(i). Apply 
condition (iv) to obtain that at least one of the elements r and —r 
is in M. They cannot both be in M, because M is assumed to be a 
proper ideal. Thus, condition (ii) holds. 

To establish the reverse implication, assume that condition (ii) 
holds. It has already been observed that in this case the ideal M must 
be proper. Consider an element of the form r;1;s that belongs to M. 
The generated ideal element 1;7;1;5;1 is then in M, by (1). Since 


lersisssl=lyrsls lies! 
=(esl) seg = er) ey)), 


by Lemma 4.5(iv), the associative law for relative multiplication, and 
Lemma 5.41(ii), the product 


(lees 4) (lees) (2) 


must in M. Assume now that r is not in M. In this case, the ideal 
element 1;7r;1 cannot be in M, by (1), so its complement —(1;r ; 1) 
must be in M, by condition (ii). Add this complement to (2), and use 
Definition 8.7(ii), to conclude that the sum 


(Lira) ab ere die (ieee) 


is in M. The ideal element 1; 5; 1 is below this sum, so it, too, must 
be in M, and therefore s must be in M, by (1). Thus, condition (iv) 
holds. O 


The main result concerning maximal ideals is that they exist in 
profusion: every proper ideal is included in a maximal ideal. The next 
theorem contains a stronger version of this statement. 
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Theorem 8.30. /f L is a principal ideal in a relation algebra, and M 
an ideal that is properly included in L, then there is an ideal that is 
maximal in L and includes M. 


Proof. Assume L = (r), where r is an ideal element in a relation alge- 
bra 2, and let M be an ideal that is properly included in L. Consider 
the set W of all ideals in 2 that include M and are properly included 
in L. It is not difficult to check that the union of any non-empty chain 
of ideals in W is again an ideal in W. For the proof, suppose that N 
is the union of some non-empty chain of ideals in W. Certainly, N is 
an ideal, by Corollary 8.21. Also, N obviously includes M, because 
the chain is assumed to be non-empty and every ideal in the chain 
includes M, by the definition of W. Finally, N is properly included 
in L, because N cannot contain the element 7, since no ideal in the 
chain contains r, by assumption. Therefore N belongs to W, by the 
definition of W. 

Apply Zorn’s Lemma to conclude that W has a maximal element. 
The definition of W implies that this maximal element is an ideal that 
includes M and is maximal in L. O 


An alternative proof of the preceding theorem uses the Lattice of 
Ideals Theorem 8.26 from the preceding section. Here are the details. 
Let Lo and Mo be the images of the relation algebraic ideals L and M 
under the lattice isomorphism given in that theorem. Because the iso- 
morphism maps principal ideals to principal Boolean ideals, and pre- 
serves inclusion, Lo must be a principal Boolean ideal in the Boolean 
algebra of ideal elements, and Mp must be a Boolean ideal that is 
properly included in Lo. Apply the well-known Boolean analogue of 
Theorem 8.30 to obtain a Boolean ideal No that includes Mo and is 
maximal in Lo. If N is the unique relation algebraic ideal in 2 that 
is mapped to No by the lattice isomorphism, then N includes M and 
is maximal in L, by the lattice preservation properties of the isomor- 
phism. 

The following important consequence of Theorem 8.30 is called the 
Maximal Ideal Theorem. 


Theorem 8.31. For every proper ideal M in a relation algebra, and 
every element r that does not belong to M, there is a maximal ideal 
that includes M and does not contain r. 


Proof. The ideal M does not contain the element r, by assumption, 
so M cannot contain the ideal element 1;7r;1, (see (1) in the proof of 
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Lemma 8.29). The ideal generated by the set 
MU{-(1;r51)} (1) 


is therefore proper, by Lemma 8.16 (with —(1;7;1) in place of ro). 
Apply Theorem 8.30, with the improper ideal (which is generated by 
the unit and is therefore principal) in place of L and with the ideal 
generated by (1) in place of M, to obtain an ideal N that includes (1) 
and is maximal in L. Since the ideal L is improper, the ideal N must 
be maximal; and since N contains —(1;7; 1), it cannot contain r, by 
Lemma 8.29(iii). O 


We now make a few observations about the connections between 
principal ideals and maximal ideals. A bit of terminology will be help- 
ful. Call an atom of the Boolean algebra of ideal elements in a relation 
algebra 2 an ideal element atom in 2. Warning: an ideal element atom 
in 2( need not be an atom in 2. 


Lemma 8.32. A principal ideal in a relation algebra is maximal if and 
only if it has the form (—s) for some ideal element atom s. 


Proof. The lattice isomorphism in the Lattice of Ideals Theorem 8.26 
maps maximal ideals to maximal ideals, and principal ideals to princi- 
pal ideals. Consequently, the lemma follows directly from the fact that 
a principal Boolean ideal is maximal if and only if its generator is the 
complement of an atom. In more detail, a principal ideal (r) in the 
Boolean algebra of ideal elements is maximal just in case, for all ideal 
elements s, precisely one of s and —s is in (r). In other words, exactly 
one of s and —s is below r. This means that —r is below exactly one 
of —s and s, which is just the condition for r to be an atom in the 
Boolean algebra of ideal elements. O 


The preceding lemma leads naturally to the problem of character- 
izing when a maximal ideal is non-principal. 


Lemma 8.33. A mazimal ideal in a relation algebra contains all but 
at most one ideal element atom. It contains all ideal element atoms if 
and only if it is non-principal. 


Proof. A maximal ideal M in a relation algebra does not contain an 
ideal element atom s just in case M contains —s and therefore coin- 
cides with (—s), by Lemma 8.29 and the fact that (—s) is a maximal 
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ideal (see Lemma 8.32). For distinct ideal element atoms s and t, the 
maximal ideals (—s) and (—t) must be distinct, since —s and —t are 
the largest elements in the ideals that they generate. Consequently, 
if M does not contain s, and therefore coincides with (—s), then M 
cannot contain the complement of any other ideal element atom, and 
therefore MM must contain every ideal element atom different from s, 
by Lemma 8.29. These observations imply that a maximal ideal M is 
non-principal if and only if it does not contain the complement of any 
ideal element atom, or, equivalently, if and only if it contains all ideal 
element atoms. O 


We are now in a position to characterize the relation algebras that 
have maximal, non-principal ideals. 


Theorem 8.34. The following conditions on a relation algebra A are 
equivalent. 


(i) There are only finitely many ideal elements in 2. 
(ii) There are only finitely many ideals in QA. 

(iii) Every ideal in 2 is principal. 

(iv) Every maximal ideal in A is principal. 


Proof. The proof proceeds by showing that condition (i) implies each of 
the other three conditions, and the negation of (i) implies the negation 
of each of the other three conditions. Suppose first that (i) holds. This 
condition says that the Boolean algebra B of ideal elements in 2 is 
finite. A finite Boolean algebra can have only finitely many Boolean 
ideals, and each of these ideals must be finite. It follows that the sum 
of the elements in each of these Boolean ideal is again an element in 
the ideal, so every Boolean ideal in B is principal. Apply the Lattice 
of Ideals Theorem 8.26 and Corollary 8.27 to conclude that 2 has only 
finitely many ideals, and each of these ideals is principal. 

Assume now that the negation of condition (i) holds. This means 
that the Boolean algebra B is infinite. Clearly, B has as many principal 
Boolean ideals as it has elements, so B has infinitely many principal 
Boolean ideals, and therefore 2 has infinitely many principal ideals, 
by the Lattice of Ideals Theorem and Corollary 8.27. 

We proceed to construct a maximal ideal in 2 that is not principal. 
Let X be the set of atoms in B, and let M be the ideal generated in 2 
by X. An element r in 2 belongs to M if and only if there is a finite 
subset Y of X such that 
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by Theorem 8.12, the distributivity of relative multiplication, and the 
definition of an ideal element, together with the assumption that X, 
and therefore also Y, consists of ideal elements in 2. The assumption 
that there are infinitely many ideal elements in 2l implies that 1 cannot 
be the sum of a finite subset of X. Indeed, an arbitrary Boolean algebra 
is finite if and only if its unit is the sum of finitely many atoms, and 
we have assumed that B is infinite. Consequently, 1 cannot be in M, 
so M is a proper ideal. 

Use the Maximal Ideal Theorem to extend M to a maximal ideal N 
in 2. Every ideal element atom, that is to say, every element in X, 
belongs to M and therefore also to N. Apply Lemma 8.33 to conclude 
that the maximal ideal N is not principal. O 


We shall see in Corollary 11.42 that another condition involving 
direct products is equivalent to each of the conditions in the preceding 
theorem, namely that the relation algebra 2 is isomorphic to the direct 
product of finitely many simple algebras. 


Corollary 8.35. A relation algebra & has maximal ideals that are non- 
principal if and only if 2 has infinitely many ideal elements. 
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The connection between congruences and homomorphisms (discussed 
in Section 8.5) implies a similar connection between ideals and ho- 
momorphisms. Indeed, the translation from the (informal) language 
of congruences to the language of ideals that was discussed at the 
end of Section 8.6 allows us to translate every result about quotients 
of relation algebras by congruences into a corresponding result about 
quotients of relation algebras by ideals. As an example, here is the 
translation of Lemma 8.4. 


Lemma 8.36. For every ideal M on a relation algebra A, the function 
mapping r tor/M for each r in A is an epimorphism from A to A/M. 


The mapping in the lemma is called the canonical homomorphism, 
or the quotient homomorphism, from 2 to A/M. It is exactly the same 
mapping that was discussed in Lemma 8.4, so there is no inherent 
conflict in our use of this terminology in the present situation. 
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Corresponding to the notion of the congruence induced by a homo- 
morphism, there is also a notion of the ideal induced by a homomor- 
phism. In more detail, the kernel of a homomorphism y on a relation 
algebra 2 is the set of those elements in 2 that are mapped to zero 
by y. This kernel is easily seen to be an ideal. The proof involves 
a straightforward verification of the conditions in Definition 8.7. For 
example, if r is in the kernel of y and if s is any element in 2, then 


g(r; s) = lr); p(s) =9; v(s) =0 


by the homomorphism properties of y, the assumption that r is in the 
kernel, and the first dual of Corollary 4.17; consequently, r;s is in the 
kernel. The other conditions in Definition 8.7 are verified in a similar 
fashion. Alternatively, one can observe that if O is the congruence 
induced by the homomorphism y, then the kernel of y coincides with 
the congruence class of 0 modulo ©, so the kernel must be an ideal, 
by the remarks at the beginning of Section 8.6. 

Here is a general and useful remark about homomorphisms and their 
kernels. 


Lemma 8.37. A homomorphism is a monomorphism if and only if its 
kernel is the trivial ideal {0}. 


Proof. Consider a homomorphism y on a relation algebra. If y is one- 
to-one, and if y(r) = 0, then y(r) = y(0) and therefore r = 0. Conse- 
quently, the kernel of vy is {0}. 
On the other hand, if the kernel of y is {0}, and if y(r) = y(s), 
then 
g(r 8 8) = 9(r) 6 ols) = v(r) 6 v(r) = 9, 


so that r © s = 0 and therefore r = s, by the assumption about the 
kernel. Consequently, y is one-to-one. O 


If the domain of a homomorphism ¢ is an atomic relation algebra, 
then the preceding lemma can be strengthened somewhat. In this case, 
a homomorphism is a monomorphism if and only if no atom belongs to 
the kernel. The necessity of the condition that the kernel not contain 
an atom is a consequence of the lemma. To establish the sufficiency of 
the condition, argue by contraposition. If the kernel contains a non- 
zero element 7, then it must contain every atom s below r, because 


y(s) < y(r) =0. 
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Consequently, if the kernel does not contain an atom, then it cannot 
contain a non-zero element, by the assumption that the domain algebra 
is atomic, so the homomorphism y must be one-to-one. 

We have seen that the kernel of every homomorphism is an ideal. It 
is natural and important to raise the converse question: is every ideal 
the kernel of some homomorphism? The answer is easily seen to be yes: 
if M is an ideal in a relation algebra 2, then the quotient mapping 
of 2 onto 2/M is an epimorphism, by Lemma 8.36. The kernel of the 
quotient mapping is clearly M, since 


r/M =0/M ifandonly if rodvEeM, 
if and only if reM, 


because r 6 0 = r. This proves the following analogue of Theorem 8.5, 
known as the Homomorphism Theorem (for ideals). 


Theorem 8.38. Every ideal M in a relation algebra 2% is the ker- 
nel of some epimorphism, namely the quotient homomorphism from 2 
to 1/M. 


We saw in Theorem 8.6 that, up to isomorphism, the homomorphic 
images of a relation algebra 2 are just the quotients of 21 modulo the 
congruences on 2. The next theorem, known as the First Isomorphism 
Theorem (for ideals) gives the version of this result that applies to 
ideals. 


Theorem 8.39. Every homomorphic image of a relation algebra 2 is 
isomorphic to a quotient of 2 modulo some ideal. In fact, if p is an 
epimorphism from 2 to B, and if M is the kernel of y, then A/M 
is isomorphic to 8 via the function that maps r/M to y(r) for every 
element r in 2. 


Proof. The theorem is exactly Theorem 8.6, formulated in the language 
of ideals instead of the language of congruences, so it follows at once 
from that theorem. 

Alternatively, a direct proof of the theorem, avoiding any discussion 
of congruences, can be given by translating the proof of Theorem 8.6 
into the language of ideals. For example, consider an epimorphism y 
from 2 to %, and let M be the kernel of y. For elements r and s in 2, 
we have 
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y(r) = ¢v(s) if and only if y(r) © v(s) = 0, 
ifandonly if gy(res)=0, 
if and only if roseM, 
ifandonly if r/M=s/M, 


by the properties of symmetric difference (every element is its own 
inverse with respect to this operation), the homomorphism properties 
of y, and the definition of the kernel M. If y is the function from 2/M 
to % that is defined by 


v(r/M) = g(r) 


for each element r in 2 (see Figure 8.1), then the preceding compu- 
tation implies that w is a well-defined bijection. The proof that w 
preserves the operations of 21/M is identical to the corresponding ar- 
gument for congruences given in the proof of Theorem 8.6 (with 0 
replaced by M). O 


p 


A —————> 8 


quotient homomorphism : 


2 /M 
Fig. 8.1 Diagram of the First Isomorphism Theorem. 


Associated with the First Isomorphism Theorem is a cluster of re- 
lated results of a universal algebraic kind, some of which we now pro- 
ceed to state. The first concerns the connection between the quotients 
of a relation algebra 2 and quotients of the subalgebras of 2. In order 
to investigate this connection, it is necessary to study the relation- 
ship between ideals in 2 and ideals in subalgebras of 21. Every ideal 
in 2 restricts to an ideal in each subalgebra of 21, and every ideal in a 
subalgebra of 2 is the restriction of some ideal in 2. 


Lemma 8.40. Suppose $8 is a subalgebra of a relation algebra 2. If M 
is an ideal in A, then the intersection 


N=BOM (i) 
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is an ideal in 8. Moreover, the ideal N is proper if and only if M is 
proper. Conversely, if N is an arbitrary ideal in 8, then the ideal M 
generated by N in satisfies property (i). 


Proof. Assume first that M is an ideal in 2, and let N be the set de- 
fined by (i). It is not difficult to verify that N satisfies the conditions 
in Definition 8.7 for being an ideal in $. For example, to verify con- 
ditions (iii) and (iv) in the definition (with N and 8% in place of M 
and 2 respectively), consider elements r in N and s in B. Clearly, r 
is in M and s in A, by (i) and the assumption that B is a subalgebra 
of 21, so the elements 


r- 8, r38, s3r (1) 


are all in M, by conditions (iii) and (iv) in Definition 8.7 applied to 
the ideal M in 2. These elements also belong to %, because r and s 
are both in 8, so the elements in (1) belong to the intersection BN M, 
which is N, by (i). Thus, conditions (iii) and (iv) holds for N. It is 
equally easy to check that conditions (i) and (ii) in Definition 8.7 are 
valid for N. The details are left as an exercise. 

The unit element belongs to N if and only if it belongs to M, by the 
definition of N in (i) and the assumption that % is a subalgebra of 2 
(and therefore has the same unit as 2). It follows that the ideal N is 
proper if and only if M is proper, by the remarks at the beginning of 
Section 8.7. 

To establish the final assertion of the lemma, suppose JN is an ar- 
bitrary ideal in 8, and M the ideal in 2% that is generated by N. 
Obviously, N is included in the ideal BN M. To establish the reverse 
inclusion, consider an arbitrary element rin BN M. Since r is in M, 
there must be a finite subset Y of N such that r is below the ideal 
element 


s=1;0°¥);1, 


by Theorem 8.12. The sum }°>Y belongs to N, by Definition 8.7(ii) 
(applied to N and $8), because N is an ideal and Y is a finite subset 
of N. Consequently, s belongs to N, by Definition 8.7(iv). It follows 
that r is in N, by Lemma 8.8(v) (with the roles of r and s reversed), 
because r belongs to $ and is below s. Thus, (i) holds. O 


We continue with the assumption that S is a subalgebra of 2, and M 
an ideal in 2. Take C to be the subuniverse of 2 that is generated by 
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the union BU M. The quotient homomorphism from 2 to 21/M maps 
the subuniverse C' to the set 


C/M ={r/M :réeC}, 


so C/M is a subuniverse of 2/M, by Lemma 7.4. Moreover, BU M is 
a set of generators for C, by assumption, so 


(BUM)/M ={r/M:ré€ BUM} 


is a set of generators for the subuniverse C/M, by Lemma 7.6 (with 
the subalgebra of 21 whose universe is C and the subalgebra of 21/M 
whose universe is C'/M in place of 2 and 21/M respectively, and with 
the restriction of y to the subalgebra with universe C in place of y). 
For each element r in M, the coset r/M coincides with the coset 0/M, 
since 

r=0 mod M. 


Moreover, 0/M belongs to the set 
B/M = {r/M:r € B}, 


since 0 is in B, so 


(BU M)/M = B/M. 
This proves the following lemma. 


Lemma 8.41. Let B be a subalgebra of a relation algebra A, and M 
an ideal in &. If C is the subuniverse of 2X generated by the set BUM, 
then 


C/M ={r/M:rec} 
is a subuniverse of A/M, and it is generated by the subset 
B/M = {r/M:re B}. 


Write € for the subalgebra of 2( with universe C. Obviously, M is 
also an ideal in €, so one may form the quotient €/M. What is the 
relationship between this quotient algebra and the subuniverse C'/M 
of 21/M that was defined above? The notation suggests that the latter 
is the universe of the former, and this turns out to be the case, but it 
requires a proof. The reason is that, by definition, each coset in €/M 
consists exclusively of elements from €. On the other hand, each coset 
in C/M is formed in 2/M, and therefore might conceivably contain 
elements in 2 that do not belong to €. 


8.11 Homomorphism and isomorphism theorems 359 


Lemma 8.42. Let 8 be a subalgebra of a relation algebra A, and M 
an ideal in 2, and € the subalgebra of A generated by the set BUM. 
Then M is an ideal in €, and the quotient €/M coincides with the 
subalgebra of 1/M whose universe is the set C/M = {r/M:reEC}. 


Proof. Fix an element r in €. The coset of r in 2/M is defined to be 
the set 


{s€A:s=r mod M}, (1) 
while the coset of r in €/M is defined to be the set 
{seEC:s=r mod M}. (2) 


The goal is to prove that these two sets are equal. Clearly, every ele- 
ment in (2) belongs to (1), because € is a subalgebra of 2. To establish 
the reverse inclusion, consider an arbitrary element s in (1). The defi- 
nition in (1) implies that the element sr must belong to the ideal M 
(see the remarks preceding Lemma 8.11), and therefore also to the 
subalgebra €, since M is a subset of this subalgebra. The element r 
also belongs to €, by assumption, so the symmetric difference of s Or 
and r belongs to €. Since 


(sOr)Or=sO0(rer)=s00=s, 


it follows that s belongs to C and therefore also to (2). Thus, the sets 
in (1) and (2) are equal, as claimed, so C/M is the universe of the 
algebra €/M. 

It remains to check that the operations in €/M coincide with the 
appropriate restrictions of the corresponding operations in 2///. Con- 
sider the case of the operation of relative multiplication. For elements r 
and s in €, the relative product of the cosets r/M and s/M in 21/M 
is defined by 

(r/M) ; (s/M) = (r8)/M, 


where the relative product r;s on the right is computed in 2. The 
relative product of these two cosets in €/M is defined by the same 
formula, except that the relative product r;s on the right is computed 
in €. Since € is a subalgebra of 2, the two computations yield the same 
result. A similar argument applies to the other operations. O 
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The next theorem is called the Second Isomorphism Theorem. It 
says that if M is an ideal in 2, then the quotient of each subalgebra 8 
of 21, modulo the ideal in %8 that is induced by M, is isomorphic to a 
corresponding subalgebra of the quotient 2/M. 


Theorem 8.43. Suppose 8 is a subalgebra of a relation algebra Y, 
and M an ideal in 2, and € the subalgebra of 2 generated by BUM. 
The function p defined by 


o(r/(BO M)) = 1r/M 


for each r in 8 is an isomorphism from the quotient 8/(BMM) to 
the subalgebra €/M of A/M. 


Proof. Observe first that the intersection BM M really is an ideal 
in 8, by Lemma 8.40, so it makes sense to speak of the quotient of 8 
modulo this ideal. Consider elements r and s in S. The symmetric 
difference r © s also belongs to 8, so r©@ s belongs to the ideal BN M 
just in case it belongs to the ideal M. Consequently, 


r=s modBONM if and only if r=s mod M, 
or, equivalently, 
r/(BN M) =s/(BNM) ifandonly if r/M=s/M. 
The function y from 8/(BN M) to A/M that is defined by 
g(r/(BOM)) =r/M 


for all elements r in % is therefore well defined and one-to-one. It is 
easy to check that y preserves the operations. As an example, consider 
the operation of relative multiplication. We have 


9((r/(BN M)) ; (s/(BNM))) = e((r; s)/(BNM)) = (r; s)/M 
= (r/M) ; (s/M) = g(r/(BO M)) ; 9(s/(BN M)) 


for all elements r and s in 8, by the definition of relative multiplica- 
tion in 8/(BN M), the definition of y, and the definition of relative 
multiplication in 21/M. The proofs that y preserves addition, comple- 
ment, and converse, and maps the identity element in 8/(BM M) to 
the identity element in 2/M are similar. Thus, y is a monomorphism. 
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To prove that y maps the universe of the domain algebra 8/(BNM) 
onto the set C/M, observe first that the image of this universe under 
the monomorphism y must be a subuniverse of 21/M, by Lemma 7.4. 
This image set—call it D—is determined by 


D=9(B/(BNM)) = {e(r/(BNM)) =r € B} 
={r/M:r¢eB\)=B/M. 


Since D is a subuniverse of 21/M, and B/M is aset of generators for the 
subuniverse C'/M, by Lemma 8.41, it follows that the two subuniverses 
must be equal. Apply Lemma 8.42 to conclude that y maps 8/(BNM) 
isomorphically to €/M. O 


Corollary 8.44. Let 8 be a subalgebra of a relation algebra A, and M 
an ideal in A. The function y defined in Theorem 8.43 is an isomor- 
phism from 8/(BOM) to A/M if and only if the set BU M gener- 
ates 2. 


Another consequence of the Second Isomorphism Theorem is that 
every quotient of a subalgebra of a relation algebra 2 is isomorphic to 
a subalgebra of the corresponding quotient of 2. 


Corollary 8.45. Suppose 8 is a subalgebra of a relation algebra 2, 
and N an arbitrary ideal in 8. If M is the ideal generated by N 
in A, then the quotient B/N is isomorphic to a subalgebra of the quo- 
tient 2/M via the function that maps r/N to r/M for each r in B. 


Proof. It was shown in the final part of Lemma 8.40 that if M is the 
ideal generated by N in 2, then 


N=BOM. 


Consequently, we may replace BM M by N in the Second Isomorphism 
Theorem to conclude that the function mapping r/N to r/M for each r 
in % is a monomorphism from B/N to A/M. O 


As an application of some of the results we have seen so far in this 
section, we prove the following Homomorphism Extension Theorem. 


Theorem 8.46. Let 8 be a subalgebra of a relation algebra A. Every 
homomorphism y from 8 onto an algebra € can be extended to a ho- 
momorphism from A onto an algebraD that includes € as a subalgebra. 
If p is a monomorphism, then so is the extension. 
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Proof. Consider a homomorphism vy on 8. Let € be the image algebra 
of 8 under y, and N the kernel of vy. The quotient B/N is isomorphic 
to € via the function 6 defined by 


d(r/N) = vr) (1) 


for all r in B, by the First Isomorphism Theorem 8.39 (see Figure 8.2). 
Let M be the ideal in 21 generated by N. The quotient S/N is em- 
beddable into the quotient 2/M via the monomorphism g defined by 


o(r/N) =1r/M (2) 


for each element r in 8, by Corollary 8.45. Consequently, the compo- 
sition 9°61! is a monomorphism from € into 2%/M (see Figure 8.2). 
Apply the Exchange Principle (Theorem 7.15) to obtain a relation 
algebra © that includes € as a subalgebra and that is isomorphic 
to &/M via a mapping x that extends o°d—'. Observe that the in- 
verse function y~! is an isomorphism from 2%/M to D that extends 
the mapping 5° 071. 


Fig. 8.2 Diagram of the Homomorphism Extension Theorem. 


Let w be the quotient homomorphism from 2 onto 2/M that is 
defined by 
pr) =r/M (3) 


for all r in 2. The composition 


B= xX how (4) 


8.11 Homomorphism and isomorphism theorems 363 


is a homomorphism from 2 onto D (see Figure 8.2), and for each 
element r in 8, we have 


Or) = (xP eb)(r) = x (W(7)) = X*(7/M) 
= (5°97*)(r/M) = 5(0*(r/M)) = d(r/N) = g(r), 


by (4), (3), the fact that y~! extends d°o7!, (2), and (1). Thus, 3 
agrees with the homomorphism y on elements r in 8, so J is an ex- 
tension of y. 

The kernel of vy is the ideal N in 8, by assumption. In view of (4), the 
kernel of 7? must be the ideal M in 2 that is generated by N, because 
the kernel of 7) is M, by Theorem 8.38, and ~! is an isomorphism. If y 
is one-to-one, then its kernel N is the trivial ideal {0}, by Lemma 8.37. 
Consequently, the ideal M generated in 2 by N is also the trivial ideal, 
and therefore 7 is one-to-one, by Lemma 8.37. O 


Next, we study the relationship between the ideals in a relation 
algebra 2 and the ideals in a quotient of 2l. Suppose M is a proper 
ideal in 2. Write [M, A] for the set, or interval, of ideals N in 2 such 
that M C N C A. This interval forms a sublattice, and in fact a 
complete sublattice, of the lattice of ideals in 2. It turns out that this 
sublattice is isomorphic to the lattice of ideals of the quotient 2/M in 
a natural way. 

Write B = 2/M, and let y be the quotient homomorphism from 2 
onto %8. This homomorphism associates with each ideal N in the in- 
terval [M, A] an ideal in 8, namely the image ideal 


L=9(N) ={g(r): re N}={r/M:reN}, 


by the second assertion in Lemma 8.11. A common notation for this 
image ideal is N/M. Conclusion: the correspondence 


N+ > y(N) = N/M 


induced by y is a mapping from the sublattice [/V, A] into the lattice 
of ideals in 8. 

Similarly, using the first assertion in Lemma 8.11, we see that if L 
is an arbitrary ideal in %8, then its inverse image 


N= \(L)={r €%: yv(r) € L} 


364 8 Ideals and quotients 


is an ideal in 2%. The ideal N includes M, because L contains the 

zero element of 8, and M is the inverse image under » of zero, by 

Theorem 8.38. Consequently, N is an ideal in the sublattice [M, A]. 
It is not too difficult to check that 


gp (L))=L and gy '(y(N))=N 


for every ideal E in S and every ideal N in 2. We begin with the 
proof of the first equation. Assume that r/M belongs to the ideal L. 
Since y(r) = r/M, the element r must belong to y'(L), by the defini- 
tion of the inverse image of a set under a function. Consequently, y(r) 
must belong to the image set p(y !(L)), by the definition of the im- 
age of a set under a function. In other words, r/M is in y(y !(L)). 
This proves that L is included in y(y~'(L)). The the reverse inclusion 
follows by the definition of the inverse image set. According to this 
definition, the inverse image y !(L) consists of those elements in 2 
that are mapped by y to elements in L. Obviously, the image under y 
of each element in this inverse image belongs to L, so y(y !(L)) is 
included in L. 

For the proof of the second equation, observe that every element r 
in N belongs to the inverse image y~!(y(r)), and therefore to inverse 
image y~!(y(N)), by the definition of the inverse image of a set un- 
der a function. Thus, N is included in y~!(y(N)). To establish the 
reverse inclusion, consider an arbitrary element r in y~!(y(N)). The 
image y(r) of this element belongs to y(NV), by the definition of the 
inverse image of a set under a function, so there must be an element s 
in N such that y(r) = y(s). It follows that 


g(r 6s) = 9(r) S o(s) = v(r) 6 v(r) =0, 


by the homomorphism properties of y and the definition of symmetric 
difference. The element r © s therefore belongs to the kernel of y, 
which is M. The ideal N includes M, by assumption, so N contains 
the element r © s as well. Since N also contains s, and since ideals are 
closed under the operation of symmetric difference, by condition (vii) 
in Lemma 8.8, the element (rs) Gs must belong to N. This element 
is just r, so r belongs to N, as was to be shown. 

The preceding observations imply that the correspondence induced 
by y maps the interval [M, A] bijectively to the lattice of ideals in B. 
Indeed, if L is an ideal in 8, then N = y~!(L) is an ideal in A, and 


y(N) = p(y ‘(L)) = L, 
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so the induced correspondence is onto. If N; and N2 are ideals in [M, A] 
such that 


y(N1) = y(No), 


then 


Ny = 9 *((N1)) = 9" ((Na2)) = No, 


so the induced correspondence is one-to-one. 

A similar argument shows that the induced correspondence pre- 
serves the lattice partial order of inclusion. If Ny C No, then obvi- 
ously y(Ni) C y(N2). If, conversely, the latter inclusion holds, then 


y"(~(N1)) C p*(e(Na)), 


and therefore N; C No. It follows that the induced correspondence is 
a lattice isomorphism. The following result, called the Correspondence 
Theorem, has been proved. 


Theorem 8.47. For every ideal M in a relation algebra 2, the corre- 
spondence N +—+ N/M is an isomorphism from the sublattice of ideals 
in & that include M to the lattice of ideals in A/M. 


The relationship between the ideals in a quotient 21/M and the 
ideals in 21 that extend M goes beyond what is expressed in the Cor- 
respondence Theorem. Quotients of 2/M by quotient ideals N/M are 
in fact isomorphic to quotients of 2. It is therefore unnecessary to con- 
sider quotients of quotient relation algebras, quotients of quotients of 
quotient relation algebras, and so on. Each such quotient essentially 
reduces to a quotient of the original relation algebra. A precise formu- 
lation of this fact is contained in the following theorem, known as the 
Third Isomorphism Theorem. 


Theorem 8.48. Let M and N be ideals in a relation algebra , 
with M CN. The quotient of A/M by the ideal N/M is isomorphic 
to the quotient A/N via the mapping 


(r/M)/(N/M) > r/N. 
Proof. Write 


B=AU/M and €=%/(N/M) = (A/M)/(N/M). 
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The quotient mapping y from 2 onto %, and the quotient mapping w 
from 8 onto €, are both epimorphisms, so the composition J = wey is 
an epimorphism from 2 onto €. The kernel of 7 is N, as can be verified 
in two steps: the kernel of w is the ideal N/M, by Theorem 8.38; and 
the set of elements in 2 that are mapped into N/M by ¢ is just 


y (N/M) = o"(y(N)) =N. 


The First Isomorphism Theorem applied to the epimorphism ? says 


2 2 /N 


Y vo 


p 
(4/M) ——> (2 /M)/(N/M) 


-=--.-5 
| 
a 


Fig. 8.3 Diagram of the Third Isomorphism Theorem. 


that the quotient 21/N is isomorphic to € via the function @ that maps 
each coset r/N to U(r) (see Figure 8.3). The proof is completed by 
observing that 


o(r/N) = Br) = b(e(r)) = ¥(r/M) = (r/M)/(N/M), 


so the inverse of the isomorphism @ is the mapping in the conclusion 
of the theorem. Oo 


8.12 Filters 


As we have seen, congruences are determined by the congruence class 
of a single element, namely 0, and the congruence class of 0 can be 
characterized abstractly by four conditions, namely the conditions in 
the definition of an ideal. It is natural to ask whether the congruence 
class of some other element, for example, the congruence class of 1, 
could also be used for the same purpose. Consider a congruence © on 
a relation algebra, and let M be the congruence class of 0, and N the 
congruence class of 1. An element r belongs to M if and only if its 
complement —r belongs to N, because 
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r=0 modO if and only if —r=1 mod9O, 


by the preservation properties of congruences and the Boolean law of 
double negation, —(—r) = r. Thus, 


N={-r:reM}. 


This simple observation implies that every definition or result about 
congruence classes of 0—that is to say, about ideals—can be dualized 
to a definition or result about congruence classes of 1 just by “form- 
ing the complement” in an appropriate fashion of the definition or 
result. We sketch this development below, leaving most of the details 
as exercises. Let’s start with the dual of the concept of an ideal. 


Definition 8.49. A filter in a relation algebra 2 is a subset N of the 
universe with the following properties. 

(i) Lis in N. 

(ii) If and s are in N, then r-s isin N. 
(iii) If r is in N and s in 2, then r+ s isin N. 
(iv) If r is in N and s in 2, then r+s and s+r are in N. O 


Conditions (i)—(iii) say that N is a Boolean filter (see, for exam- 
ple, [38]). Consequently, a relation algebraic filter is a Boolean filter 
that is closed under relative addition by arbitrary elements from the 
relation algebra, that is to say, it is a Boolean filter in which condi- 
tion (iv) holds. Just as in the case of ideals, each of conditions (i)—(iv) 
has a useful equivalent formulation. To formulate one of these equiva- 
lent conditions, it is necessary to introduce the (Boolean) dual of the 
operation of symmetric difference; this dual is the binary operation = 
that is defined by 


r#s=(-r+s)-(-s+r) 
for all elements r and s. 
Lemma 8.50. Condition (iii) is equivalent to the condition: 
(v) Ifr isin N andr <s, thens isin N. 


Under the assumption of condition (iii), the following further equiva- 
lences hold. Condition (i) is equivalent to the condition: 


(vi) N is not empty. 
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Condition (ii) is equivalent to the condition: 
(vii) Ifr and s are in N, thenr = 5 is in N. 
Condition (iv) is equivalent to the conjunction of the two conditions: 


(viii) [fr is in N, thenr~ is in N. 
(ix) [fr is in N and s in, thenr+s isin N. 


The cokernel of a congruence © on a relation algebra 2l is defined to 
be the set of elements that are congruent to 1 modulo O. The cokernel 
of every congruence on 2 is a filter in 21, and conversely, every filter in 2l 
uniquely determines a congruence © on 2 of which it is the cokernel. 
In fact, if N is a filter in 2, and if © is the relation on the universe 
of 2 that is defined by 


r=s modO if and only if resen, 


then O is a congruence on 2, and N is the cokernel of 0. Moreover, O 
is the unique congruence on 2 with cokernel NV. 

One consequence of this observation is that a filter is closed under 
relative multiplication: if r and s belong to N, then r; is also in N. 
Another consequence is that every congruence class of © can be com- 
puted directly from the cokernel N: for each element 7, the congruence 
class r/© coincides with the cokernel coset 


reN={res:sEeN}. 


The definitions of the operations and distinguished elements of the 
quotient algebra 2/0 can all be expressed in terms of the cokernel 
cosets of the filter N. Consequently, in the study of relation algebra, 
congruences can equally well be replaced by filters instead of ideals, 
and congruence classes can be replaced by cokernel cosets instead of 
cosets. The notion of the quotient of a relation algebra by a congruence 
can be replace by the notion of the quotient of a relation algebra by 
a filter, and in fact the two notions actually coincide. The quotient 
homomorphism from 2% to the quotient 21/N may be defined as the 
function that maps each element r to its cokernel coset r = N. The 
cokernel of this homomorphism is, by definition, the set of elements 
that are mapped to the unit element 1/N, which is just N. All of these 
observations can be proved by dualizing the proofs of the analogous 
observations about ideals. Similar arguments show that the image of 
a filter under epimorphism is again a filter, and the inverse image of a 
filter under a homomorphism is again a filter. 
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Every relation algebra 2 has a smallest filter, namely the set {1}. 
This is called the trivial filter; all other filters are called non-trivial. 
There is also a largest filter in 2, namely the universe A. This is called 
the improper filter; all other filters are called proper. A filter is proper 
if and only if it does not contain the zero element 0. 

The intersection of an arbitrary system of filters in a relation al- 
gebra 2 is again a filter. If X is an arbitrary subset of 2, then the 
filter generated by X is defined to be the intersection of the system 
of all filters in 2( that include X as a subset. That intersection is the 
smallest filter that includes X. In analogy with Theorem 8.12, one can 
prove that an element r belongs to the filter generated by a set X if 
and only if there is a finite subset Y of X such that 


O+(1Y)+0<r. 


A filter is said to be finitely generated if it is generated by some 
finite set, and principal if it is generated by a single element. If N is 
the principal filter generated by an element r, then 


N={sE€A:0+r+0< 5}. 


For this reason, elements of the form 0-+r-+0 might be called filter 
elements. Actually, Corollary 4.31 and its first dual imply that every 
filter element is an ideal element, and conversely, every ideal element 
is a filter element. Consequently, there is no need to introduce new 
terminology; the term ideal element is applicable in both cases. Every 
principal filter has a smallest element r, and r is an ideal element; 
the filter consists of all those elements s that are above r. The trivial 
filter {1} and the improper filter A are both principal; the former is 
generated by the ideal element 1 and the latter by the ideal element 0. 
Every finitely generated filter is principal. 

The set of all filters in a relation algebra 2 is partially ordered by 
the relation of set-theoretic inclusion, and under this partial order it 
becomes a complete, compactly generated, distributive lattice. The 
join and meet of two filters M and N in this lattice are respectively 
just the complex product and sum of the two filters: 


MVN={r-s:reéMandse N} 
and 


MAN=({r+s:réEéM andseN}. 
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The compact elements in the lattice are the finitely generated filters, 
which coincide with the principal filters. The meet of a system of filters 
is the intersection of the system, and the join of the system is the filter 
generated by the union of the system. For non-empty directed systems 
of filters, the supremum of the system is the union of the filters in the 
system. Every filter N is the union of a directed system of principal 
filters. In fact, if r and s are ideal elements in N, then r-s is also an 
ideal element in N, and the principal filters generated by r and by s 
are both included in the principal filter generated by r-s. 

If N is a filter in 2, then the intersection of N with the Boolean 
algebra B of ideal elements in 2, that is to say, the set 


By =BNON, 


is a Boolean filter in B. Conversely, if L is a Boolean filter in B, then 
the set 


A,={reEA:04+r+0EL}={reA:s<r for some s € L} 


is a filter in 2. The equations 


Ap, =N and Ba = 


L 


are easy to prove, and they imply that the function mapping each 
filter N in 2 to the Boolean filter BN .N in B is a bijection, and in fact 
a lattice isomorphism, from the lattice of filters in 2 to the lattice of 
Boolean filters in the Boolean algebra B. This isomorphism maps the 
set of principal filters in 2l bijectively to the set of principal Boolean 
filters in B. 

As the preceding discussion makes clear, the relation between filters 
and ideals is a very close one, and in fact, filters and ideals come in 
dual pairs: if M is an ideal in a relation algebra 2, then the set 


N={-r:re M} 


is a filter in 2, called the dual filter of M; and in reverse, if N is a 
filter in 2, then the set 


M={-r:reN} 


is an ideal in 2, called the dual ideal of N. The dual ideal of the dual 
filter of an ideal M is obviously just M, by the Boolean law of double 
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negation, and the dual filter of the dual ideal of a filter N is just N. 
Consequently, the function y that maps each ideal to its dual filter is 
a bijection from the lattice of ideals in 2 to the lattice of filters in 2. 
If M, and Mp are ideals with dual filters Ny and No respectively, then 


M, C Mo if and only if Ny C No, 


so the bijection y is actually a lattice isomorphism. Conclusion: the 
lattice of ideals in 2 is isomorphic to the lattice of filters in 21 via the 
function that maps each ideal to its dual filter. 


8.13 Historical remarks 


Ideals have been studied in one form or another since the time of 
Dedekind (see [27]). Congruences are used in place of ideals in the gen- 
eral study of algebras and quotients of algebras, because there is no 
notion of ideal that applies to all algebras. Lemma 8.2 and Theorem 8.3 
were given by Tarski in his lectures [112], but the corresponding re- 
sult for the lattice of normal subgroups of a group is of much earlier 
origins (see [11]). The Homomorphism Theorem, and the three Iso- 
morphism Theorems are well-known results about arbitrary algebras 
that, in their applications to groups, rings, and modules, date back 
to the works of Dedekind, Noether, and van der Waerden. The Cor- 
respondence Theorem occurs in [39] in a form applicable to arbitrary 
algebras, but the version of the theorem that applies to the lattice of 
normal subgroups of a group is of earlier origins. 

The study of ideals in the context of relation algebras was initi- 
ated by Tarski. The definition of an ideal in Definition 8.7, and the 
characterization of condition (iv) in Lemma 8.8, are contained in [105] 
and [112]; the definition appears explicitly in [55]. The observation in 
Corollary 8.10 is due to Givant, as is Lemma 8.28 (see [34]). The impor- 
tant Theorems 8.12 and 8.26 (the Lattice of Ideals Theorem) are due 
to Tarski and are contained in [105] and [112], as are the formulations 
of the Homomorphism Theorem and the First Isomorphism Theorem 
in the context of relation algebras. Exercise 8.51 and Corollary 8.13 
occur in [105], and Corollary 8.14 occurs in [112]. The characteriza- 
tions of the join and meet of two ideals that are given in Lemma 8.17 
and Corollary 8.18 are generalizations, due to Givant, of known re- 
sults about ideals in Boolean algebras (see, for example, [38]), and the 
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strengthening of Theorem 8.3 that is given in Theorem 8.22 (namely, 
that the lattice is distributive, and that the join and meet of two ideals 
are equal to their complex sum and product respectively) is also due 
to Givant. 

The characterizations of maximal ideals in Lemma 8.29, and the 
form of the Maximal Ideal Theorem which says that every proper 
ideal is included in a maximal ideal, are both due to Tarski and are 
contained in [105] and [112], as is also a version of Lemma 8.32. The 
stronger version of the Maximal Ideal Theorem that is given in Theo- 
rem 8.30 is discussed in [112]. These results, as well as several of the 
remaining results in Section 8.10, are implied by the Lattice of Ideals 
Theorem, because they are relation algebraic versions of theorems that 
hold for Boolean algebras. The characterization in Lemma 8.33 of max- 
imal non-principal ideals, and the characterization in Theorem 8.34 of 
relation algebras possessing such ideals, are due to Givant. The for- 
mulation and proof of the Homomorphism Extension Theorem 8.46 
are also due to Givant. This theorem is actually valid in the context 
of varieties of algebras with a discriminator term (see, for example, 
Exercise 8.83). 

Tarski was aware that the entire discussion of ideals could equiv- 
alently be replaced by a corresponding discussion of filters, and he 
touches upon this matter in [112]. 

The notion of an ideal in a Boolean algebra with normal operators, 
which is discussed in Exercise 8.78, was first given by Idik6é Sain [93], 
Proposition 7.4, for the case of unary operators. The general definition 
used here was given by Andréka, Givant, Mikulds, Németi, and Simon 
[4], Lemma 2.4. The generalization in Exercise 8.80 of some of the 
main results about ideals, and the laws in Exercise 8.79, are from [4] 


Exercises 


8.1. Prove that the universal relation A x A and identity relation id, 
are always congruences on a relation algebra 2, and in fact they are 
the largest and the smallest congruences respectively. 


8.2. Prove that the union of a non-empty directed system of congru- 
ences on a relation algebra 2 is again a congruence on 2. Conclude that 
the union of a non-empty chain of congruences on 2 is a congruence 
on 2. 
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8.3. Suppose © is a congruence on a relation algebra 2 that is gen- 
erated by a set X, and write Oy for the congruence on 2 that is 
generated by a subset Y of X. Prove that the system of congruences 


(Oy :Y CX and Y is finite) 


is directed and its union is 0. Conclude that every congruence on 2 
is the union of a directed system of finitely generated congruences. 


8.4. Prove that every finitely generated congruence on a relation al- 
gebra 2 is compact in the lattice of congruences on 2. Conclude that 
the lattice is compactly generated. 


8.5. Prove for an arbitrary equivalence relation © on a set A that 
r/O0=s/0 ifand only if r=s modO 


for all r and s in A. Conclude that any two equivalence classes of O 
are either equal or disjoint. 


8.6. For a congruence © on a relation algebra 2, show that the oper- 
ations of addition, complement, and converse that are defined on the 
set of congruence classes of © in Section 8.5 are well defined. 


8.7. Show directly that Axioms (R5)—(R10) hold in the quotient of a 
relation algebra modulo a congruence. 


8.8. Show that the quotient homomorphism mapping a relation alge- 
bra 2 to a quotient algebra 2/0 is onto and preserves the operations 
of addition, complement, and converse. 


8.9. For an arbitrary homomorphism vy from a relation algebra 2 into 
a relation algebra S, prove that the relation O on 2 defined by 


(r,s) €O if and only if y(r) = v(s) 


is an equivalence relation on the universe of 21, and that © preserves the 
operations of addition, complement, and converse. Conclude that © is 
a congruence on 2. 


8.10. Prove that the bijection w in the proof of Theorem 8.6 preserves 
the operation of addition. 


374 8 Ideals and quotients 


8.11. Verify that in a relation algebra 2, the sets A and {0} are ideals, 
and in fact they are respectively the largest and the smallest ideals 
in 2. 


8.12. Prove that the following conditions on an ideal M are equivalent: 
(1) M is improper; (2) there is an element r such that r and —r are 
both in M; (3) lis in M. 


8.13. A subset X of a relation algebra is said to have the finite join 
property if, for any finite subset Y of X, the ideal element 1;()> Y);1 
is different from 1. Prove that the ideal generated by a set X is proper 
if and only if X has the finite join property. 


8.14. For any two elements r and s in a relation algebra, prove that 
the sum r+s belongs to an ideal M if and only if both r and s belong 
to M. 


8.15. Prove the first assertion of Lemma 8.11. Show that the second 
assertion may fail if the homomorphism y does not map 2 onto B. 


8.16. Suppose vy is an epimorphim from 2 to BS. If a set X generates 
an ideal M in 2, prove that the image set y(X) generates the image 
ideal p(M) in B. 


8.17. Suppose vy is an epimorphim from 2 to B. If a set Y generates 
an ideal N in 9%, is it true that the inverse image set 


g(Y)={reA:g(r) €Y} 
generates the inverse image ideal y~!(N) in 2? 


8.18. Suppose y is an epimorphim from 2% to %. If an ideal N in B is 
finitely generated, is it true that the inverse image ideal 


g(N) ={reA:y(r) €N} 
is finitely generated? 


8.19. Verify that the intersection of a system of ideals satisfies condi- 
tions (i)—(iii) of Definition 8.7. 


8.20. Let M be an ideal in a relation algebra 2. The annihilator of M 
is defined to be the set of elements r in 2 such that r-s = 0 for all s 
in M. Prove that the annihilator of an ideal is an ideal. 
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8.21. Prove that the intersection of two ideals M and N in a relation 
algebra is the trivial ideal if and only if N is included in the annihilator 
of M (see Exercise 8.20). Conclude that the annihilator of M is the 
largest ideal with the property that its intersection with M is the 
trivial ideal. 


8.22. Call a subset of a relation algebra 2 quasi-dense in 2 if every 
non-zero ideal element in 2( is above a non-zero element of the subset. 
Prove that an ideal M in 2 is quasi-dense if and only if M has a non- 
trivial intersection with every non-trivial ideal in 21. Conclude that M 
is quasi-dense if and only if its annihilator (see Exercise 8.20) is the 
trivial ideal. 


8.23. Complete the proof of Lemma 8.40 by showing that the set N 
defined in (i) satisfies conditions (i) and (ii) in Definition 8.7. 


8.24. Suppose % is a subalgebra of a relation algebra 2, and M is an 
ideal in 2. If M is a subset of the universe of S, prove that M must 
be an ideal in 8. 


8.25. Prove that if an ideal M in a relation algebra 2 is countably gen- 
erated (generate by a countable set), then there must be a (countable) 
ascending chain 

Ty Sg See STH <<... 


of ideal elements in M such that an element s in 2 belongs to M if 
and only if s <r, for some positive integer n. 


8.26. Prove Corollary 8.18. 


8.27. Let (MM; : 7 € I) be an arbitrary system of ideals in a relation 
algebra. Define a finite sum of elements in this system to be an element 
of the form >)... 7, where J is some finite subset of J, and r; belongs 
to the ideal M; for each i in J. Prove that the join Vier M; in the 
lattice of ideals is the set of all finite sums of elements in the given 
system of ideals. 


8.28. Give an example to show that the meet of an infinite system 
of principal ideals need not be a principal ideal. Why does this not 
contradict Lemma 8.19(ii)? 


8.29. Prove that the implication from right to left in Lemma 8.19(i) 
may fail. 
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8.30. Prove by a direct argument that the ideals in a relation algebra 
satisfy the distributive law 


LA(MVN)=(LAM)V (LAN). 


8.31. Suppose K is a Boolean ideal in the Boolean algebra B of ideal 
elements in a relation algebra 2. Prove that the set 


Ax ={ré€A:1;r;leK}={reA:r<s forsomes ce B} 
is an ideal in 2. 


8.32. Prove that the ideal generated by the set of atoms in a relation 
algebra 21 is proper if the Boolean algebra of ideal elements in 2 is 
infinite. What about the converse? 


8.33. Prove that in a Boolean algebra, the intersection of an ideal with 
a subalgebra is always an ideal in the subalgebra. 


8.34. Let B be the Boolean algebra of ideal elements in a relation 
algebra 2. If one starts with a Boolean ideal K in B, forms the relation 
algebraic ideal Ax in 2, and then forms the Boolean ideal B4, in B, 
prove that the result is the original Boolean ideal Kk (see the remarks 
after Corollary 8.25). 


8.35. Construct an example of a non-degenerate atomless relation al- 
gebra with two ideal elements, 0 and 1. Conclude that a non-degenerate 
atomless relation algebra can have an atomic Boolean algebra of ideal 
elements. 


8.36. Use Theorem 6.18 to give another proof of the second assertion 
of Lemma 8.28, which says that if a relation algebra is atomic, then 
its Boolean algebra of ideal elements is also atomic. 


8.37. Another version of the Maximal Ideal Theorem 8.31 says simply 
that every proper ideal is included in a maximal ideal. Prove that this 
version implies Theorem 8.31. 


8.38. Fill in the details of the following sketch of an alternative proof 
of the theorem that every proper ideal in a relation algebra is in- 
cluded in a maximal ideal. Let M be a proper ideal in a relation al- 
gebra 2. Enumerate the ideal elements of 2 in a (possibly) transfinite 
sequence (r; : i < a) indexed by the set of ordinal numbers less than 
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some ordinal a. Define a corresponding sequence (Mj; : i < a) of proper 
ideals in 2% with the following properties: (1) Mp = M; (2) M; C M; 
whenever i < j <a; (3) either rj or —r; is in Mj41 for each i < a. The 
definition proceeds by induction on 7. Put Mp = M. For the induction 
step, consider an ordinal k < a, and suppose that proper ideals M; 
have been defined for every 7 < k such that the sequence of ideals M; 
for 1 < k has properties (1)—-(3) (with a replaced by k). When & is 
a successor ordinal, say k = i+ 1, the definition of M, splits into 
two cases. If either r; or —r; is in M;, put M, = M;. If neither of 
these elements is in M;, define MM, to be the ideal generated by the 
set M; U {r;}. When k is a limit ordinal, defined M;, to be the union 
of the ideals M; for i < k. The set M, is the desired maximal ideal 
extending M. 


8.39. Suppose % is a subalgebra of a relation algebra 2. If M is a 
maximal ideal in 2, prove that MM B is a maximal ideal in 8. 


8.40. Suppose vy is a homomorphism from 2 to 8. If N is a maximal 
ideal in 8, prove that the inverse image of N under y, that is to say, 
the set 

M={reA:y(r) Ee N}, 


is a maximal ideal in 2. 


8.41. If a subset X of a relation algebra has the finite join property 
(see Exercise 8.13), prove that X is included in a maximal ideal. 


8.42. Suppose % is a subalgebra of a relation algebra 2. If 2( contains 
an ideal element that is not in %$, prove that there is a maximal ideal 
in 8 that has at least two different extensions to a maximal ideal in 2. 


8.43. Prove that every ideal M in a relation algebra is the intersection 
of the system of maximal ideals that include M. 


8.44. Prove Lemma 8.36 directly, without using Lemma 8.4. 


8.45. Verify that conditions (i) and (ii) from Definition 8.7 are valid 
for the set N = BM M in the proof of Lemma 8.40. 


8.46. Complete the proof of the Second Isomorphism Theorem 8.43 
by showing that the function y preserves the operations of addition, 
complement, and converse. 
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8.47. An ideal M in a relation algebra 2 is said to be complete if 
whenever X is a subset of M that has a supremum in 2, then that 
supremum belongs to M. Prove that the kernel of a complete homo- 
morphism is a complete ideal. 


8.48. Prove that if M is a complete ideal (see Exercise 8.47), then the 
quotient mapping from 2% to 2/M is a complete epimorphism with ker- 
nel M. Conclude that every complete ideal is the kernel of a complete 
epimorphism. 


8.49. Prove that the quotient of a complete relation algebra by a com- 
plete ideal (see Exercise 8.47) is complete. 


8.50. Prove that the annihilator of an ideal (see Exercise 8.20) is in 
fact a complete ideal. 


8.51. Let M be an ideal in a relation algebra 2, and B the Boolean 
algebra of ideal elements in 2. Prove that the Boolean algebra of 
ideal elements in the quotient 21/M is isomorphic to the Boolean quo- 
tient B/(BN M). 


8.52. Prove Lemma 8.50. 


8.53. The purpose of this exercise is to prove in detail that congruences 
can equivalently be replaced by filters instead of ideals. 


(i) Prove that the cokernel of a congruence on a relation algebra is 
always a filter. 

(ii) Prove that a congruence on a relation algebra is uniquely deter- 
mined by its cokernel. 

(iii) Prove that every filter in a relation algebra uniquely determines 
a congruence of which it is the cokernel. 

(iv) Prove that the congruence classes of a congruence are just the 
cokernel cosets, that is to say, the sets of the form 


reN={res:seEN}, 


where N is the cokernel of the congruence. 

(v) Describe the operations of the quotient of a relation algebra mod- 
ulo a congruence © in terms of the cokernel cosets of the cokernel 
of O. 

(vi) Prove that the quotient homomorphism from a relation algebra 2 
to a quotient 21/0 is just the mapping ¢ defined by y(r) =r = N 
for r in 21, where N is the cokernel of O. 
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8.54. Prove directly that the intersection of a system of filters in a 
relation algebra is again a filter. 


8.55. Formulate and prove the analogue of Lemma 8.11 for filters. 


8.56. Prove directly (without using Theorem 8.12) that in a relation 
algebra, an element r belongs to the filter generated by a set X if and 
only if there is a finite subset Y of X such that 0+([[Y)+0 < r. 
Conclude that every finitely generated filter is principal. 


8.57. Prove that a filter N in a relation algebra 2 is principal if and 
only if N has a smallest element. If such a smallest element r exists 
in N, prove that r must be an ideal element, and N must be the set 
of elements in 2l that are above r. 


8.58. Formulate and prove a version of Lemma 8.15 that applies to 
filters. 


8.59. Formulate and prove a version of Lemma 8.16 that applies to 
filters. 


8.60. A subset X of a relation algebra is said to have the finite meet 
property if, for every finite subset Y of X, the product 


[I{o+r+0:re¥}=0+([1Y) +0 


is non-zero. Prove that a set X generates a proper filter if and only 
if X has the finite meet property. 


8.61. Formulate and prove the analogue of Exercise 8.14 for filters. 


8.62. Formulate and prove a version of Exercise 8.25 that applies to 
filters. 


8.63. Prove that if M is an ideal in a relation algebra 2, then the set 
N={-r:reM} 


is a filter in 2l. This set is called the dual filter of M. Prove, conversely, 
that if N is a filter in 2, then the set 


M={-r:reN} 


is an ideal in 2. This set is called the dual ideal of N. 
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8.64. Show that a set X generates an ideal M in a relation algebra if 
and only if the set {—r: r € X} generates the dual filter of M. 


8.65. Define the notion of a complete filter in a relation algebra, and 
prove that an ideal is complete (see Exercise 8.47) if and only if its 
dual filter is complete. 


8.66. The cokernel of a homomorphism is the set of elements in the 
domain that are mapped to 1. Prove that a homomorphism is one-to- 
one if and only if its cokernel is {1}. 


8.67. Prove by a direct argument, without using Lemma 8.17, that 
if M and WN are filters in a relation algebra 21, then 


MV N={r-s:réM andse N} 
and 


MAN={r+s:reéM andse N} 
in the lattice of filters of 2. 


8.68. Give a different proof of the result in Exercise 8.67, using the 
duality between ideals and filters together with Lemma 8.17. 


8.69. Formulate and prove the analogue of Corollary 8.18 for filters. 


8.70. Formulate the analogue of Theorem 8.22 for filters, and prove it 
using a direct argument, without appealing to Theorem 8.22 and the 
duality between ideals and filters. 


8.71. Formulate the analogue of Theorem 8.23 for filters, and prove it 
using a direct argument, without appealing to Theorem 8.23 and the 
duality between ideals and filters. 


8.72. Prove that the lattice of filters in a relation algebra is isomorphic 
to the lattice of Boolean filters in the corresponding Boolean algebra 
of ideal elements. Give a direct argument that does not appeal to the 
Lattice of Ideals Theorem and the duality between ideals and filters. 


8.73. Verify that the dual of a principal ideal is a principal filter, and 
conversely. Conclude that the canonical isomorphism from the lattice 
of ideals to the lattice of filters in a relation algebra maps the sublattice 
of principal ideals onto the sublattice of principal filters. 
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8.74. Formulate a version of Lemma, 8.29 that applies to filters. Give 
a direct proof that does not appeal to Lemma 8.29 and the duality 
between ideals and filters. 


8.75. Formulate a version of Theorem 8.30 that applies to filters. Give 
a direct proof that does not make use of Theorem 8.30 and the duality 
between ideals and filters. 


8.76. Formulate a version of the Maximal Ideal Theorem 8.31 that 
applies to filters. Give a direct proof that does not make use of Theo- 
rem 8.31 and the duality between ideals and filters. 


8.77. Prove that every subset of a relation algebra with the finite meet 
property (see Exercise 8.60) is included in a maximal filter. 


8.78. Let 2 be an arbitrary Boolean algebra with normal operators. A 
subset M of 2l is defined to be an ideal if it satisfies conditions (i)—(iii) 
of Definition 8.7 and the following condition in place of (iv). 


(a) For every operator f of rank n > 0 in 2, and every sequence of ele- 
ments ro,..-,%n—1 in A, ifr; isin M for some i, then f(ro,...,n—1) 
isin M. 

The goal of the following is to demonstrate that this notion of an ideal 

in a Boolean algebra with normal operators possesses all of the desired 

properties. 


(i) Define the notion of a congruence on 2, and show that the kernel 
of any congruence, that is to say, the congruence class of 0, is 
always an ideal in 2. 

(ii) Prove that if M is an ideal in 2, and if © is the relation on the 
universe of 2( that is defined by 


r=s if and only if roseM, 


then © is a congruence on 2, and M is the kernel of 0. Show 
further that © is the only congruence on 2 with kernel M. 

(iii) Define the notion of the quotient of 21 modulo an ideal M, and 
prove the analogues of Lemma 8.36, the Homomorphism Theo- 
rem, the Correspondence Theorem, and the three Isomorphism 
Theorems. 

(iv) Prove that an ideal IM in 2 satisfies the following stronger version 
of condition (a): For every term definable, normal operation g of 
rank n > 0 on the universe of 2, if r9,...,7m—1 are in A, and if r; 
is in M for some i, then g(ro,..-,%n—1) is in M. 
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8.79. The main results about ideals in relation algebras can be gener- 
alized to arbitrary Boolean algebras with normal operators 2 in which 
there is a unary operation c that is term definable and that satisfies 
the following laws. 


(a) r <c(r). 

(b) e(e(r)) < e(r). 

(c) e(—e(r)) < —e(r). 

(d) f(r0,---,T%-1) < e(7;) for every operator f of positive rank and 
every index i =0,...,n—1. 


The elements r in 2 satisfying the equation c(r) = r in 2 are the ana- 
logues of ideal elements in relation algebras. Prove that the following 
laws hold in 2. 


(i) c(r) = 0 if and only if r = 0. 

ii) Ifr < s, then c(r) < c(s). 

(c(r)) = e(r). 

(—e(r)) = —ce(r). 

(r - c(s)) = e(r) - e(s). 

(vi) e(r + 8) = c(r) + e(s). 

(vii) r-c(s) = 0 if and only if s-c(r) = 0. 


Conclude, in particular, that the elements r in 2 satisfying the equa- 
tion c(r) = r form a Boolean subalgebra of the Boolean part of 2. 


—> 


i) 
iii) 
iv) 
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8.80. Let 2( be a Boolean algebra with normal operators in which there 
is a term definable unary operation c satisfying conditions (a)—(d) in 
Exercise 8.79. Prove the following assertions. 


(i) An element r belongs to the ideal generated by a set X if and 
only if there is a finite subset Y of X such that r < c()CY). 
(ii) Every principal ideal M has a largest element r, and c(r) = r. 
The elements of M are just the elements in 2 that are below r. 
(iii) Every finitely generated ideal in 2 is principal. 
(iv) For an arbitrary ideal M in 2, and an arbitrary element ro in 2, 
the ideal generated by the set M U {ro} is 


N={r+s:r<c(ro) andse M}. 


(v) An ideal M is improper just in case, for some element r in 2, 
both r and —c(r) are in M. 

(vi) An ideal M is maximal if and only if, for every element r in 2, 
exactly one of r and —c(r) is in M. 
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(vii) For every principal ideal L in 21, and every ideal M that is prop- 
erly included in L, there is an ideal that is maximal in L and 
includes M. 

(viii) For every proper ideal M in 2, and every element r that does not 
belong to M, there is a maximal ideal that includes M and does 
not contain r. 


8.81. Let 2 be a Boolean algebra with normal operators in which there 
is a term definable unary operation c satisfying conditions (a)—(d) in 
Exercise 8.79. Formulate and prove versions of Lemmas 8.40-8.42. 


8.82. Let 2 be a Boolean algebra with normal operators in which 
there is a term definable unary operation c satisfying conditions (a)— 
(d) in Exercise 8.79. Formulate and prove a version of the Second 
Isomorphism Theorem 8.43. 


8.83. Let 2 be a Boolean algebra with normal operators in which there 
is a term definable unary operation c satisfying conditions (a)—(d) in 
Exercise 8.79. Formulate and prove a version of the Homomorphism 
Extension Theorem 8.46. 


Chapter 9 
Simple algebras 


Every homomorphic image of a relation algebra 2 is isomorphic to 
a quotient of 21 modulo some ideal, by the First Isomorphism The- 
orem 8.39. Larger ideals lead to structurally simpler homomorphic 
images than smaller ideals, because larger ideals “glue” more elements 
together than smaller ones. More precisely, whenever an ideal M (in 2) 
is included in an ideal N, then the quotient 2/N is a homomorphic 
image of the quotient 2/M, by the Third Isomorphism Theorem 8.48. 
This leads to a rough classification of the homomorphic images of 2 
according to the location, in the lattice of ideals, of the ideal cor- 
responding to each homomorphic image (via the First Isomorphism 
Theorem): structurally simpler homomorphic images of 2 correspond 
to ideals that are toward the top of the lattice, while structurally more 
complicated homomorphic images correspond to ideals that are toward 
the bottom. From this perspective, the simplest non-degenerate homo- 
morphic images of 2 correspond to proper ideals that are just below 
the top of the lattice, that is to say, they correspond to the maximal 
ideals of 2. 

These simplest non-degenerate homomorphic images are called sim- 
ple algebras, and they play a fundamental role in the theory of relation 
algebras. They form the building blocks from which all relation alge- 
bras can be constructed. For example, as we shall see in Corollary 11.45 
and Theorem 12.10 respectively, every finite relation algebra is iso- 
morphic to a direct product of simple homomorphic images, and every 
relation algebra is isomorphic to a subalgebra of a direct product of 
simple homomorphic images. 

The purpose of this chapter is to study the class of simple rela- 
tion algebras. Within this class, a special subclass of algebras can be 
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distinguished by a certain integrality condition, and many interest- 
ing examples of relation algebras turn out to satisfy this integrality 
condition. 


9.1 Simple relation algebras 


A relation algebra 2 is called simple if it is not degenerate and if every 
homomorphism on 2 is either a monomorphism or else has the degen- 
erate (one-element) relation algebra as its range. In view of the First 
Isomorphism Theorem, this definition is equivalent to saying that 2 
is simple if and only if it has exactly two ideals: the trivial ideal {0} 
and the improper ideal A (and these two ideals do not coincide). The 
lattice of ideals in 2C is isomorphic to the lattice of Boolean ideals in 
the Boolean algebra of ideal elements in 2, by the Lattice of Ideals 
Theorem 8.26, so the simplicity of 21 is equivalent to the assertion that 
the Boolean algebra of ideal elements in 2l has exactly two ideals, or, 
put another way, the Boolean algebra of ideal elements in 2 is simple 
(as a Boolean algebra). The set of elements below any given element r 
in a Boolean algebra is easily seen to be a Boolean ideal (it is the prin- 
cipal Boolean ideal generated by 7), so a Boolean algebra is simple if 
and only if it consists of exactly two elements, 0 and 1. This proves 
the following lemma. 


Lemma 9.1. A relation algebra is simple if and only if it has exactly 
two (distinct) ideal elements, 0 and 1. 


In other words, a relation algebra is simple if and only if the unit is 
an ideal element atom. 

One consequence of the lemma is the surprising fact that the notion 
of simplicity for relation algebras is characterizable by a universal sen- 
tence in the (first-order) language of relation algebras. In fact, there 
are various interesting universal sentences that can serve this purpose. 
We give some of them in the following Simplicity Theorem. It should be 
pointed out that the notion of simplicity for general classes of algebras 
is rarely characterizable by a set of first-order sentences. 


Theorem 9.2. The following conditions on a relation algebra A are 
equivalent. 


(i) 2 is simple. 
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(i) OF 1, and for all r in A, ofr £0, then 13r31=1. 
(iii) O41, and for all r in A, ettherr;1=1 orl;—-r=1. 
Gv) 0471, and for all r,s in OD, ifr 313s=0, thenr=0 or ¢=0. 


Proof. We shall show that (ii) is equivalent with each of the other con- 
ditions. Condition (ii) says in effect that 2 has precisely two ideal 
elements, 0 and 1, so the equivalence of (i) and (ii) follows from 
Lemma 9.1. 

Turn now to the equivalence of (ii) and (iii), and consider first the 
implication from (ii) to (iii). Let r be any element in 2. If r;1 = 1, 
then (iii) holds trivially. If r;1 4 1, then —(r; 1) 4 0, by Boolean 
algebra, so 

1;-(r;1);1=1, (1) 
by condition (ii). Lemma 4.4(iii) (with r and s replaced by 1 and r 
respectively) says that 


ahi" pp =—n, 
or equivalently, using also Lemma 4.1(vi), 
—(r;1);l<-r. 


Form the relative product of both sides of this inequality with 1 on the 
left, and use the monotony law for relative multiplication, to obtain 


Leas lys le leer. (2) 


Combine (1) and (2) to arrive at 1; —r = 1. Thus, (iii) holds 
To establish the reverse implication, assume that (iii) holds, and 
replace r by 1;r in (iii) to obtain 


l;sr;l=1 or Le=(e eli. (3) 


Axiom (R10) (with r and s replaced by 1 and r respectively) says that 


eat Sen, 
or equivalently, using also Lemma 4.1(vi), 
1;-(1;r)<-r. 


Consequently, the second equation in (3) implies that —r = 1, or what 
amounts to the same thing, that r = 0. Thus, we have either r = 0 or 
else 1;r; 1 = 1, by (3), and this is just what (ii) asserts. 
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It remains to establish the equivalence of (ii) and (iv). Assume first 
that (ii) holds. If r;1;s =0 andr 40, then 1;r;1=1, by (ii), and 
therefore 


0= 10H 1s(rsiis) Sree 1342s, 


by Corollary 4.17, the assumption about r;1; 5, the associative law 
for relative multiplication, the assumption about r, and the first dual 
of Lemma 4.5(iii). Consequently, s = 0, so we obtain (iv). 

Assume next that (iv) holds, and consider any element r in 2. Ax- 
iom (R10) (with r and s replaced by 1;r~ and 1 respectively) implies 
that 

gr) soar 00. (4) 


We have 
(hag) =9e1 and lsr-;1=1;r;1, (5) 


by the involution laws, Lemma 4.1(vi), and Corollary 5.42, so (4) 
and (5) may be combined to conclude (with the help of Boolean alge- 
bra) that 

pc le=(erel) =o. (8) 


If r £ 0, then —(1;r; 1) = 0, by (8) and (iv) (with —(1;7r;1) in 
place of s), and therefore 1; 7; 1 = 1, by Boolean algebra. Thus, (ii) 
holds. O 


It may be noted in passing that the second part of condition (iv) is 
equivalent to the condition that a rectangle can equal zero only if one 
of its sides is zero. 

A consequence of the preceding theorem is the important observa- 
tion that the property of simplicity is inherited by subalgebras. 


Corollary 9.3. Every subalgebra of a simple relation algebra is simple. 


Proof. A relation algebra 2 is simple if and only if one of the universal 
sentences in the preceding theorem—for instance, (ii)— is true in 2. 
Universal sentences are preserved under the passage to subalgebras, by 
Corollary 6.4, so (ii) holds in 2 if and only if it holds in all subalgebras 
of 2. Thus, 21 is simple if and only if all subalgebras of 2 are simple. 
O 
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The preceding lemma, theorem, and corollary greatly facilitate the 
task of showing that a given relation algebra is, or is not, simple. 
For example, the full relation algebra Re(U) on a non-empty set U 
is simple, because condition (ii) in Theorem 9.2 is easily seen to hold 
in Re(U). In more detail, the set U is assumed to be non-empty, so 
the unit U x U is certainly different from the zero element @. Consider 
now any non-empty relation R in Re(U), and suppose that (a, 3) isa 
pair of elements in R. For any elements y and 6 in U, the pairs (y, a) 
and (3,6) belong to the unit U x U, so the pair (y,6) belongs to the 
composition 


(U x U)|R\(U x U), 


by the definition of relational composition. Consequently, this compo- 
sition coincides with the unit U x U, so condition (ii) holds in Re(V). 
It follows from Theorem 9.2 and Corollary 9.3 that Re(U) and each 
of its subalgebras is simple, that is to say, every algebra of relations 
on a non-empty set is simple. In particular, the minimal set relation 
algebras 01, Nto, and Mz are simple (see Section 3.1). 

On the other hand, the full set relation algebra %e(£) on an equiv- 
alence relation FE with at least two equivalence classes is never simple. 
Indeed, if V is any equivalence class of EF, then the relation V x V 
is an ideal element in Re(£) that is different from both the zero ele- 
ment @ and the unit E, so Re(E£) has more than two ideal elements 
and is therefore not simple, by Lemma 9.1. Warning: this argument 
shows that Re(/) is not simple, but it is perfectly possible for some 
subalgebras of Re(E) to be simple. 

For yet another example, observe that every element in a Boolean 
relation algebra 2 is an ideal element, since relative multiplication 
coincides with Boolean multiplication in 2. Indeed, if r is any element 
in 2, then 

l;r;l=1-r-l=r, 


so r is an ideal element in 2. Consequently, a Boolean relation algebra 
is simple if and only if it has exactly two elements, by Lemma 9.1. Put 
another way, a Boolean relation algebra is simple if and only if it is 
isomorphic to 91. 

There is an interesting kind of converse to Corollary 9.3. A first- 
order universal sentence with a single variable is valid in an algebra if 
and only if it is valid in every 1-generated subalgebra, that is to say, in 
every subalgebra generated by a single element. Since simplicity can 
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be expressed by a universal sentence with a single variable, we obtain 
the following conclusion. 


Corollary 9.4. If every 1-generated subalgebra of a relation algebra 2A 
is simple, then 2 is simple. 


Another consequence of Theorem 9.2 is that every quantifier-free 
formula in the (first-order) language of relation algebras is equivalent 
to an equation in all simple relation algebras. 


Theorem 9.5. For every quantifier-free formula I’ in the language of 
relation algebras, there is a term y with the same free variables as I’ 
such that I’ and the equation y = 0 are equivalent in all simple relation 
algebras. 


Proof. The proof proceeds by induction on the definition of quantifier- 
free formulas in the language of relation algebras. If I’ is an equation, 
say 0 =T, then take ¥y to be the term o G7, that is to say, the term 


o:--T+—o°-t. 


The definition of © implies that a sequence of elements in a relation 
algebra satisfies the equation o = 7 if and only if it satisfies the equa- 
tion 0 OT = 0, so I’ is equivalent to the equation y = 0 in all simple 
relation algebras (and in fact in all relation algebras). 

Next, suppose I’ has the form —A for some quantifier-free formula A, 
and assume as the induction hypothesis that A is equivalent to an 
equation 6 = 0 in all simple relation algebras. The negation =A is 
then equivalent to the inequality 6 ~ 0 in all simple relation algebras. 
For every element 7 in a simple relation algebra, 


r4#0 if and only if l;r;1l=1, 


by Theorem 9.2(ii) and Corollary 4.17. Consequently, =A is equivalent 
to the equation 1; 6;1 = 1 in all simple relation algebras. Take y 
to be the term —(1; 06; 1), or the equivalent term 0+(—06) +0, to 
conclude that I’ is equivalent to the equation y = 0 in all simple 
relation algebras. 

Finally, suppose I" has the form AA = for some quantifier-free for- 
mulas A and ©, and assume as the induction hypothesis that A and = 
are respectively equivalent to equations 6 = 0 and € = 0 in all sim- 
ple relation algebras. The conjunction AA = is then equivalent to the 
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conjunction of the equations 6 = 0 and € = 0 in all simple relation 
algebras. For every pair of elements r and s in a relation algebra, 


r=Oands=0 if and only if r+s=0, 


by Boolean algebra. Take y to be the term 6+ € to conclude that I’ is 
equivalent to the equation y = 0 in all simple relation algebras. O 


The preceding theorem is sometimes called the Schréder- Tarski 
Translation Theorem because it gives an effective method for trans- 
lating every quantifier-free formula into an equivalent equation (with 
respect to the class of simple relation algebras). In connection with this 
result, it may be remarked that—as we shall see in Theorem 12.11—an 
equation is true in all relation algebras if and only if it is true in all 
simple relation algebras. 

Turn now to the question of when the quotient of a relation al- 
gebra 2 modulo an ideal M is simple. To say that such a quotient 
is simple is to say that it has exactly two ideals. The lattice of ide- 
als in the quotient is isomorphic to the sublattice of ideals in 2 that 
include M, by the Correspondence Theorem 8.47. Consequently, the 
quotient algebra 21/M is simple if and only if there are exactly two 
ideals in 2 that include M, namely M and A. In other words, the 
quotient algebra is simple if and only if M is a maximal ideal. 


Lemma 9.6. A quotient relation algebra A/M is simple if and only if 
the ideal M is maximal in Ql. 


Notice that the condition in the lemma precludes the possibility 
that the algebra 2 and its quotient 2/M are degenerate. Indeed, the 
degenerate algebra has only one ideal, namely the improper ideal, and 
the improper ideal cannot be maximal, by the definition of a maximal 
ideal. 


9.2 Integral relation algebras 


We turn now to a special class of relation algebras that turn out to be 
simple. A relation algebra is called integral if it is not degenerate, and 
if it has no zero divisors, that is to say, for all elements r and s, 


r;s=0 implies r=0 or s=0. 
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Integral relation algebras are characterized by a number of rather sur- 
prising properties, each of which is expressible as a universal sentence 
in the language of relation algebras. We gather some of these together 
in the following Integrality Theorem. 


Theorem 9.7. The following conditions on a relation algebra L are 
equivalent. 


(i) 2 is integral. 

(ii) OA1 andr;1=1 for every non-zero element r in A. 
(iii) O41 and 1;r=1 for every non-zero element r in A. 
(iv) 0 £1 and all non-zero elements have domain I’. 

(v) 041 and all non-zero elements have range 1’. 
(vi) 0 A 1 and all non-zero functions are atoms. 
(vii) 1’ ts an atom. 


Proof. The equivalence of (ii) and (iii) is a consequence of the first 
duality principle, as is the equivalence of (iv) and (v). For example, to 
establish the implication from (iv) to (v), assume that 


els l=Y7 


for all non-zero elements r in 2. Since r is non-zero if and only if r~ is 
non-zero, by Lemma 4.1(vi), we may replace r by r~ in the preceding 
equation, form the converse of both sides of the resulting equation, 
and apply the involution laws and the laws in Lemmas 4.1 and 4.3 to 
conclude that 


(ir)-v=P7 


for all non-zero elements r in 2. The reverse implication, from (v) 
to (iv), is established in a completely analogous way. 

In view of the preceding remarks, it suffices to prove the implications 
from (i) to (ii), from (ii) to (iv), from (iv) to (vi), from (vi) to (vii), 
and from (vii) to (i). For the implication from (i) to (ii), recall that 


Pea Pell 


for every element r in 2, by Lemma 4.11. If 2 is integral, then of 
course 0 £ 1, and the preceding equation implies that 


r- =0 or —(r;1)=0. 
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In the first case, we have r = 0, by Lemma 4.1(vi), and in the second 
case, r; 1 = 1, by Boolean algebra, so (ii) holds. 
If (ii) holds, then for any non-zero element r in 21, we have 


domain r= (r;1)-P?=1-V=?P, 


by the definition of the domain of r, (ii), and Boolean algebra, so (iv) 
holds. 

To establish the implication from (iv) to (vi), assume that r is a non- 
zero function (see Section 5.8), and consider any non-zero element s 
below r, with the goal of showing that s = r. Observe that s is a 
function, by Lemma 5.66(ii), so if (iv) holds, then 


Pe leslie < sis" sl Se5. (1) 


by the assumption in (iv) applied to s, the definition of the domain 
of an element, Corollary 4.21 (with s, 1, and I’ in place of r, s, and t 
respectively), and the identity law for relative multiplication. Since 


sar and y sre rl; (2) 


by Lemma 4.1(i) and the assumptions on r and s, we obtain 


r=V5r<s;s"sr<s;r-;r<s;V=s, 
by the identity and monotony laws for relative multiplication, and (1) 
and (2). Conclusion: every non-zero element below r must coincide 
with r, so r is an atom. Thus, (vi) holds. 

For the implication from (vi) to (vii), observe that ’ 4 0, because 2 
is assumed to be non-degenerate. In more detail, 1’ = 0 implies that 


1=1;P=1;0=0, 


by the identity law for relative multiplication and Corollary 4.17. Con- 
sequently, 1’ is a non-zero function, by Lemma 5.66(i). The assumption 
in (vi) therefore implies that V’ is an atom. 

Turn finally to the implication from (vii) to (i). Certainly, 2l is non- 
degenerate, since 1’ is an atom (degenerate relation algebras have no 
atoms). Let r and s be elements in 2 such that r;s = 0. The domain of 
every element is, by definition, below 1’, so the assumption that (vii) 
holds implies that the domain of s is either 0 or 1’. In the first case, 
we have (s;1)- 1’ = 0, by the definition of the domain of s, and 
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therefore (1’;1~)-s =0, by the De Morgan-Tarski laws (Lemma 4.8). 
This last equation implies that s = 0, by Lemma 4.1(vi), the identity 
law for relative multiplication, and Boolean algebra. In the second 


case, 
(9:1) =?, (3) 


and therefore 
Par eV H=rs ler!) Srsisel = ss)isl=Hos1=G 


by the identity law for relative multiplication, (3), the monotony and 
associative laws for relative multiplication, the assumption on r;s, and 
the first dual of Corollary 4.17. Thus, 2l is integral. O 


The sentences characterizing integral relation algebras in the previ- 
ous lemma are universal in form, and most of them involve just one 
variable. Consequently, the same types of arguments that are used to 
prove Corollaries 9.3 and 9.4 can be used to establish the analogues of 
these corollaries for integral relation algebras. 


Corollary 9.8. Every subalgebra of an integral relation algebra is in- 
tegral. 


Corollary 9.9. If every 1-generated subalgebra of a relation algebra 2A 
is integral, then 2 is integral. 


There is a close connection between the definition of an integral 
relation algebra and condition (iv) in Theorem 9.2. In fact, the latter 
might be viewed as a kind of weak integrality condition. It is therefore 
perhaps not surprising that integral relation algebras turn out to be 
simple. 


Corollary 9.10. Every integral relation algebra is simple. 


Proof. For any non-zero element r in an integral relation algebra 2, 


by Theorem 9.7(ii) and Lemma 4.5(iv). Consequently, 21 is simple, by 
Theorem 9.2. O 


The Integrality Theorem greatly facilitates the task of determining 
whether a given relation algebra is, or is not, integral. For example, 
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the identity element in the complex algebra of any group G is the sin- 
gleton of the group identity element in G, so it is certainly an atom 
in €m(G). Thus, every group complex algebra is integral and there- 
fore simple. Similarly, the identity element in the complex algebra of 
any geometry P is the singleton of the new element ¢ that is adjoined 
to P to form the complex algebra, so it is clearly an atom in €m(P). 
Consequently, every geometric complex algebra is integral and simple. 
The identity element is also an atom in the minimal relation alge- 
bras 90t1, Ne, and Mts, so these algebras are integral as well. 

By way of contrast with the preceding examples, observe that the 
identity element is never an atom in the full set relation algebra on a 
set U of cardinality at least two, so Re(U) is never integral when U has 
more than one element. It follows that the converse of Corollary 9.10 is 
false: a simple relation algebra need not be integral. The same example 
shows that a subalgebra of a non-integral simple relation algebra may 
in fact be integral, since the minimal subalgebra of %e(U) is integral 
whenever U is non-empty. 

Another interesting property of integral relation algebras is that the 
non-zero bijections in the algebra (see Section 5.8) form a group. 


Lemma 9.11. In an integral relation algebra, the set of non-zero bijec- 
tions is a group of atoms under the operations of relative multiplication 
and converse, with 1’ as the identity element. If r is an atom and s a 
non-zero bijection, then the products s;r andr;s are atoms, and they 
are bijections just in case r is a bijection. 


Proof. Non-zero bijections are permutations, and also atoms, in an 
integral relation algebra, by Theorem 9.7(iv)—(vi), so the set of non- 
zero bijections coincides with the set of permutations and is a subset 
of the set of atoms. In particular, this set is a group of atoms under 
the operations of relative multiplication and converse, with 1’ as the 
identity element, by Lemma, 5.87. 

To prove the second assertion of the lemma, consider an atom r and 
a non-zero bijection s. We have 


lV’ = domain r = range r = domain s = range s, 


by parts (iv) and (v) of Theorem 9.7, so r;s and s;7r are atoms, by 
Lemma 5.86(ii) and its first dual. If r is a bijection, then so is r; s, 
by the first assertion of the present lemma. Conversely, if r;s is a 
bijection, then so is r;s;s~, by the first assertion of the lemma; since 
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r3s3;s =r;V=r, 


it may be concluded that r is a bijection. O 


9.3 Directly and subdirectly indecomposable algebras 


There are two further algebraic notions that are closely related to, 
but usually weaker than, the notion of simplicity. An algebra is called 
directly indecomposable if it is non-degenerate and cannot be written 
as—that is to say, it is not isomorphic to—the direct product of two 
non-degenerate algebras. As we shall see in Corollary 11.12, a relation 
algebra turns out to be directly indecomposable just in case it is non- 
degenerate and for any two ideal elements r and s in the algebra, 


r-s=0 and r+s=1 implies r=0 or s=0. 


This condition says that there is no non-trivial partition of the unit by 
ideal elements. On the set of ideal elements, the operations of relative 
addition and multiplication coincide with their Boolean counterparts, 
by Lemma 5.41, so the preceding implication can be rewritten as 


r;s=0 and rts=1 implies r=0 or s=0. 


Notice the resemblance of this implication to the condition of integral- 
ity discussed in the preceding section. 

An algebra is called subdirectly irreducible if it is non-degenerate 
and cannot be written as a subdirect product of two or more non- 
degenerate algebras. As we shall see in Lemma 12.9(iii), a relation 
algebra turns out to be subdirectly irreducible just in case it is non- 
degenerate and for any system (r; : i € I) of ideal elements in the 
algebra, if the infimum of the system is zero, then at least one of the 
elements in the system is zero, that is to say, 


Ikn=0 implies rT, =0 


for some 7. 
Quite surprisingly, in relation algebras the two notions just defined 
coincide with the notion of simplicity. 


Theorem 9.12. In a relation algebra A, the following conditions are 
equivalent. 
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(i) 2 is simple. 
(ii) 2 1s subdirectly irreducible. 
(iii) 2 2s directly indecomposable. 


Proof. A simple relation algebra 2 is non-degenerate and has just two 
ideal elements, 0 and 1, by Lemma 9.1. Consequently, if the product 
of a system of ideal elements in 2 is 0, then at least one of the ideal 
elements must obviously be 0. Thus, 2l is subdirectly irreducible, by the 
remarks preceding the theorem, so condition (i) implies condition (ii). 

A subdirectly irreducible relation algebra 2 is non-degenerate, and 
the product of two non-zero ideal elements is always non-zero, by the 
remarks preceding the theorem. Consequently, there can be no non- 
trivial partition of the unit, so 2 is directly indecomposable. Thus, 
condition (ii) implies condition (iii). 

The implication from (iii) to (i) is established via an argument by 
contraposition. If 2( is non-degenerate but not simple, then there must 
be an ideal element r that is different from 0 and 1, by Lemma 9.1. The 
complement —r is also an ideal element, by Lemma 5.39(iv), and the 
two ideal elements r and —r form a non-trivial partition of the unit. 
Consequently, 21 cannot be directly indecomposable, by the remarks 
preceding the theorem. O 


It is now easy to see that subdirect irreducibility can be character- 
ized by a weaker condition than the one mentioned before the theorem. 


Corollary 9.13. A relation algebra is subdirectly irreducible if and 
only if it is non-degenerate and the product of two non-zero ideal ele- 
ments is always non-zero. 


Proof. By Theorem 9.12 it suffices to prove the corollary with “simple” 
in place of “subdirectly irreducible”. If a relation algebra 2 is simple, 
then the condition in the corollary obviously holds, by Lemma 9.1. On 
the other hand, if the condition in the corollary holds, then 21 cannot 
have an ideal element r different from 0 or 1, because the elements r 
and s = —r would satisfy the hypothesis, but not the conclusion, of 
the condition. Consequently, 2{ must be simple, by Lemma 9.1. O 


For a non-degenerate relation algebra, the condition in the corollary 
is equivalent to the requirement that for any two ideal elements r and s, 


r;s=0 implies r=0O or s=0O, 
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by Lemma 5.41 (ii). Thus, a non-degenerate relation algebra is subdi- 
rectly irreducible just in case the condition defining integrality applies 
to the set of ideal elements. 


9.4 Historical remarks 


Peirce and Schroder always worked in the context of the full relation 
algebra on some set, so implicitly they always dealt with simple rela- 
tion algebras. The explicit study of simple relation algebras as a special 
subclass of the class of all relation algebras dates back to McKinsey 
and Tarski. In particular, Lemma 9.1 and the characterizations of sim- 
plicity in terms of conditions (ii) and (iv) in the Simplicity Theorem 
are due to them, and are mentioned in [55] (see also [53]). The char- 
acterization of simplicity in terms of condition (iii) in the theorem is 
taken from Tarski [105] (see also [112]). Corollary 9.3, stating that sub- 
algebras of simple relation algebras are simple, is given in [55], while 
Corollary 9.4 is due to Tarski [112]. 

The equivalences underlying the proof of the Schroder-Tarski Trans- 
lation Theorem (in the implicit context of full relation algebras on sets) 
date back to Schréder [98], pp. 150-153. The derivations of these equiv- 
alences in the context of simple relation algebras and the formulation 
of Theorem 9.5 are due to Tarski. The theorem is explicitly mentioned 
in [110]. 

Integral relation algebras are mentioned for the first time by Jonsson 
and Tarski in the abstract [53]. The characterizations of integrality in 
terms of conditions (ii), (vi), and (vii) are due to Jénsson and Tarski 
[55]. The remaining characterizations in the theorem (due to Givant) 
were obtained by analyzing the proofs involved in the Jénsson-Tarski 
characterizations. Corollaries 9.8 and Corollary 9.10 are also due to 
Jonsson and Tarski [55], while Corollary 9.9 and Lemma 9.11 are due 
to Givant. 

Small integral relation algebras—those that are finite and have at 
most six atoms—have been extensively studied by a number of people 
including (in roughly chronological order) Roger Lyndon [68], Ralph 
McKenzie [82], [83], Ulf Wostner [121], Roger Maddux [71], [78], Ste- 
phen Comer [24], [25], Peter Jipsen [46], Peter Jipsen and Erzsébet 
Lukacs [48], and Hajnal Andréka and Roger Maddux [6]. Some of this 
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work has been done with the help of a computer (see, for example, 
Chapter 8 in [78}). 

The equivalence of conditions (i) and (iii) in Theorem 9.12 is due 
Jonsson and Tarski [55]. The equivalence of conditions (i) and (ii) in 
the theorem is not given in [55], but Jonsson and Tarski may have 
been aware of it. The equivalence is explicitly stated and proved by 
Tarski in [112]. The result in Exercise 9.2 is proved in Tarski [111]. 

The study of (ternary) discriminator functions in arbitrary alge- 
bras (and not just in Boolean algebras with normal operators) dates 
back to the work of Alden Pixley, who proved in [89] that every non- 
degenerate algebra with a discriminator function is simple (see Ex- 
ercise 9.8). Discriminator varieties were studied by Heinrich Werner, 
who proved in [116], [117], [118] (see also [119]) that in such a variety 
the notions of simplicity, subdirect irreducibility, and direct indecom- 
posability coincide, and also that every open formula is equivalent to 
an equation in all simple algebras in the variety (see Exercise 9.18). 
The result in Exercise 9.16 is from [5] and improves an earlier result 
of Jipsen [47]. 


Exercises 


9.1. Consider the following condition on a relation algebra: for all el- 
ements r, we have r;1 41 if and only if 1; —r = 1. Is it true that a 
relation algebra 2 is simple if and only if this condition holds in 2? 


9.2. Prove that a simple relation algebra is minimal if and only if the 
equation 


rsl;—r;l;(r-V+-r-0);1;(7-0+-r-V)=0 
is true in the algebra. 


9.3. Suppose two elements r and s in a relation algebra 21 generate 
distinct ideal elements. Prove that there is a homomorphism y from 2 
onto a simple relation algebra that distinguishes r and s in the sense 


that p(r) # (s). 


9.4. Prove the following addition to the Homomorphism Extension 
Theorem 8.46. If 8% is a subalgebra of a relation algebra 2, then every 
homomorphism from % onto a simple relation algebra € can be ex- 
tended to a homomorphism from 2l onto a simple relation algebra 
that includes € as a subalgebra. 
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9.5. Call two homomorphisms on a relation algebra dissimilar if they 
have different kernels. Suppose % is a subalgebra of a relation algebra 2 
that does not contain all of the ideal elements of 2. Prove that there 
is a homomorphism from %$ onto a simple relation algebra that can 
be extended to two dissimilar homomorphisms from 2 onto simple 
relation algebras. 


9.6. Suppose 2 is the formula relation algebra of an elementary lan- 
guage L* of relations modulo a set of formulas S in £L* (see Section 3.3). 
If S is complete in the sense that every sentence in £L* or its negation 
is derivable from S, and consistent in the sense that not every sentence 
in £* is derivable from S, prove that 21 must be simple. 


9.7. Which of the algebras in Exercises 3.36-3.39 are simple? Which 
of them are integral? 


9.8. Which of the algebras in Exercises 3.40-3.41 are simple? Which 
of them are integral? 


9.9. Prove directly (without using the Simplicity Theorem 9.2) that 
the full relation algebra %e(U) is simple for every non-empty set U. 


9.10. Suppose the formulas A and = in the proof of Theorem 9.5 are 
respectively equivalent to the equations 6 = 0 and € = 0 in all simple 
relation algebras. If I’ is the formula A V =, how should the term 7 
be defined so that I’ and y = 0 are equivalent in all simple relation 
algebras? What if I" is the formula A > =? 


9.11. The Schréder-Tarski Translation Theorem has the following dual 
version that is also useful: for every quantifier-free formula J’ in the 
language of relation algebras, there is a term y with the same free 
variables as I’ such that I’ and the equation y = 1 are equivalent in 
all simple relation algebras. Prove this dual version directly (without 
using Theorem 9.5). 


9.12. Prove that the complex algebra of a modular lattice with zero 
(see Section 3.7) is integral and therefore simple. 


9.13. Prove directly (without using the Integrality Theorem 9.7) that 
the complex algebra of a group is integral and therefore simple. 


9.14. Prove directly (without using the Integrality Theorem 9.7) that 
the complex algebra of a geometry is integral and therefore simple. 
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9.15. Let 2 be a Boolean algebra with normal operators. A unary 
discriminator in 2 is a term definable operation c such that 


0 ifr=0, 
c(r) = 
1 ifr #0. 


Prove that if 2 is non-degenerate and has a unary discriminator, then 2 
must be simple. 


9.16. A discriminator term for an equationally axiomatizable class V 
of Boolean algebras with normal operators is a term 7 with one free 
variable that defines a unary discriminator (see Exercise 9.8) in every 
subdirectly irreducible algebra in V. Prove that a term T is a discrimi- 
nator term for V if and only if the laws (a)—(d) in Exercise 8.79 (with c 
replaced everywhere by 7) are valid in V. 


9.17. An equationally axiomatizable class of normal Boolean algebras 
with operators is called a discriminator variety if it has a discrimina- 
tor term (see Exercise 9.16). Prove that in a discriminator variety, the 
notions of simplicity, subdirect irreducibility, and direct indecompos- 
ability coincide. 


9.18. Let V be a discriminator variety of Boolean algebras with nor- 
mal operators (see Exercise 9.17). Prove that for every quantifier-free 
formula I in the first-order language of V, there is a term y with 
the same free variables as I’ such that I’ and the equation y = 0 are 
equivalent in all simple algebras in V. 


Chapter 10 
Relativizations 


The notion of a relativization of a relation algebra 2 is closely related 
to the notion of a subalgebra of 2. In the latter, the fundamental op- 
erations of 2 are restricted to a subset of 2l that is closed under these 
operations. In the former, the fundamental operations of 2( are rela- 
tivized to the subset of all elements below a given element. Relativiza- 
tions play a fundamental role in the study of direct decompositions of 
relation algebras. 


10.1 Relativizations to equivalence elements 


Consider an arbitrary equivalence element e in a relation algebra 2. 
The subset 


A(e)={reA:r<e}={r-e:re A} 


contains 0 and is easily seen to be closed under the operations of 
addition, multiplication, converse, and relative multiplication in 2. 
Indeed, if r and s are elements in A(e), then r and s are both below e, 
and therefore 


r+s<e+e=e, r-s<e-e=e, 


r £2 =e, r;sSej;e=e, 


by Boolean algebra, the monotony laws for converse and relative mul- 
tiplication, and Lemma 5.8(ii). Consequently, the sum, product, con- 
verse, and relative product of two elements in A(e) is again an element 


in A(e). 
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The set A(e) does not contain the identity element, the diversity 
element, or the unit of 21, but it does contain relativized versions of 
these elements, namely 


e-l, e-0’, and e-l 


(the latter coincides with e, of course). Most importantly, A(e) is not 
closed under the operation of complement, but it is closed under a 
relativized version of this operation. The relativized complement oper- 
ation (with respect to e) is the unary operation —. on A(e) that is 
defined by 


—r=e-r=e--T 


for all elements r in A(e) (where —r is the complement of r in 21). The 
element —¢r is called the relative complement of r (with respect to e). 
The relativization of 2 to e is the algebra 


A(e) = (A(e), +, -e,;,~,e-T). 


In this notation, we have followed the common algebraic practice of 
using the same symbols to denote the restricted operations of addition, 
relative multiplication, and converse in 2(e) as are used to denote the 
corresponding operations in 2. The key fact about 2(e) is that it is a 
relation algebra. 


Theorem 10.1. The relativization of a relation algebra to an equiva- 
lence element is always a relation algebra. 


Proof. Let e be an equivalence element in a relation algebra 21. Every 
law, that is to say, every equation or implication between equations, 
that involves only the operations of addition, multiplication, relative 
multiplication, converse, and zero (but not complement or the identity 
element) must hold in 2l(e) whenever it holds in 21, because these op- 
erations in (e) are just restrictions of the corresponding operations 
in 2, and zero is the same element in both algebras. From this obser- 
vation, it follows that Axioms (R1), (R2), (R4), (R6)—-(R9), and the 
implication in (R11) hold in 2(e). 
A short computation using only Boolean laws shows that 


—e(-er+s)=r-—-s and —e(-er+—e8) =1°8 


for all elements r and s below e. The sum of r- —s and r-s is r, so 
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—e(—er a Ss) 7 —e(—er = —eS) =?r. 


Thus, Axiom (R3) holds in (e). 
Turn finally to Axiom (R5). If an element r is below e, then 


(Isejsi' = (ea? 252, 


by the monotony law for relative multiplication and the first dual of 
Lemma 5.18(ii). Consequently, r ; (e- ) = r, by the first dual of 
Lemma 5.49 (with e and e- 1’ in place of r and zx respectively). Thus, 
Axiom (R5) holds in 2(e). O 


It is time to look at some examples of relativizations. Consider first 
an arbitrary symmetric, transitive (but not necessarily reflexive) re- 
lation E on a set U. The relativization of the full set relation alge- 
bra Re(U) on the set U to the relation E is just the full set relation 
algebra Re(/) on the equivalence relation FE. If F has just one equiv- 
alence class V, so that F is the Cartesian square £ = V x V, then 
the relativization of Re(U) to E coincides with the full set relation 
algebra Re(V) on the set V. 

The next example is a generalization of the preceding one. Consider 
an arbitrary equivalence relation FE on a set U, and an equivalence re- 
lation F that is included in E. The relativization of the full set relation 
algebra Re(E) to F coincides with the full set relation algebra Re(F’). 
For a concrete instance of this example, take X to be a set of equiva- 
lence classes of FE. The subrelation 


F=U{VxV:VeEX} 


is an equivalence element in Re(£), and the relativization of Re(L£) 
to the relation F is the full set relation algebra Re(F’). Notice that in 
this case, F’ is an ideal element in Re(£). 

For the third example, consider the complex algebra €m(G) of a 
group G. The non-zero equivalence elements in the algebra €m(G) 
are just the subgroups of G, and every such equivalence element is 
reflexive, because the identity element of the group belongs to every 
subgroup. The relativization of €m(G) to H coincides with the com- 
plex algebra €m(H). Notice that the algebra €m(G) is simple, so a 
subgroup H will not be an ideal element in €m(G) unless H is the 
improper subgroup. 

In a geometric complex algebra €m(P), the non-zero equivalence 
elements are just the sets of the form QU{z}, where Q is some subspace 
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of P, and 1 is the new element that is adjoined as an identity element 
to P to form €m(P). Each such non-zero equivalence element QU {v} 
is clearly reflexive, and the relativization of €m(P) to QU {zt} is just 
the algebra €m(Q). As in the case of group complex algebras, the 
algebra €m(P) is simple, so the equivalence element Q U {z} is not an 
ideal element unless Q is the improper subspace. 

For the last example, consider an arbitrary relation algebra 2, and 
take e to be a subidentity element in 2. The relativization of 2 to e is 
a Boolean relation algebra, by Lemmas 5.20(i) and 3.1. In this case, e 
is usually not an ideal element in 2. 


10.2 Relativizations to ideal elements 


From the perspective of the algebraic theory, the most important rel- 
ativizations are to ideal elements. Every ideal element e in a relation 
algebra 2 is certainly an equivalence element, since 


e;e=e-e=e and € =e, 


by Lemma 5.41(i),(ii). It therefore makes sense to speak of the rela- 
tivization of 2 to e. Relativizations to ideal elements can be charac- 
terized by an interesting and important homomorphism property. 

In a Boolean algebra B, the relativization mapping induced by an 
arbitrary element e is the function y defined by 


g(r) =e°r, 


for every element r in B. This mapping is always a complete Boolean 
epimorphism from B onto the Boolean relativization B(e). Indeed, 
each element below e is mapped to itself by y, so y is certainly onto. 
For every element r in B, we have 


p(-r) =e--r =e-—(e-r) = -9(0), 


by the definition of y, the definition of complement in a Boolean rel- 
ativization, and by Boolean algebra, so y preserves the operation of 
complement. And for every subset X of B that has a supremum r, we 
have 


p(r) =e-r=e-(0)/X) = fe-s:sEeX} =) {y(s):s € X}, 


10.2 Relativizations to ideal elements 407 


by the complete distributivity of multiplication, so y preserves all sums 
that exist in B. 

In a relation algebra, it is no longer the case that the relativization 
mapping induced by an equivalence element e is always a homomor- 
phism. In fact, this mapping is a homomorphism if and only if e is an 
ideal element. 


Theorem 10.2. Let e be an arbitrary element in a relation algebra Y, 
and let p be the relativization mapping defined by 


e(r) ser 


for all elements r in 2. If e is an ideal element, then y is a complete 
epimorphism from 2 to the relativization A(e). Conversely, if y is a 
homomorphism, then e is an ideal element. 


Proof. As has already been observed, the relativization mapping y 
is always a complete Boolean epimorphism from the Boolean part 
of 2 into the Boolean part of the relativization 2(e). In order for y 
to be a relation algebraic epimorphism, it is necessary and sufficient 
that y preserve the operation of relative multiplication, by the remarks 
preceding Lemma 7.7. To say that y preserves relative multiplication 
means that 


g(r; s) = 9(r); 9(s) 


for all elements r and s in 2l. In view of the definition of y, this amounts 
to the requirement that 


e-(r;s)=(e-r);(e-s) 


for all elements r and s in 2. In other words, the distributive law for 
multiplication over relative multiplication must hold for e. The validity 
of this law characterizes ideal elements, by Lemma 5.44, so y preserves 
relative multiplication if and only if e is an ideal element. O 


If e is an ideal element in 2, then the relativization A(e) is a ho- 
momorphic image of 2, by the previous theorem, and therefore must 
be isomorphic to the quotient of 2 modulo some ideal, by the First 
Isomorphism Theorem 8.39. It is a natural and important problem to 
determine what that ideal is. 
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Theorem 10.3. If e is an ideal element in a relation algebra A, and 
if yp is the relativization mapping induced by e, then the kernel of y is 
the principal ideal (—e), and the relativization A(e) is isomorphic to 
the quotient algebra 2A/(—e) via the function that maps each element r 
in A(e) to the coset r/(—e). 


Proof. The kernel of vy is, by definition, the set of elements that are 
mapped to zero by y. The definition of y as the relativization mapping 
implies that this kernel must be the set of elements that are disjoint 
from e, or put another way, it must be the set of elements that are 
below —e. This set is, of course, just the principal ideal (—e). Recall, in 
this connection, that —e is also an ideal element, by Lemma 5.39(iv). 

The mapping ¢ is an epimorphism from 2 to the relativization 2(e), 
by Theorem 10.2. Apply the First Isomorphism Theorem to conclude 
that the quotient of 2 modulo the kernel of y is isomorphic to 2(e) 
via the mapping that takes each coset r/(—e) to the element y(r). In 
other words, the isomorphism maps r/(—e) to e- r, by the definition 
of y. The elements in 2(e) are precisely the elements in 2 that are 
below e, so the inverse isomorphism maps each element r in 2(e) to 
the coset r/(—e). O 


10.3 Properties preserved under relativizations 


There are a number of important properties that are easily seen to 
be preserved under the passage to relativizations. For example, the 
relativization of a subalgebra is a subalgebra of the relativization, the 
relativization of a homomorphic image is a homomorphic image of 
the relativization, and the relativization of an ideal is an ideal in the 
relativization. Here is a precise statement of these assertions. 


Lemma 10.4. Let e be an equivalence element in a relation algebra A. 


(i) If B is a subalgebra of A that contains e, then B(e) is a subalgebra 
of (e). 

(ii) If B is a regular subalgebra of 2 that contains e, then B(e) is a 
regular subalgebra of 2(e). 

(iii) If p is a homomorphism from A into B, and if f = y(e), then the 
restriction of y to A(e) is a homomorphism from A(e) into B(f). 
Moreover, if y is one-to-one or onto, then the restriction of p is 
also one-to-one or onto respectively. 
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(iv) If M is an ideal in A, then the intersection MN A(e) is an ideal 
in A(e), and this intersection is equal to the set {r-e:re M}. 


Proof. Suppose % is a subalgebra of 21. The operations of addition, 
relative multiplication, and converse in S(e) and in (e) are just the 
appropriate restrictions of the corresponding operations of 8% and 2 
respectively, by the remarks in Section 10.1. Since the operations in 8 
are also restrictions of the corresponding operations in 2, it follows 
that the operations of addition, relative multiplication, and converse in 
the relativization 8(e) are restrictions of the corresponding operations 
in the relativization 2(e). In both relativizations, the complement of 
an element r from S(e) is just e- —r, where the complement —r is 
formed in % or in 2 (since the operation of forming complements in B 
is the restriction of the corresponding operation in 21). Consequently, 
the complement operation in B(e) is the restriction of the complement 
operation in 2(e). Finally, the identity element in both relativizations 
is e- 1’, where 1’ is the identity element in % and in 2, so the two 
relativizations have the same identity element. Conclusion: B8(e) is a 
subalgebra of 2(e). This proves (i). 

Part (ii) follows from (i) and the following observation. If a subset X 
of the relativization $(e) has a supremum r in 8(e), then r remains 
the supremum of X in %8. The algebra %8 is assumed to be a regular 
subalgebra of 2, so r is the supremum of X in 2, and therefore it is 
the supremum of X in 2(e). 

Assume next that y is a homomorphism from 2 into 8. Observe 
that the image f = y(e) must be an equivalence element in 8, by 
Lemma 7.2 (see also the remarks following Corollary 7.3), so it makes 
sense to speak of the relativization of 8 to f. As has already been 
noted, the operations of addition, relative multiplication, and converse 
in the relativizations 2(e) and 8(f) are restrictions of the correspond- 
ing operations in the algebras 2 and SS respectively. Since y is assumed 
to preserve these operations in the latter algebras, it must preserve 
these operations in the relativizations. The proof that y preserves the 
operation of forming relativized complements is equally easy: if r is an 
element in 2(e), then 


y(—er) = p(e—1) = ve) — v(r) = f — v(r) = -F¢(r). 


Finally, ¢ maps the element e-1’ in 2(e) to the element f-1’ in B(f), so 
it preserves the relativized identity element. Conclusion: the restriction 
of ~ to A(e) is indeed a homomorphism from 2(e) into B(f). 
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Clearly, if y is one-to-one, then so is its restriction. If ~ happens 
to be onto, then in particular, every element s in 8(f) is the image 
under y of some element r in 2. The element e-r belongs to 2(e), and 


gle-r) = 9(e) -v(r) =f-s=s, 


by the homomorphism properties of y and the fact that the element s 
is below f. Consequently, the restriction of y is onto. 

Turn now to the proof of (iv). The definition of an ideal involves only 
the element zero and the operations of addition, multiplication, and 
relative multiplication. These operations in the relativization 2(e) are 
all restrictions of the corresponding operations in 2l, so the intersection 
of an ideal in 2 with the set A(e) must be an ideal in 2(e). To give a 
concrete example of how the argument proceeds, consider condition (ii) 
in the definition of an ideal. If M is an ideal in 2, and if r and s are 
elements in M1 A(e), then r and s are in both M and A(e), by the 
definition of intersection, and therefore the sum r+ s is in both M 
and A(e), because M (as an ideal) and A(e) are closed under the 
operation of addition in 2. It follows that r+ s belongs to M1 A(e). 

To prove the final assertion in (iv), write 


N={reerre mM}. (1) 
with the goal of showing that 
N=MN Ale). (2) 


If s belongs to the right side of (2), then s is in M and also below e, 
so that s = s-e. Therefore, s belongs to the left side of (2), by (1). 
On the other hand, if s belongs to the left side of (2), then s has 
the form s = r-e for some r in M, by (1), so s is certainly in A(e). 
Also, s is below r and therefore in M, by condition (v) in Lemma 8.8. 
Consequently, s belongs to the right side of (2). Thus, (2) holds. 


O 


The property of a relation algebra 21 being atomic is also preserved 
under the passage to relativizations. 


Lemma 10.5. Let e be an equivalence element in a relation algebra A. 
An element r < e is an atom in A(e) if and only if r is an atom in A. 
Consequently, if 2 is atomic, then so is (e). 


Proof. An atom r is, by definition, a minimal non-zero element. This 
definition involves only the elements that are below r, so for elements 
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that are below e, the definition of an atom has the same meaning 
in (e) as it does in A. Thus, the atoms in 2(e) are just the atoms 
in 2 that are below e. In particular, if every non-zero element in 2 is 
above an atom in 2, then in particular every non-zero element that is 
below e is above an atom in 2, and that atom must belong to 2(e). 
In other words, if 2 is atomic, then so is 2l(e). O 


Yet another property that is preserved under the passage to rela- 
tivizations is completeness. 


Lemma 10.6. Let e be an equivalence element in a relation algebra 2. 
A subset X of A(e) has a supremum in A(e) if and only if it has a 
supremum in 2, and when these suprema exist, they are equal. Con- 
sequently, if 2 is complete, then so is (e). 


Proof. The element e is obviously an upper bound of the set X (in 
both 2(e) and 2). The existence or non-existence of a supremum of X 
therefore depends only on the elements that are below e, so the notion 
of supremum when applied to X must yield the same result in 2(e) as 
it does in 2. 

In more detail, if an element s in 2 is an upper bound of the set X 
in 2, then the product e-s is an upper bound of X that is below s 
and belongs to 2(e). Thus, every upper bound of X in 2 is above 
an upper bound of X in 2(e). Consequently, in looking for a smallest 
element in the set of upper bounds of X in 2, we need only consider 
those elements that are already in 2(e). If r is the supremum of X 
in 2, then r must belong to 2(e), by the preceding observations, and 
therefore r must be the supremum of X in 2(e). Conversely, if r is the 
supremum of X in 2(e), then r is below every upper bound of X in A, 
by the preceding observations, and therefore r is the supremum of X 
in 2. 

If every subset of 2( has a supremum in 2, then in particular every 
subset of 2(e) has a supremum in 2%, and that supremum remains the 
supremum of the subset in 2(e). In other words, if 21 is complete, then 
so is 2(e). O 


The examples at the end of Section 10.1 suggest that the property of 
being integral might be preserved under the passage to relativizations, 
and with one obvious exception, this proves to be the case. 


Lemma 10.7. A non-zero equivalence element e in an integral relation 
algebra 2 is always reflexive, and the relativization A(e) is integral. 
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Proof. The identity element 1’ is an atom in 2, by the Integrality 
Theorem 9.7. The relativized identity element e- 1’ is non-zero, by 
Corollary 5.19 and the assumption that e is non-zero, so the atom 
1’ must be below e. It follows that e is reflexive and 1’ is the identity 
element in 2(e). Use Lemma 10.5 to conclude that V’ is an atom in 2(e), 
and therefore 2(e) is integral, by Theorem 9.7 applied to 2(e). Oo 


One other observation of a positive character is worth mentioning. 
Part (vi) of Lemma 5.48 says that when an element r is below an 
equivalence element e, the computation of the domain and range of r 
in 2(e) and in 2 leads to the same results. Consequently, when a 
rectangle and its sides are below e, it does not matter in Lemma 5.59 
and Corollary 5.60 whether the domains and ranges are computed 
in A(e) or in A. 


10.4 Relativizations and simple algebras 


Not all properties are preserved under the passage to relativizations. 
An important example is the property of simplicity. We have already 
seen that if EF is an equivalence relation on a set U, and if EF has 
more than one equivalence class, then the relativization of the simple 
relation algebra Re(U) to the equivalence relation E is the non-simple 
relation algebra Re(£). In fact, it is known (see [34]) that every relation 
algebra is a relativization of a simple relation algebra to an equivalence 
element. 

In view of the failure of simplicity to be preserved under the passage 
to relativizations, it becomes especially important to find conditions 
under which the relativization of a simple relation algebra to an equiv- 
alence element does remain simple. One condition is that the element 
be a non-zero square. Note that every square is an equivalence element, 
by Lemma 5.64, and a square is non-zero if and only if the side of the 
square is non-zero (see Exercise 5.39). 


Lemma 10.8. The relativization of a simple relation algebra to a non- 
zero square is always simple. 


Proof. Consider a non-zero square e = «;1; 2 with side x in a simple 
relation algebra 2. The identity element in the relativization 2(e) is 
the element e- 1’, by definition. Since this element coincides with x, by 
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Lemma 5.18(iii) (with x in place of r), it follows that x is the identity 
element in 2(e). Consequently, 


LirT=r3;cx=r (1) 


for every element r in 2l(e). 
Consider now an arbitrary non-zero element r in 2(e). We have 


ere = (7 1ewler es ie) Sa a ra 


=o ler hea lias, 


by the assumption about e, the associative law for relative multipli- 
cation, (1), the assumption that 21 is simple, and the Simplicity The- 
orem 9.2. Since e is the unit of 2(e), and since e is non-zero by as- 
sumption, it follows from the preceding computation and Theorem 9.2 
(with 1 replaced by e) that 2(e) is simple. O 


It turns out that relativizations of arbitrary relation algebras (and 
not just of simple relation algebras) to ideal element atoms are always 
simple. To prove this, it is helpful to determine first the ideal elements 
in a relativization. 


Lemma 10.9. Ife is an ideal element in a relation algebra 2, then the 
ideal elements in the relativization A(e) are exactly the ideal elements 
in I that are below e. In particular, the ideal element atoms in A(e) 
are exactly the ideal element atoms in 2 that are below e. 


Proof. Every ideal element r in 2l that is below e remains an ideal 
element in 2l(e), because 


e;rj;e=e-r-e=r7, 


by Lemma 5.41(ii) and Boolean algebra. On the other hand, if r is an 
ideal element in 2(e), then e;1r;e = 1, by the definition of an ideal 
element in 2(e), and therefore 


Isrsl—lsesree;l—esrse=—r, 


by the assumption that e is an ideal element and Lemma 5.38(vi). 
Consequently, r is an ideal element in 2 that is below e. This proves 
the first assertion of the lemma. 

The second assertion of the lemma is an easy consequence of the 
first assertion and is proved in a manner analogous to the proof of the 
first part of Lemma 10.5. Oo 
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Corollary 10.10. For the relativization of a relation algebra 2& to an 
ideal element e to be simple, it is necessary and sufficient that e be an 
ideal element atom in 2. 


Proof. The relativization 2(e) is simple if and only if e is an ideal 
element atom in 2(e), by Lemma 9.1 (see the remark following the 
lemma). In view of Lemma 10.9, this last condition is equivalent to 
the condition that e be an ideal element atom in 2. Oo 


If an element r is an atom, then the generated ideal element 1;7;1 
is an ideal element atom, by Lemma 8.28. This gives the following 
consequence of Corollary 10.10. 


Corollary 10.11. [f r is an atom in a relation algebra 2, then the 
relativization L(1;1r;1) is simple. 


10.5 Generalized relativizations 


Theorem 10.3 implies that relativizations to ideal elements capture 
only some of the homomorphic images of a relation algebra 21, namely 
those images that, up to isomorphism, can also be realized as quotients 
of 21 by principal ideals. We shall see in Theorem 14.54 that if one is 
willing to broaden the notion of a relativization, then every homomor- 
phic image of 2 can be realized as a relativization of 2 to an ideal 
element. 

To define this broader notion, suppose % is a subalgebra of a relation 
algebra 21, and consider an ideal element e in 2 that may or may not 
belong to 8. The relativization epimorphism induced on 2 by e maps 
the set B onto the set 


Bie) ={e-r:re€B}. 


Since B is a subuniverse of 21, the homomorphic image set B(e) must 
be a subuniverse of 2(e), by Lemma 7.4. The corresponding subalge- 
bra is called the (generalized) relativization of & to e, and is denoted 
by %(e). We shall also occasionally refer to B(e) as a relativized sub- 
algebra of 2. The unit in B(e) is the element e, the identity element 
in B(e) is the relativized identity element e- 1’, and the complement of 
an element e-r in B(e) is the relativized complement e-—r, where —r is 
the complement of r in 2( and in 8. The remaining operations of B(e) 
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are just restrictions of the corresponding operations of 21. Warning: in 
general, the set B(e) is not a subset of B, and in particular it does not 
coincide with the set of elements in S that are below e. In fact, if e is 
not in 8, then at least half of the elements in B(e) do not belong to B 
at all, since for each element r in 8, the presence of both e-r and its 
relative complement e- —r in S would imply that their sum, which 
is e, is also in %8. For this reason, it would be incorrect to refer to 
the remaining operations of B(e) as restrictions of the corresponding 
operations of 8. 
The observations made so far may be summarized as follows. 


Lemma 10.12. Jf 8 is a subalgebra of a relation algebra A, and if e is 
an ideal element in 2, then the relativization B(e) is a relation algebra. 
In fact, B(e) is a subalgebra of Ae) and also a homomorphic image 
of 8 under the relativization mapping on 2 that is induced by e. 


It is important for later use to determine the ideal elements in 
the generalized relativization 8(e). As it turns out, an analogue of 
Lemma 10.9 holds. 


Lemma 10.13. If 8 is a subalgebra of a relation algebra A, and if e 
is an ideal element in 2A, then the ideal elements in B(e) are just the 
relativizations to e of the ideal elements in 8. 


Proof. If s is an ideal element in %, then s is also an ideal element 
in 2, and therefore the product r = e- s is an ideal element in 2, by 
Lemma 5.39(iii). Since 


e;r;e=e-r-e=e-(e-s)-e=e's=r 


in 2, and therefore also in B(e), by Lemma 5.41 (ii), Boolean algebra, 
and the definition of r, it follows that r is an ideal element in B(e). (In 
this connection, recall that multiplication and relative multiplication 
in B(e) are the restrictions of the corresponding operations in 2.) 
This proves that relativizations to e of ideal elements in % are ideal 
elements in B(e). 

To prove the converse, suppose that r is an ideal element in B(e). 
There must be an element ¢ in $8 such that r = e-t, by the definition 
of B(e). The element s = 1;t;1 is certainly an ideal element in 8, by 
Lemma 5.38, and 


évs=er (lets) = (e+l) -(e*d)s (e: 1) —errte=r 
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by the definition of s, the assumption that e is an ideal element in 2 and 
Lemma 5.44 (with e in place of r), the choice of t, and the assumption 
that r is an ideal element in 8(e). Consequently, r is the relativization 
to e of an ideal element in 88, namely the ideal element s. O 


If a relation algebra % is simple, then its only ideal elements are 0 
and 1, so the only ideal elements in 8(e) are 0 and e, by the preceding 
lemma. Thus, for non-zero ideal elements e, the relativization B(e) 
must be simple. 


Corollary 10.14. If B is a simple subalgebra of a (not necessarily 
simple) relation algebra A, and if e is a non-zero ideal element in A, 
then B(e) is simple. 


10.6 Historical remarks 


The notion of a relativization of a relation algebra was already studied 
by Tarski in [105], where it is stated that the relativization of a relation 
algebra to an equivalence relation is a relation algebra. A statement of 
this theorem is also given informally in [55]. 

The first part of Theorem 10.2, asserting that the relativization 
mapping induced by an ideal element e in a relation algebra 2 is an epi- 
morphism from 2% to 2(e), is stated and proved in Jénsson-Tarski [55]. 
The second part of the theorem, asserting that this property character- 
izes ideal elements, was probably known to Tarski at that time, because 
it is based on the characterization of ideal elements in Lemma 5.44, 
which is already given in [105]. At any rate, this second part is stated 
explicitly in [112]. The description in Theorem 10.3 of relativizations 
to ideal elements in terms of quotients modulo principal ideals seems 
to be due to Tarski. It was given in the lectures [112], but it probably 
dates from an earlier period. 

The results in Sections 10.3-10.5 are due to Givant, and many of 
them occur in [34]. In more detail, part (i) of Lemma 10.4 is from [34], 
but this result was also obtained independently and earlier by Maddux 
in [74]. Part (iii) of Lemma 10.4 is from [34], as are Lemmas 10.5, 10.8, 
and 10.9, and Corollaries 10.10 and 10.11. As is mentioned in [34], 
Lemma 10.8 and Corollary 10.11 were discovered independently about 
the same time by Peter Jipsen. The notion of a generalized relativiza- 
tion, and the results given in Section 10.5, are all from [34]. 
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More general notions of relativizations of relation algebras have 
been studied by Maddux [74], Richard Kramer [60], and Maarten 
Marx [80]. 


Exercises 


10.1. Show that an arbitrary element e in a Boolean relation algebra 2 
is an equivalence element. Describe the relativization 2(e). 


10.2. What are the non-zero equivalence elements in the complex al- 
gebra of a modular lattice LZ with zero? Describe the relativizations 
of €m(L) to its non-zero equivalence elements. 


10.3. Prove directly, without using the remarks preceding Lemma 7.7, 
that the relativization mapping in Theorem 10.2 preserves the oper- 
ation of converse and maps the identity element in 2 to the identity 
element in 2(e). 


10.4. If N is an ideal in a relativization 2(e), is there necessarily an 
ideal M in 2 such that N = Mn A(e)? 


10.5. Let e be an ideal element in a relation algebra 2. If a set X 
generates 21, prove that the relativized set 


Y=fe-r:re xX} 


generates 2(e). Does this remain true if e is an arbitrary equivalence 
element? 


10.6. Is it true for an arbitrary equivalence element e in a relation 
algebra 2 that the ideal elements in 2l(e) are precisely the elements of 
the form e-r, where r ranges over the ideal elements in 2? In other 
words, are the ideal elements in A(e) just the relativizations to e of 
the ideal elements in 2(? 


10.7. Prove the second assertion of Lemma 10.9. 


10.8. Derive Corollary 10.10 directly from Theorem 10.3, without us- 
ing Lemma 10.9. 


10.9. Suppose % is the Boolean relation algebra of finite and cofinite 
subsets of an infinite set U, and 2 the Boolean relation algebra of all 
subsets of U. For an arbitrary element E in 2, describe the general- 
ized relativization 8(£). What if E is an infinite subset of U whose 
complement is also an infinite subset of U? 
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10.10. Suppose % is a subalgebra of a relation algebra 2, and e is an 
ideal element in 2% (that may or may not be in $8). Prove that if r is 
an atom in % that is not disjoint from e, then e-r is an atom in B(e). 
Conclude that if 8 is atomic, then so is B(e). 


10.11. Suppose % is a subalgebra of a relation algebra 2, and e an 
ideal element in 2 (that may or may not be in %). Prove that the 
set M of elements in % that are disjoint from e (in 2) is an ideal in 8, 
and that the relativization 8(e) is isomorphic to the quotient 2/M 
via the correspondence that maps e-r to r/M for each r in B. 


10.12. Let e be an ideal element, and f an equivalence element, in a 
relation algebra 2. 


(i) Prove that the relativization mapping y induced by e—which is 
an epimorphism from 2 to 2(e)—restricts to an epimorphism 
from 2(f) to We- f). 

(ii) If B is a subalgebra of the relativization 2(f), prove that the 
image of the universe of 8 under the mapping y is the set 


Ble) ={err sr eB}. 
(iii) Conclude that B(e) is a subuniverse of 2(e- f) and the correspond- 


ing subalgebra B(e) is a homomorphic image of 8 under y. 


10.13. Define a general notion of the relativization of a relation alge- 
bra 2 to an arbitrary element e in 2 (so e may not be an equivalence 
element). 


Chapter 11 
Direct products 


A familiar way of making one new structure out of two old ones is to 
form their Cartesian product and, in case the structure involves some 
algebraic operations, to define the requisite operations coordinatewise. 
Relation algebras furnish an instance of this procedure. For relation 
algebras, products come in two flavors: the standard Cartesian (or 
external) product and an internal version of this product. These two 
versions are but two sides of the same coin, but each has its own 
advantages and disadvantages. Products form a critical component in 
the analysis of relation algebras, and in particular in the reduction of 
the analysis of complicated algebras to that of simple ones. 


11.1 Binary external products 


The direct product of two relation algebras $ and € is the algebra 
A= Bx €C, 


of the same similarity type as relation algebras, in which the universe 
is the set of the pairs (r,s) with r in % and s in €, and the operations 
and the identity element are defined coordinatewise, that is to say, 
they are defined by 


(r,s) + (t,u) =(r+t,s+u), —(r,s) = (-r,-s), 
(e's) 5 (6,48) = Fu); (Ais) tr cet) 
for all pairs (r,s) and (t, w) in 2, and lV’ = (1’, 1’). (In each of these equa- 


tions, the first occurrence of the operation or distinguished element is 
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the one being defined in 2, while the second is the corresponding one 
in %, and the third is the corresponding one in €. For instance, in the 
first equation, (r,s) + (t,u) is a sum in 2, while r +t and s+ u are 
sums in 8 and € respectively.) The algebras B and € are called the 
direct factors of the product 2. 

The direct product 2 defined above is often called the Cartesian 
product, or the external product, of S& and €, in order to distinguish 
it from an internal product of 8 and € that will be defined in Sec- 
tion 11.4. In harmony with this terminology, one can also call 8 and € 
the Cartesian factors, or the external factors of 21. In order to simplify 
the terminology, we shall usually refer to 2l as the product of 8 and €, 
and to % and € as the factors of Q. 


11.2 Properties preserved under binary products 


The operations of multiplication and relative addition, the distin- 
guished constants zero, one, and the diversity element, and the partial 
ordering relation in the product 2l = 8% x € are also determined coor- 
dinatewise as follows: 


(r, s) . (t, u) = (r tis: u), (r, s) +(t, u) = (r+t,8+u), 
0= (0,0), bea( 1, 0’ = (0’,0’), 
(r,s) < (t,u) if and only if r<tands<u. 


This observation is an easy consequence of the definitions of these 
operations and elements in terms of the fundamental operations of 2t. 

More generally, any operation on the universe of 2 that can be 
defined by means of a term in the language of relation algebras is 
performed coordinatewise. To state this result precisely, it is helpful 
to introduce some terminology. If 


t= (To, 50); nee | (one Sx) 
is a sequence of elements in 2, then the sequences 
r= (Teese) and $s = (Susis3¢8p24) 


in the factor algebras 8 and € are called the left and right coordinate 
sequences of t respectively, and ¢ is called the product sequence of r 
and s. 
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Lemma 11.1. Let y(vo,...,Un—1) be a term in the language of relation 
algebras, and t a sequence of n elements in a direct product 


2A = Bx E. 


Ifr ands are the left and right coordinate sequences of t, then 


W(t) = (YF (r), 1" (8)). 


Proof. Suppose r, s, and t are as hypothesized in the statement of the 
lemma, and observe that the ith coordinate of t is equal to the pair 
consisting of the ith coordinates of r and s, in symbols, 


tj = (1758;): (1) 


The proof that 7 is evaluated coordinatewise on t proceeds by induc- 
tion on terms. There are two base cases to consider. If 7 is a variable 1, 
then 

V(t) = ti = (ra, 81) = (V(r), 1*(8)), 


by the definition of the value of a term on a sequence of elements in 
an algebra (see Section 2.4) and (1). A similar argument applies if 7 
is the distinguished constant 1’. 

Assume now as the induction hypothesis that o and 7 are terms 
whose values on ¢ are determined by 


oX(t)=(o"(r),o%(s)) and = 7(t) =(r*(r),7%(s)). (2) 


= o%(t) 76) 

= (0 (r), 08 (s)) (78 (r),7%(s)) 
= (0 (r) 57 (r), 08 (8) 5 7(s)) 
= ((0 37)" (r), (05 7)"(8)) 

= (oP (r),7%(s)) 


The first and last equalities use the assumption on y, and the second 
and fifth use the definition of the value of a term on a sequence of ele- 
ments in an algebra. The third equality uses the induction hypotheses 
in (2), and the fourth uses the fact that the operation ; in 2 is defined 
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coordinatewise in terms of the corresponding operations in % and in €. 
Thus, the conclusion of the lemma holds in this case. A similar argu- 
ment applies if y is one of the terms o +7, or —o or o~. Use the 
principle of induction for terms to arrive at the desired conclusion. O 


Direct products preserve all properties that are expressible by means 
of equations and, more generally, by means of conditional equations 
and open Horn formulas (see Section 2.4). In fact, equational properties 
hold in a direct product if and only if they hold in each factor. For the 
proof, consider terms 


a(v0,---+;Un—1) and #(U0y25« 5 Bat) 


in the language of relation algebras. Let 21 = 8 x € be a product of 
algebras, and t a sequence of n elements in 2, say with left and right 
coordinate sequences r and s. Lemma 11.1 implies that 


a(t) =(o(r),o(s)) and r(t) = (7(r), 7(8)), 


so the left-hand sides of these two equations are equal in 2 if and only 
if the first and second coordinates on the right are equal in S and in € 
respectively. Consequently, the equation o = 7 is true in 2 if and only 
if it is true in $8 and true in €. This argument actually proves more 
than is claimed. 


Lemma 11.2. Suppose A = B x €. 


(i) A sequence of elements t satisfies an equation € in A if and only if 
the coordinate sequences r and s satisfy in 8 and € respectively. 
Consequently, t satisfies the negation of € in LX if and only if at 
least one of the coordinate sequences r and s satisfies the negation 
of « in B or in € respectively. 

(ii) An equation holds in 2 if and only if it holds in both B and €, 
and it fails to hold in A if and only if it fails to hold in at least 
one of 8 and €. 


The proof that open Horn formulas are preserved under products 
takes a bit more work. 


Lemma 11.3. Suppose A = B x €. 


(i) If an open Horn formula I’ is satisfied by sequences r and s in B 
and € respectively, then I’ is satisfied by the product sequence t 
in A. 
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(ii) An open Horn formula holds in 2 whenever it holds in B and €. 


Proof. To prove (i), assume that sequences r and s (of the same finite 
length) satisfy [ in 8 and € respectively. The formula I" is, by defi- 
nition, a disjunction of negated equations and at most one unnegated 
equation (see Section 2.4), so each of r and s must satisfy one of these 
disjuncts, by the assumption that they satisfy I’, and by the definition 
of satisfaction. If r satisfies one of the negated disjuncts of I (in 8), 
then t satisfies this same negated disjunct (in 2), by Lemma 11.2, so t 
satisfies I’. Similarly, if s satisfies one of the negated disjuncts of I 
(in €), then ¢ satisfies this same negated disjunct, so again t satisfies I’. 
If neither r nor s satisfies one of the negated equations of I’, then there 
must be an unnegated equation in I’ that is simultaneously satisfied 
by both r and s, by the assumption that r and s both satisfy I’ and 
by the assumed form of I’. Consequently, t satisfies this unnegated 
equation, by Lemma 11.2, so once again ¢ satisfies [’. This completes 
the proof of (i). 

Part (ii) is an immediate consequence of (i). O 


It follows from Lemma 11.2(ii) that the direct product of two rela- 
tion algebras is again a relation algebra, since the axioms of relation 
algebra are all equations. Other examples of equational properties that 
are preserved under the passage to a product are commutativity and 
symmetry. Thus, the product of two relation algebras is commuta- 
tive or symmetric if and only if each of the factors is commutative or 
symmetric respectively. Examples of properties that are not preserved 
under the formation of direct products are integrality and simplicity: 
the product of two non-degenerate relation algebras is never integral 
or simple. Notice that neither of these properties can be expressed as 
an implication between equations. 

The observations made above apply to individual elements and se- 
quences of elements as well. For instance, an element in a direct prod- 
uct will possess some property that is expressed by means of an equa- 
tion if and only if the left and right coordinates of the element possess 
the same property in the left and right factor algebras, and analogously 
for sequences of elements. Here is a concrete example: an element (r, s) 
in a product 2 = % x € is an ideal element if and only if r is an ideal 
element in %8, and s is an ideal element in €. For the proof, observe 
that the unit in 2 is the element (1,1). Consequently, (r,s) is an ideal 
element in 2 just in case 
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by the definition of an ideal element. The definition of relative multi- 
plication in 2 implies that 


(1,1); (7,8); (1,1) =(5r31,15 851). 


Comparing the two equations, it may be concluded that (r,s) is an 
ideal element in 2 if and only if 1;r;1=rand1;s5;1 =, that is 
to say, if and only if r and s are ideal elements in 8 and € respec- 
tively. Analogous arguments lead to the conclusion that (r,s) is an 
equivalence element, or a right-ideal element, or a function in 2 if and 
only if r and s are equivalence elements, or right-ideal elements, or 
functions in %8 and € respectively. 

The preceding observations also apply to sets of elements, sets of 
sequences of elements, and so on. For example, a product of subuni- 
verses is a subuniverse of the product, and a product of subalgebras is 
a subalgebra of the product. More precisely, we have the following. 


Lemma 11.4. If Bo and Co are subsets of 8 and € respectively, then 
the set Bo x Co is a subuniverse of the product 8 x € if and only if Bo 
and Co are subuniverses of 8 and € respectively. 


Proof. The details of the arguments are rather straightforward, so it 
should suffice to treat an exemplary case of the proof, say the case of 
closure under relative multiplication. Write 


A=BxEe€ and Ap = Bo x Co. 


Assume first that Bo and Co are subuniverses of 8 and €, with the goal 
of showing that Ap is closed under relative multiplication. Consider 
elements 


Daas) and g= (tu) 


in Ap. The coordinates r and t are in Bo, and s and u are in Co, by the 
definition of Ap, so the relative product r;t is in Bo, and s;u is in Co, 
by the assumption that these sets are subuniverses and are therefore 
closed under relative multiplication. Consequently, the pair (r;t, s;u) 
belongs to Ag, by the definition of Ag. Since 


ped=(r; 5): 4) = (13435 wu), 
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by the definition of relative multiplication in 2, it follows that the 
relative product p;q belongs to Ag. Thus, Ap is closed under relative 
multiplication. 

To prove the reverse direction, assume Ao is a subuniverse of 2, 
with the goal of showing that Bo and Cp are closed under relative 
multiplication. The assumption on the set Ag implies that this set 
contains the zero element of 21, which is the pair (0,0); consequently, 
the right-coordinate of this pair must belong to Co, by the definition 
of Ap. Consider now elements r and t in Bo. The pairs (r,0) and (t, 0) 
belong to Ao, by the preceding observation and the definition of Ao, 
so the relative product of these pairs belongs to Ap, by the assumption 
that Ag is a subuniverse and therefore closed under relative multipli- 
cation. Since 


(7,0) ; (¢, 0) — (r3t,030), 


by the definition of relative multiplication in 2, it may be concluded 
that r;t belongs to Bo, by the definition of Ag. Thus, Bo is closed 
under relative multiplication. A similar argument shows that Cp is 
closed under relative multiplication. O 


Corollary 11.5. If 8o and €o are subalgebras of B® and € respectively, 
then Bo X €o is a subalgebra of B x €. 


Proof. If 8&q and € are subalgebras of 8 and € respectively, then 
the universes By and Co of these subalgebras are subuniverses of 8 
and € respectively. Consequently, the set Bo x Co is a subuniverse of 
the product 8 x €, by Lemma 11.4. Since the operations in 


Bo xX Co and Bx € 


are performed coordinatewise, and since Spo and €p are subalgebras 
of $ and € respectively, it follows that Bo x €9 is a subalgebra of B x €. 
O 


As another example of this type, we show that a product of homo- 
morphisms is a homomorphism on the product. The algebras in the 
following lemma are all assumed to be relation algebras. 


Lemma 11.6. Suppose y is a mapping from B to Bo, and w a map- 
ping from € to €g. The function 0 defined by 


I(r, 8)) = (e(r), ¥(s)) 
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is a homomorphism from 8 x € to Bo x Co if and only if yp is a 
homomorphism from 8 to 8oq, and w a homomorphism from € to €o. 
Moreover, 0 is one-to-one, or onto, or complete if and only if p and w 
are both one-to-one, or both onto, or both complete, respectively. 


Proof. Again, the details of the argument are rather straightforward, 
so it should suffice to treat one exemplary case of the proof, say the 
case of relative multiplication. Write 


13 x < and Aq = Bo x Co, 
and consider elements 
p= (7.5) and g= (0) 
in 2. The definition of 0 implies that 


Op) = (er), ¥(s)) and (gq) = (v4), b(u)), (1) 


= (y(r) ; v(t), b(s)s(u)), (2) 
by (1) and the definition of relative multiplication in %9. The definition 
of relative multiplication in 2( implies that 

p3q= (r,s); (t,u) =(r;t,s;u), (3) 
so 
Bp; q) = O(r5t,8;u)) = (olr 54), ¥(s; 4), (4) 
by (3) and the definition of J. 
If y and w preserve relative multiplication, then 


g(r;t)=ylr);e(t) and Y(s;u)=¥(s);¥(u), (5) 


and therefore 


Y(p;q) = Wp); 9(Q), (6) 
by (2), (4), and (5). 


On the other hand, if J preserves relative multiplication, then (6) is 
true, and therefore (5) must hold, by (2), (4), (6), and the definition of 
equality between ordered pairs. Conclusion: the mapping J preserves 
relative multiplication if and only if y and w both preserve relative 
multiplication. O 
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One could give other examples of properties of sets that are pre- 
served under the passage to direct products. For example, a product 
of ideals is an ideal in the product. Some of these examples will be 
explored further in the exercises. 

The next lemma describes the atoms in a product in terms of the 
atoms in the factor algebras. 


Lemma 11.7. The atoms in the product of relation algebras 8 and € 
are the pairs (r,0) such that r is an atom in 8, and the pairs (0, s) 
such that s is an atom in €. The product is atomic if and only if each 
factor is atomic. 


Proof. Let 2 be the product of S and €. Every element p in 2 has 
the form p = (r,s) for some r in 8 and s in €, by the definition of the 
product. The element p is an atom if and only if there is exactly one 
element in 2 that is strictly below p, namely the zero element (0,0). 
An element gq = (t, u) in 2 is below p if and only ift <r andu< s, 
by the remarks at the beginning of Section 11.2. Consequently, q is 
strictly below p if and only if g is below p and either t <r oru< 5. 
Combine these observations to conclude that p is an atom in 2 if and 
only if either r is an atom in 8 and s = 0, or else s is an atom in € 
and r = 0. 

To prove the second part of the lemma, assume first that 8 and € 
are atomic. If p = (r,s) is a non-zero element in 2, say r 4 0, then 
there is an atom ¢ in 88 that is below r, by the assumption that B is 
atomic. The pair q = (t,0) is an atom in 2% that is below p, by the 
observations of the preceding paragraph. A similar argument applies 
if s £0. Thus, 2 is atomic. 

Assume now that 21 is atomic. For every non-zero element r in BS, 
there is an atom q = (t,0) that is below p = (r,0) in 2, by the assumed 
atomicity of 2l. It follows from the observations of the first paragraph 
that ¢ must be an atom below r in %8. Thus, % is atomic. A similar 
argument proves that € is atomic. O 


Analogous arguments prove analogous assertions about the exis- 
tence of suprema and infima in a product and about the completeness 
of the product. To formulate this result precisely, it is helpful to intro- 
duce some notation. For every subset X of a product, write 


Xo ={r: (r,s) € X for some s}, 
X, = {s: (r,s) € X for some r}. 
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Lemma 11.8. If X is a subset of the product 2 = 8% x € of rela- 
tion algebras, then the supremum of X exists in A if and only if the 
suprema, of the sets Xo and X, exist in 8S and € respectively. If these 
suprema, exist, then the supremum of X in 2 is the pair consisting of 
the supremum of Xo in 8 and the supremum of X1 in €. The product 
is complete if and only if each factor is complete. 


Proof. The equivalence 
(ea) Sg) ifand only if r<tands<u, 


and the definitions of the sets Xo and Xj, imply that a pair (t, wu) is an 
upper bound of the set X in 2 if and only if t and u are upper bounds 
of the sets Xo and X; in 8 and € respectively. Consequently, (t, u) is 
the least upper bound of X in 2 if and only if t and wu are the least 
upper bounds of Xo and X,; in B and € respectively. 

In more detail, assume (t, wu) is the least upper bound of X in 2, and 
consider any upper bound v of Xo in 8. The pair (v,1) is an upper 
bound of X in 2, so the assumption on (t, u) implies that (t, uv) < (v, 1) 
and therefore t < v. Thus ¢ is the least upper bound of Xo in B. A 
similar argument shows that u is the least upper bound of X, in €. 
To establish the reverse implication, assume that t and u are the least 
upper bounds of Xo and X, in % and € respectively, and consider any 
upper bound (v, w) of X in 2. The elements v and w are upper bounds 
of Xp and X, in % and € respectively, so the assumptions on t and v 
imply that t < v and u < w, and therefore (t,u) < (v, w). Thus, (t, u) 
is the least upper bound of X. 

To prove the second part of the lemma, assume first that 8 and € 
are complete. For an arbitrary subset X of 2, the suprema ¢ and u of 
the corresponding sets Xo and X, exist in 8 and € respectively, by 
assumption; and the pair (t,u) is the supremum of the set X in 2, by 
the observations of the first paragraph. Consequently, 2 is complete. 

Assume now that 2( is complete, and let Y be an arbitrary subset 
of 8. The set 

RSTO rey} 


has a supremum (t,u) in 2, by the assumption that 2 is complete, 
and ¢ must be the supremum of Y in %, by the observations of the 
first paragraph. Consequently, 8 is complete. An analogous argument 
shows that € is also complete. O 
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11.3 Binary external decompositions 


There are two natural mappings from a product 
A=Bxe€ 


onto the factor algebras 8 and €, namely the (left and right) projec- 
tions y and w that are defined by 


g((r,8))=r and = ¥((r,8)) = 8 


for all r in $ and s in €. It is not difficult to prove that these map- 
pings are in fact complete epimorphisms. For example, to check that 
the left projection vy preserves relative multiplication, observe that for 
pairs p = (r,t) and q = (s,u) in 2, we have 


P= (rset); y(p) = 7, y(q) =8, 


by the definition of relative multiplication in 2( and the definition of y, 
and therefore 
9(p;q) =r 38 =9(p); 9(q)- 


To prove that y preserves all suprema that happen to exist, assume 
that p = (r,t) is the supremum of a subset X of 2, and write 


Xo = {y(q): qe X} ={s: (s,u) € X for some u}. 
The element r is the supremum of the set Xo, by Lemma 11.8, so 
y(p) =r =>) X0 = Vi{v(g) gE X}. 


The remaining arguments are left to the reader. 
The congruences on a product 2 = 8 x € that are induced by the 
left and right projections are the relations O and ©® defined by 


(r,t) =(s,u) mod 0 ifandonlyif r=s, 
and 
(r,t) =(s,u) mod ® ifand only if t=u, 


because 
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vp((r,t)) = v((s, u)) ifand only if r=s 
and 


w((r,t)) = w((s, u)) if and only if t=4u, 


by the definitions of y and w. The relational composition of 0 and ® 
is the universal relation A x A, because for any pairs (r,t) and (s,u) 
in 2, 


(r,t) =(r,u) mod 9 and (r,u) =(s,u) mod ®. 


by the definitions of O and ®. Similarly, the intersection of O and ® 
is the identity relation id4, because 


(r,t) =(s,u) mod 0 and (r,t) = (s,u) mod ® 


implies that r = s and t = u, again by the definitions of O and ®. The 
quotients 2/0 and 2/® are respectively isomorphic to the factors B 
and € via the functions 


(r,s)/OH>r and (r,s)/Bt> 


for each pair (r,s) in 2%, by the First Isomorphism Theorem 8.6 for 
congruences and the definitions of y and w. 

Two congruence relations on a relation algebra 2 are said to be 
orthogonal if their composition is the universal relation A x A, and 
their intersection is the identity relation id4. The observations of the 
preceding paragraph say that the congruences associated with the two 
projections on a product 2 = % x € are orthogonal and have the 
additional property that the quotient of 21 modulo each of these con- 
gruences is isomorphic to the corresponding factor algebra. It turns 
out that the existence of a pair of such congruences is characteristic 
for direct product decompositions. 


Theorem 11.9. A relation algebra A is isomorphic to B x € if and 
only if there exists a pair of orthogonal congruences O and ® on 2 
such that A/O and A/® are respectively isomorphic to B and €. 


Proof. There are certainly congruences O and ® on the product 8 x € 
with the requisite properties, by the observations preceding the theo- 
rem. If 2{ is isomorphic to 8 x €, then the inverse images under the 
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isomorphism of the congruences 0 and ® are congruences on 2 that 
satisfy the conditions of the theorem. 

Assume now that © and ©® are congruences on 2 satisfying the 
conditions of the theorem, and let y and w be the quotient homomor- 
phisms from 2 to the quotient algebras 2/0 and 2/® respectively. 
Define a function 0 from 2 into the product (21/0) x (21/®) by 


Dr) = (lr), (7) = (7/9, 7/8) 


for every r in 21. We shall prove that J is an isomorphism. 
The homomorphism properties of y and w ensure that J is a homo- 
morphism. For instance, if r and s are in 2l, then 


Br 5s) = (o(r3 8), ¥(r 3 8)) = (lr): 9(s), (Y) 5 ¥(s)) 
= (v(r), ¥(r)) 5 (Cs), (s)) = V(r) 5 OCs), 


by the definition of J, the homomorphism properties of y and w, and 
the definition of relative multiplication in a direct product. 

The assumption that the intersection of O and © is the identity 
relation implies that ? is one-to-one. In more detail, if Y(r) = Vs), 
then 


(el), Yr) = ((s), ¥(s)) 


and therefore y(r) = y(s) and w(r) = w(s). These last two equations 
imply that r and s are congruent modulo 90 and modulo ®, by the 
definition of O and ®. Since the intersection of these two congruences 
is the identity relation, by assumption, it follows that r= s. 

Similarly, the assumption that the composition of © and ® is the 
universal relation implies that v7 is onto. For the proof, consider an 
arbitrary pair (p,q) of elements in the product (2/0) x (2/®). The 
quotient homomorphisms are onto mappings, so there must be ele- 
ments s and t¢ in 2 such that y(s) = p and w(t) = q. The assumption 
that the composition of the congruences is the universal relation im- 
plies the existence of an element r in 2( such that 


s=r modO and r=t mod®. 
It follows from the definitions of the quotient homomorphisms that 


o(r)=9(s)=p and yp(r)= V(t) =4, 


and therefore 
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B(r) = (o(r), V(r) = (p, 9). 

It has been shown that the function 0 maps 2 isomorphically to the 
product (2/0) x (21/®). The quotients 21/0 and 21/W are assumed to 
be isomorphic to S and € respectively, so the product (21/0) x (2/®) 
is isomorphic to the product %8 x €, by Lemma 11.6. Consequently, 2 
is isomorphic to $ x €, as desired. O 


It is helpful to look at the preceding theorem from the perspective 
of ideals. Two ideals in a relation algebra 2 are said to be orthog- 
onal if their join and meet in the lattice of ideals are the improper 
ideal A = (1) and the trivial ideal {0} = (0) respectively. The lattice 
of congruences on 2 is isomorphic to the lattice of ideals in 2, by The- 
orem 8.23, so the preceding theorem can be reformulated in terms of 
ideals as follows. 


Corollary 11.10. A relation algebra X is isomorphic to B x € if and 
only if there is a pair of orthogonal ideals M and N in such that A/M 
and 2/N are isomorphic to B® and € respectively. 


For any two elements r and s in a compactly generated modular 
lattice, if the join r V s and meet r A s are both compact, then r and 
s must themselves be compact. (The easy proof of this assertion is 
left as an exercise). The lattice of ideals in a relation algebra 2 is 
compactly generated and modular (and in fact, it is distributive), by 
Theorem 8.22. Two ideals M and WN are, by definition, orthogonal if 
and only if their join and meet are (1) and (0) respectively. Both of 
these last two ideals are compact elements in the lattice of ideals, so 
if M and N are orthogonal, then they must be compact elements—that 
is to say, they must be principal ideals in 2 (see Theorem 8.22). 

Suppose now that M and WN are principal ideals in 2, say 


M =(s) and N= (ir), 


where s and r are ideal elements in 2. To say that M and N are 
orthogonal means that 


(O)=(s)A(r)=(s-r) and (1) =(s) V(r) =(s +7), 


by Corollary 8.18. In terms of the ideal elements themselves, these 
statements translate into the equations 


s-r=0 and s+r=l, 
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or, in different words, into the equation s = —r. The isomorphism 
of the quotients 2/M and 2/N with algebras B and € respectively 
can also be expressed in terms of ideal elements and relativizations as 
follows: 


A(r) = A/(-r) =A/M=B and A(-r) =$A/(r) =A/N SE, 


by Theorem 10.3. The following binary external version of the Product 
Decomposition Theorem has been proved. 


Theorem 11.11. A relation algebra & is isomorphic to B x € if and 
only if there is an ideal element r in 2 such that 8B and € are isomor- 
phic to A(r) and A(—r) respectively. 


A relation algebra 2 is said to be directly indecomposable if it is 
non-degenerate and satisfies the following condition: whenever 2% is 
isomorphic to a product % x €, one of factors 8 and € must be de- 
generate. A relativization of 2 to an ideal element is degenerate if and 
only if the ideal element is 0. Consequently, the preceding theorem 
implies the following characterization of direct indecomposability. 


Corollary 11.12. A relation algebra is directly indecomposable if and 
only if it is non-degenerate and for any two ideal elements r and s in 
the algebra, r-s =0 andr+s=1 impliesr =0 ors=0O. 


In other words, a relation algebra is directly indecomposable if and 
only if there is no ideal element r such that r and —r are both non- 
zero. This immediately implies the conclusion already mentioned in 
Theorem 9.12 that a relation algebra is directly indecomposable if and 
only if it is simple. 
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If $ and € are set relation algebras with disjoint base sets V and W, 
then the product 2 = % x € represents itself naturally as a set relation 
algebra in which the base set is the union U = V UW. Before going 
into the details of this representation, we make several preliminary 
observations. First of all, the units of S and € are equivalence relations 
on the disjoint sets V and W, so the union of these two units must be 
an equivalence relation E on the set U, by Lemma 5.23. 
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Second, if a relation R on U can be written as the union of a rela- 
tion S on V and a relation T on W, then S and T can be recovered 
from R as follows: 


S = RO XV) and T=ROA(WxW). 
In more detail, 


RA(V x V)=(SUT)N(VxV) 
=[SA(VxV)JUITA(V x V)) =SUS=S, 


by the assumption on R, the distributive law for intersection over 
union, the assumption that S is a relation on V and therefore a subset 
of V x V, and the assumption that T is a relation on W and therefore 
disjoint from V x V (because the sets V and W are disjoint). A similar 
argument establishes the second equation. 

Third, if each of two relations R, and Rz on U can be written as 
the union of a relation on V and a relation on W, say 


Ry =S,UT; and Ry = So UT, 
then 
Ry UR, = (Sy U So) us) (Ty U T2), ~Ry = ~S,U~T), 
R,| Re = ($1 | $2) U (% | To), eS 6 wr. 
and idy = idy Uidy. In the second of these last five equations, the 
complements of the relations S; and 7; are formed with respect to the 
units of B and € respectively, while the complement of R, is formed 
with respect to union F of these two units (see above). The verifica- 


tion of the five equations is not difficult. As an example, here is the 
verification of the third one. Observe, first of all, that 


S;|\Th=@ and Fy So.= 8, 


by the assumption that the base set V of the relations 5S; and S» 
is disjoint from the base set W of the relations JT, and T». Use this 
observation and the distributive law for relational composition over 
union to arrive at 


R,| Ro = 


S1, UT) |(S2 U Ta) 

Si | $2) U (S| Ta) U (T, | S2) U (Z| Ta) 
S| $2) bLSUSBU(T%|T) 

Si | S2) U(T%) | Te). 


~~~ 
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Turn now to the task of representing the product 2 = 8% x €asa 
set relation algebra on the union base set U. Let E be the union of the 
units of % and €, as above, and define a function y from 2 into the 
full set relation algebra Ne(/) by 


p((S,T)) = SUT 


for every pair of relations (5,7) in 21. The second observation made 
above implies that y is one-to-one. Indeed, if 


g(($1,T1)) = e((S2, T2)), 


then S; UT, = Sp UT. Form the intersection of both sides of this 
equation with the relation V x V to conclude that S$; = Sy, and form 
the intersection of both sides of the equation with the relation W x W 
to conclude that 7; = JT», by the second observation. 

The third observation made above implies that y is a homomor- 
phism, and therefore a monomorphism. For example, here is the proof 
that y preserves relative multiplication: 


y((S1,T1) ; (S2, T2)) = p((S1 | S2, Ti | T2)) = ($1 | S2) U (Ti | Ta) 
= ($1, UT}) |(S2 U Te) = 9((51, T1)) | e((S2, T2)), 


by the definition of relative multiplication in the product 2, the defini- 
tion of y, and the third observation made above concerning relational 
composition. Conclusion: the function y maps the product 2 isomor- 
phically to a set relation algebra that is a subalgebra of Re(F). 

The notion of an internal product of two relation algebras can be 
viewed as an extension of the preceding ideas from set relation algebras 
to arbitrary relation algebras. 


Definition 11.13. An algebra 2 of the same similarity type as rela- 
tion algebras is called an internal product of two algebras S and € if 
it satisfies the following conditions. 


(i) The universes of 8 and € are subsets of the universe of 2. 
(ii) Every element r in 2 can be written in exactly one way as a 
sum r=s+t in 2 of elements s in $ and ¢ in €. 
(iii) For any two elements rj = s; +t; and rg = s2 4+ tg in A, the 
following equations hold: 


ry +re = (s1 + $2) + (t1 + ta), —r}) = —s,+—-t, 


T1572 = (813 82) + (t1; ta), ry =8, +t, 
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and the identity element in 2 is the sum in 2 of the identity el- 
ement in % and the identity element in €. In each of the above 
equations, the operations on the left sides are performed in 2, as 
are the middle additions on the right sides. The first and last op- 
erations on the right sides are performed in S and € respectively. 
O 


The algebras B and € are called the (internal) factors of 2, and 
the internal product is denoted by 2 = 8 @ €. If an element r in an 
internal product 2 = BS @ € is written in the form r = s +t for some 
necessarily unique elements s in % and ¢ in €, then s and ¢ are called 
the components of r (in 8 and in € respectively). The equations in 
condition (iii) of the preceding definition can be viewed as expressing 
that the operations in 2( are performed componentwise in the factor 
algebras. It follows that the defined operations of multiplication and 
relative addition are also performed componentwise, 


ry +2 = (81° 82) + (t1 - ta), ry +72 = (81 +82) + (4 +22), 


and that zero, one, and the diversity element in 2 are the sums of the 
zeros, ones, and diversity elements respectively of the factor algebras 8 
and €. 

There are a number of questions concerning internal products that 
need to be addressed. First, what is the relationship between an inter- 
nal product and the corresponding external product? Second, to what 
extent is an internal product uniquely determined? Third, under what 
conditions does an internal product exist? We answer these questions 
in order. 

As regards the first question, there is a canonical isomorphism from 
the external product of two relation algebras %$ and € to any internal 
product of the two algebras. Indeed, given some internal product 2 of 
the two algebras, define a function y from the external product 8 x € 
to 2 by putting 


o((s,t))=st+¢ 


for each s in % and ¢ in € (the sum being formed in 2%). The three 
conditions (i)—(iii) in Definition 11.13 ensure that y is an isomorphism. 
First, y is well defined and has the universe of 8 x € as its domain, 
because the universes of 8 and € are assumed to be subsets of 2, by 
condition (i); consequently, one can form the sum in 2 of any elements s 
from % and t from €. Second, y is onto because every element r in 2 
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can be written as a sum r = s+t for some elements s in % and t in €, 
by condition (ii); therefore, 


y((s,t)) =s+t=r. 


Third, vy is one-to-one because the representation of each element in 2 
as the sum of an element in % and an element in € is unique, by 
condition (ii); in more detail, if 


y((s,t)) = o((s1,t1)), 
then s +t = s; +1, by the definition of y, and therefore 
$= 8 and t=, 


by condition (ii). Fourth, y is a homomorphism, and therefore an iso- 
morphism, by condition (iii). For example, here is the argument that y 
preserves the operation of relative multiplication: 


y((s1, t1) ; ($2, ta)) = Y((S1 ; 82, t1 ; t2)) = (81 5 82) + (41 ; ta) 
= (81 + ti) ; (s2 + t2) = p((s1,t1)) ; P((S2, #2), 


by the definition of relative multiplication in the external product, the 
definition of y, and the third equation in condition (iii). 

As regards the second question, two internal products 2, and 2 of 
relation algebras % and € are always isomorphic via a mapping that is 
the identity function on the universe of each of the factor algebras § 
and €. (These universes are subsets of each of the internal products, by 
condition (i), so it makes sense to say that a mapping from one internal 
product to another is the identity function on each of these universes. ) 
In fact, if ~; and we are the canonical isomorphisms from the external 
product % x € to the internal products 2; and 2%_ respectively (see the 
preceding paragraph), then the composition y = y2° yi! must map 24 
isomorphically to lz (see Figure 11.1). Moreover, each element s in B 
is mapped to itself by y, since 


9(s) = y2(yz'(s)) = 2((s,0)) =s+0=s, 


and similarly, each element in € is mapped to itself by y. These obser- 
vations justify speaking of the internal product of S$ and €, when this 
product exists. 
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Fig. 11.1 The isomorphism between the internal products 2, and 22. 


Turn now to the third question that was raised above: under what 
circumstances does the internal product 2 of two relation algebras 8 
and € exist? To motivate the answer to this question, suppose first 
that the internal product 21 = % @ € does exist, and consider also the 
external product 2g = S x €. The canonical isomorphism y from po 
to 2% maps each pair (s,¢) in %q to the sum s+¢t in 2, so w must 
map each pair (s,0) to its first coordinate s, and each pair (0,t) to 
its second coordinate t. The pairs (1,0) and (0,1) are ideal elements 
in 2%o, and the relativizations of 29 to these ideal elements are the 
relation algebras Bo and € with universes 


Bo = {(s,0): s € B} and Co = {(0,t) :t € C} 


respectively. It is not difficult to verify directly that 2p is the internal 
product of the relativizations 8% and €9. This follows at once from 
Theorem 11.15 below, so we do not stop to check the details now. 

The remarks made above concerning the canonical isomorphism y 
show that y maps the universes of the internal factors Bq and €p 
(of 29) to the universes of the internal factors B® and € (of 2) respec- 
tively. The first two internal factors are obviously disjoint, except for 
a common zero element that is also the zero element of 29. The iso- 
morphism properties of y therefore imply that the second two internal 
factors must be disjoint, except for a common zero element that is also 
the zero element of 21. Conclusion: a necessary condition for the inter- 
nal product of two relation algebras to exist is that the two algebras 
must be disjoint except for a common zero element. 

This necessary condition turns out to be sufficient as well. Indeed, 
suppose that relation algebras S$ and € are disjoint except for a com- 
mon zero element. Form the external product 2% 9 = 8 x €, and let Bo 
and €p be the relativizations of 2p that were defined above. Define 
functions y; on % and ye on € by 


yi(s)=(s,0) and — galt) = (0, ¢) 
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for elements s in % and ¢ in €. Since the operations in 29 are per- 
formed coordinatewise, the mapping y; is an isomorphism from % 
to Bo, and the mapping Ye is an isomorphism from € to €p. Moreover, 
these two isomorphisms agree on the unique element that 8 and € 
have in common, namely zero, and otherwise they map % and € to 
disjoint subsets of 29, namely Bo and Co respectively. An argument 
very similar to the proof of the Exchange Principle (Theorem 7.15) 
shows that the factors Bo and €g may be exchanged for S$ and € re- 
spectively, provided that the elements in 2g which do not occur in So 
or in €p are first replaced by new elements that do not occur in $ or 
in €. The result after this exchange is an algebra 2 that is the internal 
product of %8 and €, and that is isomorphic to 29 via a function that 
extends both vy, and go. 

We summarize these results in the following Existence and Unique- 
ness Theorem for binary internal products. 


Theorem 11.14. The internal product of two relation algebras exists 
if and only if the two algebras are disjoint, except for a common zero 
element. If the internal product exists, then it is unique up to isomor- 
phisms that are the identity function on the factor algebras; and the 
mapping (s,t) + s + t is an isomorphism from the external product 
to the internal product of the two algebras. 


The restriction in the theorem to algebras %$ and € that are disjoint 
except for a common zero is really insignificant. Given two arbitrary 
relation algebras % and €, one can always pass first to isomorphic 
copies that satisfy the restriction, and then form the internal product 
of those isomorphic copies. 


11.5 Binary internal decompositions 


The close relationship between external and internal products implies 
that every result about external products has an analogue for internal 
products, and vice versa. The most important of these analogues is the 
binary internal version of the Product Decomposition Theorem 11.11. 


Theorem 11.15. A relation algebra 2 is the internal product of rela- 
tion algebras 8 and € if and only if there is an ideal element u in 2 
such that B = A(u) and € = A(—w). 
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Proof. One way to prove the theorem is to derive it from Theo- 
rem 11.11, with the help of the canonical isomorphism that exists from 
the external to the internal product. We choose here a more direct, 
but longer path that avoids Theorem 11.11 and emphasizes instead 
the roles of conditions (i)—(iii) in Definition 11.13. These conditions 
will be referred to repeatedly throughout the proof. 

Suppose first that an ideal element u exists in 2 such that 


B= A(u) and € = A(—w). (1) 


To show that 2 is the internal product of % and €, conditions (i)—(iii) 
must be verified. The universes of 8 and € are clearly subsets of 2, 
by (1), so condition (i) holds. 

For each element r in 2, the products 


s=r-u and t=r-—u 


are in % and in € respectively, by (1) and the definition of a relativiza- 
tion; and 


r=r-l=r-(u+—u)=r-utr--u=s+t, 


by Boolean algebra; so every element in 2 can be written as the sum 
of an element in % and an element in €. If s; and ¢; are any other 
elements in 8 and € respectively such that r = s; + t1, then 


s=r-u=(81+t1)-u=s-ut+t-w=s5,+0=5), 


and, similarly, t = t;. The fourth equality holds because (1) implies 
that s; and t, are below u and —uw respectively. Thus, every element 
in 2 can be written in exactly one way as the sum of an element in 8 
and an element in €, so condition (ii) holds. 

The verifications of the equations in condition (iii) are rather similar 
in spirit. Here, as an example, is the verification of the third equation. 
Write 


rs=sitth and rg = 82+ te, (2) 
where s; and s2 are in 8, and ft; and tg are in €, and observe that 
s1;t2 =0 and ty 389 = 0. (3) 


In more detail, 
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$,;tg <u;—-u=u:-—-u=0), 


by (1), the monotony law for relative multiplication, Lemmas 5.39(iv) 
and 5.41(ii), and Boolean algebra. The second equation in (3) is es- 
tablished in a similar manner. Use (2), the distributive law for relative 
multiplication, and (3) to arrive at 


r1372 = (s1+t1) ; (82 + te) = 813 52+ 51 3 ta +t1; 52+ t1 ; te 
= 81359 +04+0+10, 5 t2 = 815529411 5 be. 


The relative multiplications in this computation are all performed in 2, 
but the final two can be viewed as being performed in % and € re- 
spectively, by (1) and the definition of relative multiplication in a rela- 
tivization. This completes the proof that 2 satisfies the conditions for 
being the internal product of S and €. 

To establish the reverse implication, suppose that 2 is the internal 
product of 8 and €. Write 1, u, and v for the units in 2, 8, and € 
respectively, and observe that 


utv=1 and u-v=0 (4) 


in 2, by the remarks following Definition 11.13, so v = —u. In more 
detail, the unit in 2 must be the sum of the units in % and €, by 
the remarks following Definition 11.13 concerning the unit in 2, so the 
first equation in (4) holds. Also, the elements u and v may be written 
as the sums of components 


u=ut0 and v=O+u, 


sO 
u-v=(ut0)-(O+v)=u-0+0-v=0+0, 


by the remarks following Definition 11.13 concerning how the operation 
of multiplication is performed in 2; in the preceding equations, the 
first two products are performed in 2, and the third and fourth are 
performed in % and € respectively. The zero element in 2 is the sum 
of the zero elements of the factors 8 and €, by the remarks following 
Definition 11.13, so the second equation in (4) holds. 

A short computation shows that u is an ideal element in 2: 


L;u;l=(u+v);(u+0);(u+v) 


=u;u;utv;0;v=ut+0=u4, 
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where the relative multiplications in the first two terms are performed 
in 2( and the relative multiplications in the third term are performed 
in S$ and € respectively. The first equality uses the observations of 
the preceding paragraph, the second uses the third equation in con- 
dition (iii), and the third uses the fact that u is the unit of 8, 
sou;u;u =u (in SB), by Lemma 4.5(iv). 

Turn now to the task of establishing (1), and focus on the first equa- 
tion in (1). Consider an arbitrary element r. If r belongs to B, then r 
is below the unit u of %, and r also belongs to 2, by condition (i), 
so r belongs to (u), by the definition of this relativization. Assume 
now that r belongs to 2(u). Certainly, r is in 2, by the definition of 
a relativization, so there must be elements s and ¢ in S and € respec- 
tively such that r = s +t, by condition (ii). The assumption on r also 
implies that r is below u, so we have 


r=r-u=(s+t)-(u+0)=s-u+t-0=s. 


The third equality uses condition (iii) as it applies to multiplication, 
and the fourth equality uses the fact that s is in %$ and therefore 
below the unit u of 8. This computation shows that r coincides with 
an element in 8. Conclusion: the algebras 8 and 2(u) have the same 
universes. 

Consider next the operations of the two algebras. We prove, as an 
example, that relative multiplication in 8 coincides with relative mul- 
tiplication in 2(u). Assume r; and rz are elements in 8. The unique 
way of writing these two elements as sums of elements in % and in € 
is obviously just 


ry =71 +0 and rg =7T2 + 0. 
Apply the third equation in condition (iii) to obtain 
rij Tie OOS ne OH ri 


where the first relative multiplication is performed in 2, the second 
in %, the third in €, and the fourth and fifth in S$. Since the operation 
of relative multiplication in 2(w) is the restriction of the operation 
of relative multiplication in 2, the preceding computation shows that 
the relative product of r; and rz in 2(u) coincides with the relative 
product of r; and rg in 8. In other words, 8 and 2(u) have the same 
operation of relative multiplication. Analogous arguments show that 
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the remaining operations and distinguished constants of the two alge- 
bras coincide. Thus, the first equation in (1) holds. Similar arguments 
establish the second equation in (1). O 


In one respect, external products have a distinct advantage over 
internal products: the definition of an external product is quite general 
and straightforward, and one does not have to be concerned about 
problems of existence and uniqueness. On the other hand, internal 
products have a number of advantages over external products. One 
advantage is notational: each element in the internal product can be 
written in a unique way as a sum of elements in the two factor algebras, 
and every element in each factor really does belong to the internal 
product; with external products one always has to speak of ordered 
pairs of elements, and the elements of the factor algebras do not, in 
general, belong to the external product. A similar remark applies to the 
operations: the operations of the factor algebras really are restrictions 
(or, in the case of complementation, relativized restrictions) of the 
corresponding operations of the internal product, but they are not 
restrictions of the corresponding operations of the external product. 

The notational simplicity of internal products over external prod- 
ucts carries with it another advantage: results about products often 
have an easier and more intuitive formulation in their internal version 
than in their external version. For example, in Lemma 11.7 one must 
describe the atoms in the external product as certain copies of the 
atoms in the factor algebras, because the elements in the factor alge- 
bras do not belong to the external product. In the internal version of 
this lemma, one can simply describe the atoms in the internal product 
as the atoms of the factor algebras. 

Yet another advantage of internal products is that they often make 
it possible to avoid the introduction of isomorphisms and isomorphic 
copies, whereas with external products one must almost always speak 
of isomorphisms and isomorphic copies. For example, in the external 
version of the Product Decomposition Theorem 11.11, one has to say 
(and prove) that the factor algebras & and € are isomorphic to rel- 
ativizations of the external product 2. There is no way to avoid the 
introduction of isomorphisms in this theorem; it is just not true that 8 
and € are relativizations of 21. On the other hand, in the internal ver- 
sion of this theorem (Theorem 11.15), the factor algebras B and € 
really are relativizations of the internal product 2. 
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To summarize, there is an initial price that must be paid for using 
internal products: the definition is less straightforward than the def- 
inition of an external product, and certain questions regarding exis- 
tence and uniqueness must be addressed. These initial costs are coun- 
terbalanced by some long-term advantages: many discussions about 
products—and in particular, the formulations and proofs of many 
theorems—become notationally and terminologically simpler and more 
direct when one uses internal products. 


11.6 General external products 


Almost everything that has been said so far about products of two 
relation algebras can be generalized to products of arbitrary systems 
of relation algebras. The development is parallel to the one for binary 
products, so our presentation will be briefer. 

By the direct product of a system (2l; : i € I) of relation algebras, 
we understand the algebra 


A= The Ai, 


of the same similarity type as relation algebras, that is defined as 
follows. The universe of 2( is the set of functions r with domain I such 
that r(z)—or r;, as we shall often write—is an element of 21; for each 
index 7. The operations of 21 are performed coordinatewise. This means 
that the sum and relative product of functions r and s in 2 are the 
functions r+ s and r;s on J that are defined by 


(r+s) =r + 3; and (PS aa ae 


for each 7. The complement and converse of a function r in 2 are the 
functions —r and r~ on J that are defined by 


(—r)y = —1; and Char 


for each 7. The operations on the left sides of these equations are the 
ones being defined in 2, while the ones on the right are the correspond- 
ing operations in 2;. The identity element in 2 is the function 1’ on I 
that is defined by 1; = I’ for each i, where the element 1’ on the right 
side of this equation is the identity element in 2;. The algebras 2; are 
called the direct factors of the product 2. 
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As in the case of binary products, we may also refer to 2 as the 
Cartesian product, or the external product, of the system (2; : 7 € I), 
and we may refer to the algebras 2; as the external factors of 2. When 
no confusion can arise, we may simplify the terminology by speaking 
of the product of the system, and the factors of the product. 

Two observations are in order. First, the index set I is allowed to be 
empty. In this case there is just one function with domain J, namely 
the empty function, so the product of the system is the degenerate 
(one-element) algebra. Second, when all the factors 2; are equal to the 
same algebra 8, the product [[,_; 2; is called a power of 8, or more 
precisely, the Ith power of 8, and is usually written as B/. 


11.7 Properties preserved under general products 


The defined operations, relations, and distinguished constants in the 
product 2 = [],_; 2; are also determined coordinatewise. For example, 
the operations of multiplication and relative addition, when applied to 
functions r and s in 2, yield the functions r-s and r+ s in 2 that are 
determined by the formulas 


(TSK =T7 si and (r+s)i=rit si 


for each 7. The distinguished elements zero, one, and the diversity 
element in 2( are the functions 0, 1, and 1’ that are determined by 


for each 7, where the elements on the right sides of these equations are 
the distinguished constants zero, one, and the diversity element in 2;. 
The ordering relation in 2 is determined by the equivalence 


r<s if and only if TiS Sj 


for each 7. 

More generally, any operation on the universe of 2 that can be 
defined by means of a term in the language of relation algebras is 
performed coordinatewise. To state this result precisely, it is helpful 
to introduce some terminology. If 
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is a sequence of elements in 2, then for each index 7 in I, the sequence 
t) — (rO — rl D) 


in the factor algebra 2; is called the ith coordinate sequence of t, and t 
is called the product sequence of t©,...,t"-). 


Lemma 11.16. Let y(vo,...,Un—1) be a term in the language of rela- 
tion algebras, and t a sequence of n elements in a direct product 


A= Hier Aj. 
If t® is the ith coordinate sequence of t, then 
ot) = (9) si € D. 


Proof. The proof is a straightforward generalization of the correspond- 
ing proof for binary products (see Lemma 11.1), but the details have a 
superficially different and more complicated appearance. Assume that 


t= (r,...,r), (1) 
write ¢® for the ith coordinate sequence of t, and observe that 
(i) _ ,.G) 
te =f, (2) 


for each index 7 in J and each j = 0,...,n—1. 
The proof of the lemma proceeds by induction on terms. There are 
two base cases to consider. If y is a variable v;, then 


y(t) =O = (7) sper = ste 1) = (*E®) ste D, 


by (1), the definition of the value of a term on a sequence of elements 
in an algebra (see Section 2.4), and (2). A similar argument applies 
if y is the distinguished constant I’. 

Assume now as the induction hypothesis that o and 7 are terms 
whose values on t are determined by 


o*(t) = (0% (EM) sie T) and r%(t) = (7%) :ieD. (3) 


There are four cases to consider. If y is the term o ;7, then 
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O80 
=o) a (rt) si ET) 
=e ey res 


The first and last equalities use the assumption on y, and the second 
and fifth use the definition of the value of a term on a sequence of ele- 
ments in an algebra. The third equality uses the induction hypotheses 
n (3), and the fourth uses the fact that the operation ; in 2 is defined 
coordinatewise in terms of the corresponding operations in the factor 
algebras 2;. Thus, the conclusion of the lemma holds in this case. A 
similar argument applies if y is one of the terms 0 +7, or —o or o~. 
Use the principle of induction for terms to arrive at the desired con- 
clusion. O 


As in the binary case, direct products preserve all properties that 
are expressible by means of equations, and more generally by means 
of conditional equations and open Horn formulas. We begin with the 
generalization of Lemma 11.2 


Lemma 11.17. Suppose A is the product of a non-empty system of 
algebras, say &L = [J A. 


(i) A sequence of elements t satisfies an equation € in Xt if and only 
if, for each index i, the ith coordinate sequence of t satisfies € 
in 2;. Consequently, t satisfies the negation of € in 2 if and only 
if, for some index i, the ith coordinate sequence of t satisfies the 
negation of € in Aj. 

(ii) An equation holds in A if and only if it holds in each factor Aj, 
and it fails to hold in X if and only if it fails to hold in at least 
one of the factors. 


Proof. The proof of (i) is a straightforward generalization of the corre- 
sponding result for binary products (see Lemma 11.2), but again the 
details have a superficially different appearance. Consider an equation 


70,01 tg-) =F Ogee asad) 
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in the language of relation algebras, and let ¢ be a sequence of n ele- 
ments in the product 2. Lemma 11.16 implies that 


ot) =(o% (tM) ie DT) and rt) = (HEM) Fi | TD, 
so . 
eo=7"0) if and only if =o %#(t) = 74) 


for each index i. This proves the first assertion in (i). The second 
assertion in (i) is an immediate consequence of the first, and (ii) follows 
at once from (i). O 


To avoid later confusion, it is worthwhile looking for a moment at 
the case when the system of algebras is empty. In this case, the direct 
product of the system is a one-element algebra (see the final paragraph 
of Section 11.6), so every equation is automatically true in the product 
and therefore the negation of every equation is false. It follows that 
every conditional equation is true in the product, and every open Horn 
formula that is a disjunction of negated equations is false. 

Here is the generalization of Lemma 11.3. The proof is left as an 
exercise. 


Lemma 11.18. Suppose & is the product of a non-empty system of 
algebras, say &L = [J, A. 


(i) If an open Horn formula I is satisfied by a sequence t in A; for 
each index i, then I’ is satisfied by the product sequence in 2. 

(ii) An open Horn formula holds in 2 whenever it holds in each fac- 
tor 2;. 


For the special case of Lemma 11.18 when the open Horn formu- 
las are conditional equations, the proviso that the system of algebras 
be non-empty is unnecessary. Indeed, as was pointed out before the 
lemma, conditional equations are always true in the degenerate alge- 
bra that is the product of an empty system of algebras. 

Lemma 11.17(ii) and the remark following it imply that the product 
of a system of relation algebras is again a relation algebra. More gen- 
erally, any property of relation algebras that is expressible by means 
of equations is preserved under products. For example, a product. of 
relation algebras is commutative or symmetric if and only if each fac- 
tor is commutative or symmetric respectively. Also, the observations 
made in Section 11.2 about the preservation of properties concerning 
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individual elements or sequences of elements in binary products ap- 
ply in the case of general products as well. Thus, an element r in a 
direct product is an ideal element if and only if each coordinate r; is 
an ideal element in the corresponding factor algebra, and the same is 
true for the notions of an equivalence element, a right-ideal element, 
a subidentity element, and a function. 

The same remarks apply to sets of elements, sets of sequences of 
elements, and so on. As examples, here are the extensions to general 
products of some of the results stated in the second half of Section 11.2. 
The proofs are easy variants of the earlier proofs, and are left as exer- 
cises. 


Lemma 11.19. If B; is a subset of 2%; for each i in some index set, 
then the product set |], B; is a subuniverse of the product algebra |], 2; 
if and only if B; 1s a subuniverse of 2; for each 1. 


The extension of Corollary 11.5 says that a general product of sub- 
algebras is a subalgebra of the general product. 


Corollary 11.20. [f 8; is a subalgebra of 2; for each i in some index 
set, then the product |]; Bj is a subalgebra of the product |], i. 


The extension of Lemma 11.6 says that a general product of homo- 
morphisms is a homomorphism of the product. We shall revisit this 
lemma again later, in the context of general internal products. 


Lemma 11.21. Suppose y; is a mapping from 2; to B; for each i in 
some index set I. The function y defined by 


o(r) = (yilri) st € D) 


for r in [[, 2%; is a@ homomorphism from [|], 2; to [], Bi if and only 
if py; is a homomorphism for each i. Moreover, yp is one-to-one, or 
onto, or complete if and only if the mappings ~; are all one-to-one, or 
all onto, or all complete respectively. 


The preceding lemma justifies calling the mapping y the product 
homomorphism of the system (yp; : 7 € I), and calling the mappings y; 
the factors of yp. 

The next lemma is the extension of Lemma 11.7 to general products. 


Lemma 11.22. The atoms in a product A = [J , A; of relation algebras 
are the elements r in 2X such that r; is an atom in 2; for exactly one 
index i, andr; =0 for all indices 7 #1. The product algebra is atomic 
if and only if each factor algebra is atomic. 
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To state the extension of Lemma 11.8 to general products, it is 
helpful to introduce some notation: for every subset X of a general 
product, write 

Ag={ror € X}. 
Lemma 11.23. [f X is a subset of a product A = [],; 2; of relation 
algebras, then the supremum of X exists in A if and only if the supre- 
mum of the set X; exists in 2; for each i. If these suprema exist, then 
the supremum of X is the function r in A such that r; is the supremum 
of X; in A; for each i. The product algebra is complete if and only if 
each factor algebra is complete. 


11.8 General external decompositions 


A representation of a relation algebra 21 as an isomorphic copy of the 
direct product of a system of relation algebras is called an (ezternal) 
direct decomposition of 2. The purpose of this section is to characterize 
when such a decomposition is possible. 

For each index 7, there is a natural mapping from a product 


A= II jel A; 
onto the factor algebra 21;, namely the ith projection vy; that is defined 
by yi(r) = r; for each r in 2. This mapping is in fact a complete 
epimorphism from 2 to 2;. The proof is but a variant of the proof of 
the analogous result for binary products. As an example, here is the 
verification that y; preserves relative multiplication. For elements r 
and s in 2, ift =r;s, then t; = 7r;; 8; for each 7, by the definition of 
relative multiplication in 2, and therefore 


gilr; 8) = gi(t) = t; = ri; 85 = Gilr) ; vals). 
The congruence on the product 2 that is induced by the projec- 
tion y; is the relation 0; determined by 


r=s mod 0; if and only if a 
for all r and s in 2, since 


yilr) = yi(s) if and only if Tj, = Sj, 
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by the definition of y;. The system (0; : 7 € I) of these congruences 
has a number of important properties. The first property is that the 
intersection (), 0; of the system of congruences is the identity rela- 
tion id, on 2. Indeed, if r = s mod ©; for each 7, then r; = s; for 
each i, by the definition of O;, and therefore r = s. The second prop- 
erty is that if s is an element in the product 2 for each index i in I 
(so that (s® : 4 € J) is a system of elements in 2), then there is an 
element r in 2 such that 


r=s mod O; 


for each 7. Just take r to be the element in 2 defined by r; = 3 


each 7 (where sf) is the value of the function s“ on the index i), and 
apply the definition of O;. The third property is that the quotient 2/0; 
is isomorphic to the factor algebra 2; via the function r/O; +> r;, by 
the First Isomorphism Theorem 8.6 for congruences. 

An arbitrary system (©; : i € I) of congruences on a relation alge- 
bra 2 is said to be orthogonal if it possesses the first two properties 
in the preceding paragraph. The observations of that paragraph can 
be summarized by saying that the congruences associated with the 
projections on a product 2 = |], 2; form an orthogonal system and 
have the additional property that for each 7, the quotient of 21 modulo 
the congruence ©; is isomorphic to the factor 2l;. The existence of a 
system of congruences with these properties is characteristic for direct 
product decompositions. 


for 


Theorem 11.24. A relation algebra 2 is isomorphic to a product 
Tlie 2i af and only if there is an orthogonal system (OQ; : 1 € I) of 
congruences on XL such that A/O; is isomorphic to A; for each i. 


Proof. The proof is similar to the proof of Theorem 11.9. There is 
certainly a system (©; : i € I) of congruences on the product [], 2; 
with the requisite properties, by the observations preceding the theo- 
rem. If the algebra 2 is isomorphic to this product, then the inverse 
images of the congruences ©; under the isomorphism form a system of 
congruences on 2% that satisfies the conditions of the theorem. 

Assume now that (0; : 7 € J) is a system of congruences on 2 
satisfying the conditions of the theorem, and for each 7, let y; be the 
quotient homomorphism from 2 to the quotient algebra 2/0;. Define 
a function y from 2 into the product 


B = |], 2/0; (1) 
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by 
y(r) = (yi(r) :r € 1) = (r/O; : 1 € TD) (2) 


for every r in 21. We shall prove that y is an isomorphism. 

The homomorphism properties of the quotient homomorphisms en- 
sure that y is a homomorphism. For example, if r and s are elements 
in 2, then 


g(r; s) = (pilr;s):t€ LT) = (gilr); vils) 0 € D) 
= (pi(r) 4 € I); (yils): 7 € I) = v(r) ; v(s), 


by the definition of y, the homomorphism properties of the map- 
pings y;, and the definition of relative multiplication in BS. 

The assumption that the intersection of the given system of congru- 
ences is the identity relation 7d, ensures that y is one-to-one. In more 
detail, if y(r) = y(s), then 


r/O; = 3/0; 


for every i, by (2), so the pair (r,s) belongs to every congruence ©; in 
the system. Consequently, this pair belongs to the intersection of the 
system, and therefore r = s, by the assumption that the intersection 
is id,. 

To check that y is onto, consider an arbitrary element s in the 
product 8. By (1), s has the form 


s = (8/0; :i€ 1), 


where s is an element in % for each i. The assumed orthogonality 
of the system of congruences guarantees the existence of an element r 
in % with the property that r= s mod ©, and therefore 


for each 7. It follows that 
g(r) =(¢i(r) :t€E D= (s/0,; :ie€T)=s. 


Conclusion: y maps 2 isomorphically to B. 

The quotient 21/0; is assumed to be isomorphic to 21; for each i, so B 
must be isomorphic to the product []; 2;, by (1) and Lemma 11.21. 
Consequently, 2 is also isomorphic to [], 2. O 
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Before proceeding further, we prove a lemma that will be needed 
shortly. It says that each congruence in a system of orthogonal congru- 
ences is orthogonal to the intersection of the remaining congruences. 


Lemma 11.25. Jf (0; : i € I) is an orthogonal system of congruences 
on a relation algebra, then for each index i, the two congruences 0; 
and ();4;0j are orthogonal. 


Proof. Let 2l be the relation algebra under consideration, and write 
It is to be shown that 
O;N 8 =id, and 0;|6 =Ax A. (1) 


The intersection of 0; and ® coincides with the intersection of the 
entire system of congruences, by the definition of ©, and the intersec- 
tion of the entire system is id4, by the assumption that the system is 
orthogonal, so the first equation in (1) holds. 

In order to establish the second equation in (1), consider any two 
elements ¢t and u in 2. Write 


sO =t, and sD) =y (2) 


for 7 #7. The assumed orthogonality of the given system of congru- 
ences implies the existence of an element r in 2 such that 


r=s mod 0; 
for each index j. Take first 7 = 7 and then j ¥ i, and use (2), to obtain 
t=s“=r mod 0; and u=s¥ =r mod 0; 


respectively. The equivalence on the left implies that the pair (t,r) is 
in the congruence 0;. The equivalence on the right implies that the 
pair (r,u) is in each of the congruences 0; for j 4 i, and is therefore 
in their intersection ®. Conclusion: the pair (t, u) is in the composition 
of ©; and ®, by the definition of relational composition, so the second 
equation in (1) holds. O 


We now look at Theorem 11.24 from the perspective of ideals. A 
system (M; : i € I) of ideals in a relation algebra 2 is said to be 
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orthogonal if the intersection of the system is the trivial ideal (0) and 
if, for each system (s : i € I) of elements in 2, there is an element r 
in % such that r/M; = s /M; for every index i. The first condition is 
equivalent to the corresponding condition for systems of congruences, 
because the lattice of ideals in 2 is canonically isomorphic to the lat- 
tice of congruences on 2, by Theorem 8.23. The second condition is 
identical to the corresponding condition for systems of congruences, 
because the quotient of an element modulo an ideal is equal to the 
quotient of the element modulo the corresponding congruence. Conse- 
quently, a system of ideals is orthogonal if and only if the corresponding 
system of congruences is orthogonal. This permits us to reformulate 
Theorem 11.24 in terms of ideals. 


Corollary 11.26. A relation algebra 2X is isomorphic to a product 
Tlic i if and only if there is an orthogonal system (Mj; : i € I) 
of ideals in 1 such that A/M; is isomorphic to A; for each 2. 


Suppose (M; : i € I) is an orthogonal system of ideals in 2%. For 
each index i, the ideal M; must be orthogonal to the intersection 


N= ales M; 


of the remaining ideals in the system, by Lemma 11.25 and the iso- 
morphism between the lattice of ideals and the lattice of congruences 
(Theorem 8.23). Consequently, /; and N must be principal ideals, by 
the observations following Corollary 11.10. In particular, each of the 
ideals in an orthogonal system of ideals must be principal. 

Motivated by the conclusion of the previous paragraph, we now 
prove a lemma that gives two closely related characterizations of when 
a system of principal ideals is orthogonal. In the formulation and proof 
of the lemma, we simplify the notation somewhat by using the sub- 
script notation s;, t;, etc. to refer to elements in 2 instead of to ele- 
ments in 2l;. (In the lemma, there are no algebras ;.) 


Lemma 11.27. The following conditions on a system (vu; : 1 € I) of 
ideal elements in a relation algebra 2 are equivalent. 


(i) The system ((u;) : 7 € I) of principal ideals is orthogonal. 
(ii) The system (v;:7€ I) satisfies the following conditions. 


(a) [[, vi = 0. 
(6) aay 1 for: #7. 
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(c) Whenever (7; : 7 € I) is a system of elements in A with ri > vi 
for each i, the product |[,r; exists in 2. 


(iii) The system (u;: i € I) of complementary ideal elements uj = —v; 
satisfies the following conditions. 


(a) >) w= 1 

(b) ua, =0 fort 9. 

(c) Whenever (r; : 1 € I) is a system of elements in Xl with rj < uj 
for each i, the sum )>, 7; exists in A. 


Proof. Each of the conditions (a)—(c) in (ii) is equivalent to the cor- 
responding condition in (iii). For parts (a) and (b), this is obvious, 
by Boolean algebra. To establish the equivalence for part (c), assume 
condition (ii)(c) holds and consider an arbitrary system (r; : i € I) of 
elements in 2 with r; < u; for each 7. Write s; = —r; for each 7, and 
observe that s; > v;, by Boolean algebra and the definition of the ele- 
ments u;. Apply (ii)(c) to the system (s; : 7 € I) to obtain the existence 
of the product s = [|], 5; in 2%. The complement of s must also exist 
in 2, and this complement is just the sum }°>,r;, by Boolean algebra. 
Thus, condition (iii)(c) holds. The reverse implication, from (iii)(c) 
to (ii)(c), is established by a completely analogous argument. 

To establish the implication from (i) to (iii), assume the hypothe- 
sis of (i). The intersection of the system of ideals in (i) must then be 
the trivial ideal, by the definition of orthogonality, so condition (ii) (a) 
holds, by Lemma 8.19(ii). Hence, condition (iii)(a) also holds, by the 
equivalence of (ii)(a) and (iii)(a) established in the previous para- 
graph. For each index 7, the ideal (v;) is orthogonal to the intersec- 
tion (),,;(vj) of the remaining ideals, by the remarks preceding the 
lemma, so the join of the ideal (v;) with this intersection must be the 
improper ideal (1), by the definition of orthogonality for pairs of ideals 
(see the remarks preceding Corollary 11.10). It follows that the join 
of (vj) and (vj) must be the improper ideal (1) for every index j i, 
by the monotony law for join in lattices, and therefore v; + v; = 1 
whenever i # j, by Corollary 8.18. Thus, (ii)(b) holds, and therefore 
so does (iii)(b). 

To verify (iii)(c), consider an arbitrary system (r; : i € I) of elements 
in 2 with r; < u; for each i. The given system of principal ideals is 
assumed to be orthogonal, so there must be an element s in 2 such 
that 


8/(vi) = ri/(vs) (1) 
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for each i. The quotient 2/(v;) is isomorphic to the relativization 2(u;) 
via the function y that maps each coset p/(v;) to the product p- uj, 
by Theorem 10.3 and the assumption that u; = —v; (which implies, in 
particular, that u; = 1 mod v;, and therefore 


p-u=p:l=p mod y, 


so that the cosets of p-u,; and of p modulo (v;) coincide for each 
index 7). The cosets on the left and right sides of (1) are respectively 
mapped to the elements s-u; and r;-u; by this isomorphism, so the 
condition in (1) is equivalent to the condition 


8+ Uy = Tey (2) 


for each 7. Use Boolean algebra, the condition in (iii)(a) (which has 
already been shown to be a consequence of (i)), (2), and the assumption 
that r; is below u;, to arrive at 


s=e) las i) = 33 = ree 


Thus, condition (iii)(c) holds. This completes the proof of the impli- 
cation from (i) to (iii). 

To establish the reverse implication, assume that the conditions 
in (iii) hold, with the goal of deriving (i). Since (iii)(a) implies (ii) (a), 
the intersection of the system of ideals in (i) must be the trivial ideal, 
by (ii)(a) and Lemma 8.19(ii). 

To prove that the system in (i) satisfies the second condition in 
the definition of a system of orthogonal ideals, consider an arbitrary 
system (r; : 7 € I) of elements in 2. The sum 


s= ri (3) 


exists in 21, by condition (iii)(c). For each index 7, the equation in (2) 
holds, by (3), condition (iii)(b), and Boolean algebra: 


8+ Ui = (D057 Uy) Ue = Dy Uy Ui) = Pa Ua UE = TE YH. 


It has already been observed that (2) is equivalent to (1), so the second 
orthogonality condition does hold. O 


The preceding lemma leads naturally to the definition of an orthog- 
onal system of ideal elements. 
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Definition 11.28. A system (u; : i € I) of ideal elements in a relation 
algebra 2 is said to be orthogonal if it satisfies the following conditions. 


(i) Ste = 1. 
(il) tig + ty =O for? 4: 
(iii) Whenever (r; : 7 € I) is a system of elements in 2 with r; < u; for 
each i, the sum )°, rj exists in 2. O 


The first two conditions say that the ideal elements partition the unit 
of 21. (It is allowed that some of the elements wu; in this partition are 
zero.) The third condition says that certain (possibly infinite) sums 
must exist, namely those sums in which the ith summand is below u; 
for each index i (see Figure 11.2). We shall say that a system of ideal 
elements has the supremum property if it satisfies the third condition. 


Fig. 11.2 An orthogonal system of ideal elements u1, u2, us. 


When the index set J is finite—that is to say, when there are only 
finitely many ideal elements in the system— the supremum property 
holds automatically. 


Corollary 11.29. A finite system of ideal elements in an arbitrary 
relation algebra is orthogonal if and only if it partitions the unit. 


Similarly, when the relation algebra under discussion is complete, 
the supremum property holds automatically. 
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Corollary 11.30. An arbitrary system of ideal elements in a complete 
relation algebra is orthogonal if and only if it partitions the unit. 


We are at last ready for the external version of the Product Decom- 
position Theorem, which is a generalization of Theorem 11.11. 


Theorem 11.31. A relation algebra A is isomorphic to a product 
Tlicr i af and only if there exists an orthogonal system (uj; : 1 € I) of 
ideal elements in A such that A(u;) is isomorphic to A; for each i. 


Proof. The relation algebra 2 is isomorphic to the product |],<; 2: 
if and only if there exists an orthogonal system (v; : 7 € I) of ideal 
elements in 2 such that the quotient 21/(v;) is isomorphic to the fac- 
tor 2; for each index 7, by Corollary 11.26 and the remarks following 
the corollary. Write u; = —v;, and observe that the quotient 2/(v;) 
is isomorphic to the relativization 2(u;), by Theorem 10.3. Conse- 
quently, 2/(v;) and 2; are isomorphic if and only if 2(u;) and 2; are 
isomorphic. Finally, ((v;) : i € I) is an orthogonal system of ideals 
if and only if (u; : 7 € I) is an orthogonal system of ideal elements, 
by Lemma 11.27 and Definition 11.28. Combine these observations to 
arrive at the desired conclusion. Oo 


The preceding theorem assumes a particularly simple form in two 
special, but important, cases, namely when the decomposition is finite 
and when the underlying relation algebra is complete. In these cases, 
the requirement that the supremum property hold is superfluous, by 
Corollaries 11.29 and 11.30. 


Corollary 11.32. A relation algebra A is isomorphic to the product 
of a finite system (2; : i € I) of relation algebras if and only if there 
exists a finite system (u;: 7 € I) of ideal elements partitioning the unit 
in A such that A(ui) is isomorphic to A; for each %. 


Notice that the preceding corollary applies in particular to all finite 
relation algebras. 


Corollary 11.33. A complete relation algebra A is isomorphic to the 
product of an arbitrary system (Qi: 7 € I) of relation algebras if and 
only if there exists a system (u;: i € I) of ideal elements partitioning 
the unit in 2 such that A(u;) is isomorphic to WA; for each i. 
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11.9 Internal products of systems 


If (2; : 2 € I) is a system of set relation algebras 2; with units £; and 
mutually disjoint base sets U;, then the product 2 = [[, 21; is naturally 
represented as a set relation algebra with unit and base set 


B=|) and U=(),0; 


respectively. In fact, the function that assigns to each element R in 2 
the relation J; Ri on U is an embedding of 2 into Re(F). (Recall in 
this connection that an element R in 2 is a function on J such that R; 
belongs to 2;, and is therefore a relation on U;, for each index 7. In 
particular, it makes sense to form the union ); R;.) The argument is 
very similar to the argument for the binary case given at the beginning 
of Section 11.4, and is left as an exercise. 

This representation of a product of set relation algebras as a set re- 
lation algebra motivates a more general internal product construction. 


Definition 11.34. A relation algebra 2 is an internal product of a 
system (2l; : i € I) of relation algebras if it satisfies the following 
conditions. 


(i) The universe of 2l; is included in 2 for every index 7. 
(ii) Every sum 50, 7;, with r; in 2; for each i, exists in 2. 
(iii) Every element r in 2 can be written in exactly one way as a 
sum r= >>, r; with r; in 2; for each #. 
(iv) For any two such sums )¢, rj and >>, 5; in 2, the following equa- 
tions hold: 


(ers) + 0; 84) = V(r + 54), —( ri) = ar 

(dS; ri) ; ODF Si) — AG } Si), (i ri)~ = iTi> 
and the identity element in 2 is the sum (in 2) of the identity elements 
in the algebras 2;. (In each of these equations, the operations on the 


left sides are performed in 21, and those on the right—apart from the 
summations over the indices i—are performed in 2;.) O 


If 2 is an internal product of the system (2; : i € J), then the 
algebras 2; are called internal factors of 2. An element r in an in- 
ternal product 2 has the form r = )°,1r; for some necessarily unique 
elements r; in the factor algebras 21;, by condition (iii) in the preced- 
ing definition; the element r; is called the ith component of r. The 
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conditions in part (iv) of the definition say that the operations in the 
internal product are performed componentwise in the factor algebras. 
This implies that the defined operations and distinguished elements 
in 2 are also determined componentwise; in particular 


(iri) Ol; 81) = V(r - 81), (eri) FOG; 81) = V(r + 53), 


and zero, one, and the diversity element in 2 are respectively the sums 
in 2 over all indices i, of the zeros, ones, and diversity elements in the 
factor algebras 2;. 

As in the binary case, three questions arise immediately. First, what 
is the relationship between internal and external products? Second, to 
what extent are internal products uniquely determined? And third, 
under what conditions do internal products exists? The answers to 
these questions are similar to the answers that were given in the binary 
case (see Section 11.4). 

As regards the first question, there is a canonical isomorphism from 
the external product of a system of relation algebras to an internal 
product of the system: it is the function y defined by 


g(r) = iri 


for each element r = (r; : i € I) in the external product (where the 
sum on the right is formed in the internal product). The function y is 
well defined and has as its domain the entire universe of the external 
product because of conditions (i) and (ii) in Definition 11.34; it is 
one-to-one and onto because of condition (iii); and it preserves the 
operations and the distinguished element of the product because of 
condition (iv). As an example of how these arguments proceed in detail, 
here is the proof that y preserves relative multiplication. Consider 
elements 
r=(treD) and s=(s;:1€ 1) 


in the external product, and let t = (t; : i € I) be the element in 
the external product that is determined by t; = r; ; 5; (in 2;) for each 
index 7. Thus, t = 7; s in the external product, by the definition of 
relative multiplication in the external product. Use this observation, 
the definition of y, and condition (iv) to obtain 


o(r 3s) = p(t) = Visti = Ey (rij 84) 
= (257i) 3 O20; si) = 9(r) 5 (s). 
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Turn now to the second question. Two internal products, say 24 
and 5, of a system of relation algebras are always isomorphic via a 
mapping that is the identity on the universes of the factor algebras. 
In fact, if ~; and we are the canonical isomorphisms from the external 
product to 2, and 2» respectively, then the composition y = ye oy," 
maps 2; isomorphically onto 212, and maps each element in a factor 
algebra to itself. This isomorphism justifies speaking of the internal 
product of the relation algebras. 

The answer to the third question is that the internal product of a 
system (21; : i € I) of relation algebras exists if and only if (the uni- 
verses of) the algebras are mutually disjoint except for a common zero. 
The proof of this assertion, though not deep, is somewhat longer than 
the preceding arguments and is facilitated by a preliminary analysis 
of the external product 

B= I, % 


of the system. 

For each fixed index i, let wu“ be the element in 8 whose ith co- 
ordinate is the unit of 2; and whose jth coordinate for 7 4 7 is the 
zero element in 2l;. Each coordinate in u® is an ideal element in the 
corresponding factor algebra, so u is an ideal element in 8 (see the 
remarks following Lemma 11.18). It is not difficult to check that the 
system(u : i € I) satisfies the conditions in Definition 11.28 for being 
an orthogonal system of ideal elements in 8%. Indeed, the ith coordi- 
nate of u® is the unit of 2;, so the sum >>, u™ is the element in B 
that has the unit of 2l; as its 7th coordinate for every index 7. In other 
words, the sum is the unit of 8. Similarly, the elements u“) and u) 
are disjoint when 7 # j, because the product of these two elements 
is the element in %8 whose kth coordinate, for every index k, is the 
product of the kth coordinates of u® and uw), and one of these two 
coordinates is always zero. Finally, suppose (r :i€ I) is a system of 
elements in 8 such that r <u for each i. This inequality and the 
definition of u“ imply that the jth coordinate of r is the zero ele- 
ment of 2; for every index j 4 i. Consequently, the sum )°; r® is the 
element in 8S whose ith coordinate coincides with the ith coordinate 
of r for each index i. In particular, this sum exists in B. 

Let %; be the relativization of % to the ideal element u™. Thus, 
the elements in %; are just the elements in 8 whose jth coordinate, 
for each index j # 1, is the zero element in 2;. Using the orthogonality 
established in the preceding paragraph, one can show that % is the 
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internal product of the system (%; : 7 € J). Since this assertion follows 
immediately from Theorem 11.39 in the next section, we shall not 
give a separate verification of it now. The algebras 8; are obviously 
mutually disjoint except for a common zero element, which is the zero 
element in 8, because the elements u and wu) are disjoint for i F j. 

Return now to the problem of when the internal product 2 of a 
system (21; : 2 € I) of relation algebras exists. Assume first that 21 does 
exist. It is to be shown that the algebras in the given system are disjoint 
except for a common zero, which is the zero element in 2. To this end, 
it suffices to show that the canonical isomorphism y from % to 21 maps 
the internal factor 8; (of 8) onto the internal factor 2; (of 2). Once 
this is accomplished, the desired result about the factors 2; follows 
from the corresponding result about the factors 8; that was noted 
at the end of the preceding paragraph. The canonical isomorphism y 
maps each element r in $ to the sum of the coordinates of r. Each 
element r in %8; has zero as its jth coordinate for 7 4 7, so y must 
map r to its ith coordinate. In other words, y maps %; into 2;. For 
each element ¢ in 2;, the element in 8 whose ith coordinate is t and 
whose other coordinates are zero belongs to $8; and is mapped by y 
to t, so y maps %; onto 2;. Since the operations in S and in 2 are 
performed coordinatewise and componentwise respectively, it follows 
that y actually maps 8; isomorphically to 2. 

Assume finally that the algebras in the system (21; : 7 € J) are mu- 
tually disjoint except for a common zero element. It is to be shown 
that the internal product 2 of the system really does exist. Let y; be 
the function from 2; to 8; that maps each element r in 2; to the 
element 7 in S whose ith coordinate is r and whose other coordinates 
are all zero. It is easy to check that y; is an isomorphism. For exam- 
ple, to see that y; preserves the operation of relative multiplication, 
consider elements r and s in 2;, and write t = r;s. The relative 
product of the image elements 7 and § in %8, and therefore also in 
the relativization %,, is t, because the operations in % are performed 
coordinatewise, and the coordinates of 7 and § are all zero, except for 
the ith coordinates. Consequently, 


yi(r;s) = v(t) =t =F; 8 = yilr); vils). 


The isomorphisms in the system (y; : 7 € J) agree on the common 
zero element of the algebras 2;, since this zero element is mapped by 
each of them to the zero element of 8% (which is the same as the zero 
element of 8;). With the exception of this common zero element, the 
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isomorphisms in the system map their domains to sets that are disjoint 
(except for a common zero), because the range algebras $8; are dis- 
joint except for a common zero, by the preliminary observations made 
above. An argument similar to the Exchange Principle (Theorem 7.15) 
allows us to replace the relativization 8; in 8 with the algebra 2 for 
each index i, provided that the elements in % that do not occur in any 
of the internal factors 58; are first replaced with new elements that do 
not occur in any of the algebras 2;. The result is an algebra 2 that 
is isomorphic to $ via a mapping that agrees with y; on each set Aj. 
Since B is the internal product of the system (B; : i € J), it follows 
that 2 must be the internal product of the system (2; : i € I). 

The observations of the preceding paragraphs are summarized in 
the following Existence and Uniqueness Theorem for internal products, 
which generalizes Theorem 11.14. 


Theorem 11.35. The internal product of a system (2; : 7 € I) of 
relation algebras exists if and only if the algebras in the system are 
mutually disjoint except for a common zero. If the internal product 
exists, then it is unique up to isomorphisms that are the identity func- 
tions on the factor algebras; and the mapping (ri; : i € I) — DOr; 
is an isomorphism from the external product to the internal product of 
the system. 


There is really no loss of generality in assuming that a given sys- 
tem of relation algebras is disjoint except for a common zero element. 
Given any system of relation algebras, one can always pass to a system 
of isomorphic copies that has the required disjointness property, and 
then form the internal product of these copies. In what follows, we 
shall always assume (tacitly) that any system of relation algebras for 
which the internal product is being formed has the required disjoint- 
ness property. 

As was mentioned at the end of Section 11.5, whether one uses 
external or internal products is partly a matter of taste; they are two 
sides of the same coin. There are, however, situations in which it seems 
preferable to use internal products, because the formulations of the 
results are more straightforward and sometimes even sharper than the 
analogous results for external products. 

Here are some examples. The first is the analogue of the charac- 
terization of ideal elements in an external product that was given in- 
formally after Lemma 11.18. It is related to the description of ideal 
elements in relativizations that is contained in Lemma 10.9. 


464 11 Direct products 


Corollary 11.36. The ideal elements in the internal product of a sys- 
tem of relation algebras are just the sums of ideal elements from the 
factor algebras. In particular, the ideal element atoms in the internal 
product are just the ideal element atoms in the factor algebras. 


The next example is the analogue of Lemma 11.22 for internal prod- 
ucts, and it is related to the description of atoms in relativizations that 
is contained in Lemma 10.5. 


Corollary 11.37. The atoms in the internal product of a system of 
relation algebras are just the atoms in the factor algebras. The product 
is atomic if and only if each factor algebra is atomic. 


The version of Lemma 11.23 for internal products is perhaps only a 
bit more natural than its external version. 


Corollary 11.38. Suppose 2 is the internal product of a system of 
relation algebras (2; :7€ I), and u; is the unit of XA; for each i. The 
supremum of a subset X of X exists in A if and only if the supremum 
of the set 

X,={s-uj:se xX} 


exists in LU; for each i. If these suprema exist, say r; is the supremum 
of X; in Xj, thenr =o, 1; is the supremum of X in A. The internal 
product 2 is complete if and only if each of its factors is complete. 


In subsequent sections, we shall give further examples of results that 
have simpler and sharper formulations for internal products than they 
have for external products. For relation algebras, it definitely seems 
easier to work with internal rather than external products. Conse- 
quently, from now on, when we speak of a product of relation algebras, 
we shall usually mean an internal product. 
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The observations of the preceding section establish a close relationship 
between external and internal products. Every result about external 
products has an analogue for internal products, and vice versa. The 
most important of these analogues is the following internal version of 
the Product Decomposition Theorem 11.31. 
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Theorem 11.39. A relation algebra 2 is the internal product of a 
system (2; : i € I) of algebras if and only if there is an orthogonal 
system (uj : i € I) of ideal elements in A such that A(ui) = Xj for 
each index 1. 


Proof. One way to prove this theorem is to derive it from the external 
version of the theorem, with the help of the canonical isomorphism 
from an external to an internal product. We follow a more direct, but 
longer route that clarifies the roles of the various conditions in the 
definitions of an internal product and an orthogonal system of ideal 
elements. 

Assume first that there exists an orthogonal system 


(uz: 7 € T) (1) 
of ideal elements in 2 with the property that 
A(uz) = A; (2) 


for each 7. In order to prove that 2 is the internal product of the 
algebras 2l;, conditions (i)—(iv) in Definition 11.34 must be verified. 

The assumption in (2) implies that the universe of 2; is a subset 
of 2 for each index 7, so condition (i) holds. To verify condition (ii), 
suppose (r; : i € I) is a system of elements with the property that r; 
is in 21; for each i. The element r; is below u;, by (2), and the system 
in (1) is orthogonal, by assumption, so the sum 7,7; exists in 2, by 
the definition of an orthogonal system (see Definition 11.28(iii)). 

To verify condition (iii), consider an arbitrary element r in 2, and 
put r; = r-u; for each 7. The assumption in (2) implies that r; belongs 
to 2;. The system in (1) sums to 1, by the orthogonality of the system 
(see Definition 11.28(i)), so 


r=r-l=r-()),u) =dilr- wu) = 7%. 


Thus, r can be written as a sum of elements r; in 2;. To check that 
this representation of r is unique, suppose r = >, s;, where s; is in 2; 
for each i. The element s; belongs to 2 and is below w;, by (2). The 
orthogonality of the system in (1) implies that u;-u; = 0 for each j 4 i 
(see Definition 11.28(ii)), and therefore 


0 a hg 0 Sey 
noma ae eae and uon=| Eos (3) 


rn if fj =4, 3 if j=i. 
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Consequently, 


re = Ly (rp ua) = (jy) we Ss 
= (005 83) ui = Lj (sj a) = 83 


for each i, by (3) and Boolean algebra. Conclusion: every element in 2 
can be written in exactly one way as a sum of elements 7; from 2l;, so 
condition (iii) holds. 

The verifications of the equations in condition (iv) are all rather 
similar in spirit. Here, for instance, is the verification of the third 
equation. Suppose that 


r= 3% and a= 25; (4) 


where r; and s; are in 2; for each 7. Observe that r; and s; are both 
in 2 and below u;, by (2). If i #7, then in 2 we have 


"528; Sy fu; = uu; =, (5) 


by the monotony law for relative multiplication, Lemma 5.41(ii), and 
the assumption that the system in (1) is an orthogonal system of ideal 
elements (see, in particular, Definition 11.28(ii)). Consequently, 
r3s= (ir) 3 QU, 81) = dog (i 585) = Lili; 8) 

in 2, by (4), the complete distributivity of relative multiplication, 
and (5). The relative product of r; and s; on the right is formed in I, 
but this product coincides with the relative product of the two el- 
ements in 2;, by (2) and the definition relative multiplication in a 
relativization. This completes the proof that 2t is the internal product 
of the given system of algebras. 

To prove the converse direction of the theorem, assume that 2 is 
the internal product of the given system of algebras. For each index 2, 
let u; be the unit of 2;. It is to be shown that the resulting system (1) 
is orthogonal and (2) holds. Again, we shall need to refer several times 
to conditions (i)—(iv) in Definition 11.34. 

Condition (iv) implies that the unit 1 of 21 must be the sum of the 
units of the individual factors, that is to say, 


L= 0, Ui (6) 


(see the remarks following Definition 11.34). Condition (iv) also implies 
that u; and u; must be disjoint when 7 4 j. In more detail, for each 
index k, define elements rz, and sz in 2%, by 
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and observe that 


t= > Ts and tig = >. BR (8) 


The analogue for multiplication of the equations in condition (iv) (see 
the remarks following Definition 11.34) implies that 


uj Uj = Doz (TR Sk); (9) 


where the multiplications on the right are performed in the factor 
algebras 2;. At least one of r;, and s; is always zero, so the product 
of these two factors is always zero. Condition (iv) also implies that 
the zero element in 2 is the sum of the zero elements of the factor 
algebras (see the remarks following Definition 11.34), so it may be 
concluded from (7) and the preceding remarks that u;-u,; = 0 in 2. 
Thus, (uw; : 7 € J) is a partition of the unit of 2. 

To check that u; is indeed an ideal element in 2, consider the el- 
ements rz defined on the left side of (7), and observe that the first 
equation in (8) holds. Use (6), (8), and the third equation in condi- 
tion (iv) to obtain 


13 ue3; l= (0g Uk) Ole Tk) Ole Ue) = Dp (UR 5 Tes UR), 


where the relative multiplications on the right are performed in the 
factor algebras 2. For k #7, we have rz = 0 and therefore 


Uk 3 Tk 3 UR = 9, 


by Corollary 4.17 and its first dual applied to the factor 2%,. On the 
other hand, 
Ui 3TH} Ui = Ui 5 Ui 5 Us = Ua, 


by (7), the assumption that u; is the unit of 2;, and Lemma 4.5(iv) 
applied to the factor 2l;. Combine these observations to conclude that 
the equation 1; u; ; 1 = u; holds in 2. 

In order to complete the proof that (1) is an orthogonal system, it 
must be shown that the supremum property holds. Before doing this, 
we verify the equation in (2). Conditions (i), (iii), and (iv) imply that 
the universe of 21; coincides with that of 2(u;). Indeed, if s is in Aj, 
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then s is in 2, by condition (i), and s is below u; because u; is the unit 
of 2;, so s is in 2(u;). To establish the reverse inclusion, suppose that s 
belongs to 2(u;). The element s is then in 21, so for each index k there 
must be an element s; in 2; such that s = }°>, s,%, by condition (iii). 
Let rz, be defined as in (7), and observe that the first equation in (8) 
holds. Use the fact that s is below u;, by assumption, and apply the 
analogue for multiplication of the equations in condition (iv), to obtain 


s=ui-s=(doere): Oleg Sk) = Deg (Te: Sk), (10) 


where the multiplications on the right are performed in the factor 
algebras 2;,. For k 4 7, the factor r;, is zero, so the product rz - sz is 
zero. On the other hand, u; is the unit in 2;, and the component s; is 
an element in 2;, so s; is below u,; and therefore 


T° 85 = UA? SR = SG 


in 2;. Combine these observations with (10) to conclude that s = s; 
and therefore that s belongs to 21;. Thus, 2; and 2(u;) have the same 
universe. 

Analogous arguments show that the operations of 2(; coincide with 
those of 2l(u;). For instance, if elements r and s are in 2(u,;), then they 
belong to 2 and we can write them as 


r= yy and s= 5 Si, 


where r; = r and s; = s, and rj = s; = 0 for 7 #7. Apply the third 
equation in condition (iv) to arrive at 


738 = (90575) 3 05 87) = 93 87 =H HHT S, 


where the first two relative multiplications are performed in 2 and 
therefore also in 2(u;), and the last two are performed in 2;. Thus, 
relative multiplication in (u;) coincides with relative multiplication 
in 2;. Similar arguments apply to the other operations, so the two 
algebras have the same operations, and therefore (2) holds. 

Return now to the problem of verifying the supremum property for 
the system in (1). Suppose that (r; : i € I) is a system of elements 
in 2 with r; < u; for each 7. The element r; belongs to A(u;), by the 
definition of this relativization, and therefore r; belongs to 2;, by the 
observations of the preceding paragraphs. Apply condition (ii) to see 
that the sum }7, 7; exists in 2. Conclusion: the system in (1) has the 
supremum property and is therefore orthogonal. O 


11.10 General internal decompositions 469 


A representation of a relation algebra 2 as the internal product of 
a system of relation algebras is called an internal direct decomposition 
of 2. 

The preceding theorem implies the following Relativization Decom- 
position Theorem. 


Theorem 11.40. Jn a relation algebra A, if (e; : 1 € I) is a sys- 
tem of disjoint equivalence elements with the property that )>, 1; exists 
whenever 7; < e; for each i, then the sum e = )>, e; exists and is an 
equivalence element, and the relativization A(e) is the internal product 
of the system of relativizations ((e;) : 7 € I). 


Proof. The sum e of the given system of equivalence elements 
(e,:7€ T) (1) 


exists, by the assumption that the system in (1) has the supremum 
property. Since this system is also assumed to be disjoint, e is an 
equivalence element in 2, by Lemma, 5.23, so it makes sense to speak 
of the relativization of 2 to e. If i #7, then 


=U, (2) 


by Lemma 5.22 and the assumed disjointness of the system in (1), and 
therefore 


e;e5e = (D0; 65) 3663 (U5 ey) = Lig gles 5 eas ex) 


=e;e;e=e, (3) 


by the definition of e, the complete distributivity of relative multipli- 
cation, (2), and Lemma 5.8(ii). The computation in (3) shows that e; 
is an ideal element in 2(e). 

The system in (1) is disjoint, by assumption, it sums to the unit e 
in (e), by the definition of e and Lemma 10.6, and it has the 
supremum property in 2(e), by the hypotheses of the theorem and 
Lemma 10.6, so it satisfies the conditions of Definition 11.28 for being 
an orthogonal system of ideal elements in 2(e). Apply Theorem 11.39 
to conclude that 2(e) is the internal product of the system of rela- 
tivizations (2(e;) :7€ I). O 


In the preceding theorem, if the relation algebra 2 is complete or 
the system of equivalence elements is finite, then the condition that the 
sum )),7; exists whenever r; < e; for each i is automatically satisfied. 
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11.11 Total decompositions 


An external or internal direct decomposition of a relation algebra 2 is 
said to be total if each of the factor algebras in the decomposition is 
directly indecomposable in the sense that it is non-degenerate and can- 
not itself be decomposed into a product of two non-degenerate relation 
algebras. We have already seen in Theorem 9.12 that a relation alge- 
bra is directly indecomposable if and only if it is simple (see also the 
related remarks at the end of Section 11.3), so a direct decomposition 
is total if and only if each of the factor algebras in the decomposi- 
tion is simple. The existence of a total decomposition of 2 simplifies 
substantially the structural analysis of 2. 

A relation algebra 2 is said to have a unique total (external or 
internal) decomposition if it has a total decomposition into the product 
of a system (2; : ¢ € I) of simple relation algebras, and if for every 
other such decomposition (Bj : 7 € J) of 2, there is a bijection ¥ from 
the index set I to the index set J such that 2; is isomorphic to By) 
for each 7 in the external case, and 2; is equal to By(;) for each 7 in the 
internal case. Not every relation algebra 2 has a total decomposition, 
but when such a decomposition does exist, it is always unique. 

The following Total Decomposition Theorem characterizes when a 
relation algebra has a total decomposition. 


Theorem 11.41. A relation algebra & has a total direct decomposition 
if and only if the Boolean algebra of ideal elements in A is atomic and 
the system of distinct ideal element atoms has the supremum property. 
If a total decomposition of 2 exists, then it is unique and the factors of 
the decomposition are just the relativizations of 2 to the various ideal 
element atoms. 


Proof. It is notationally more convenient to prove the internal ver- 
sion of the theorem. According to the internal version of the Product 
Decomposition Theorem 11.39 and the observations made above, a re- 
lation algebra 2( has total direct decomposition if and only if there 
exists an orthogonal system 


(u;: 7 € T) (1) 


of ideal elements in 2 such that the relativizations 2(u;) are all sim- 
ple. If such a system of ideal elements exists, then the factors of the 
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decomposition are just those relativizations. These requirements trans- 
late into the following four conditions on the system in (1), by Defini- 
tion 11.28 and Corollary 10.10. First, }>, uj = 1. Second, uj- uj = 0 
whenever 7 # 7. Third, the system has the supremum property in 2. 
Fourth, u; is an atom in the Boolean algebra B of ideal elements in 2. 

Assume that (1) is a system of ideal element atoms in 2, so that 
the fourth condition is automatically satisfied. The second condition 
holds just in case the ideal element atoms u; and u; are distinct when 
i #4. The first condition holds just in case the Boolean algebra B is 
atomic, and the system in (1) contains all of the atoms in B. Combine 
these observations to conclude that 2 has a total decomposition if 
and only if the Boolean algebra B of ideal elements is atomic, and the 
system of ideal element atoms in (1) lists all of the ideal element atoms 
in B without repetitions, and also has the supremum property. This 
completes the proof of the first assertion of the theorem. 

To prove the second assertion of the theorem, suppose that 21 does 
have a total (internal) decomposition, determined say by the system of 
ideal element atoms in (1). Any other total decomposition of 2 must 
be given by an orthogonal system 


(vj: 7 € J) (2) 


of ideal elements, and the factors of this decomposition are just the 
relativizations 2(v;), by Theorem 11.39. The systems in (1) and (2) 
must both enumerate the distinct atoms in B, by the observations of 
the preceding paragraphs, so there must be a bijection ? from I to J 
such that uw; = vg) for each 7. It follows that 


A(uj) = (V9 (i)) 


for each i, so the total decomposition of 2l is unique. O 


A direct decomposition of a relation algebra is said to be finite if 
the system of factor algebras is finite. The preceding theorem easily 
implies the following characterization of when a relation algebra has a 
finite total direct decomposition. 


Corollary 11.42. A relation algebra UL has a finite total direct decom- 
position if and only if there are only finitely many ideal elements in 2. 


Proof. A relation algebra 2 has a total direct decomposition into the 
direct product of finitely many simple factor algebras if and only if the 
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Boolean algebra of ideal elements in 2( is atomic with finitely many 
atoms, by Theorem 11.41. (The requirement that the system of distinct 
ideal element atoms possess the supremum property is unnecessary 
in this case, because a finite system of distinct ideal element atoms 
automatically has the supremum property, as finite sums always exist 
in a relation algebra.) The Boolean algebra of ideal elements in 2 is 
atomic with finitely many atoms if and only if it is finite, that is to 
say, if and only if there are only finitely many ideal elements in 2, by 
Boolean algebra. oO 


A concrete example may help to illuminate the Total Decomposition 
Theorem. Consider an equivalence relation F on a non-empty set U, 
and suppose that (U; : i € I) is an enumeration without repetitions of 
the distinct equivalence classes of E. Take 21 to be the full set relation 
algebra on the equivalence relation FE, so that 2 = Re(F). It is not 
difficult to check that the ideal elements in 2 are just the unions of 
Cartesian squares of equivalence classes, which are the sets of the form 


Uses Ui x Ui, 


where J ranges over the subsets of J. The Boolean algebra of ideal 


U3 x U3 


E=)+8-+8 


Fig. 11.3 The total decomposition of Re(#) when FE is an equivalence re- 
lation with three equivalence classes. 


elements in 2 is atomic, and its atoms are the squares U; x Uj;, that is 
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to say, its atoms are the squares that have equivalence classes of EF as 
their sides. Consequently, the system 


(U; x U; 24 € T) 


is an enumeration without repetitions of the distinct ideal element 
atoms in 2, and this system has the supremum property because 2 is 
complete. Apply the Total Decomposition Theorem to conclude that 2l 
has a unique total decomposition into the internal product of the rela- 
tivizations 2(U; x U;). As has already been pointed out several times, 
these relativization coincide with the full set relation algebras Re(U;) 
on the equivalence classes U;. Thus, we arrive at the following Decom- 
position Theorem for Re(E) (see Figure 11.3). 


Theorem 11.43. Suppose E is an equivalence relation on a non- 
empty set, and (U; : i € I) is a listing without repetitions of the 
equivalence classes of FE. The full set relation algebra Re(E) has a 
unique total decomposition into the internal product of the system of 
full set relation algebras (Re(U;) : i € 1). 


In particular, a full set relation algebra Re(E) has a finite total 
decomposition if and only if the equivalence relation FE has just finitely 
many equivalence classes (see Corollary 11.42). 

The preceding theorem may be viewed as a special case of the fol- 
lowing more general result, called the Atomic Decomposition Theorem. 


Theorem 11.44. A complete relation algebra with an atomic Boolean 
algebra of ideal elements always has a unique total direct decomposi- 
tion. 


Proof. The system of distinct ideal element atoms in the given relation 
algebra has the supremum property because the relation algebra is 
assumed to be complete. Apply Theorem 11.41 to arrive at the desired 
conclusion. Oo 


Actually, Theorem 11.41 implies more than what is stated in Theo- 
rem 11.44. If (wu; : 7 € J) is a listing without repetitions of the distinct 
ideal element atoms in a complete relation algebra 21 with an atomic 
Boolean algebra of ideal elements, then 2 can be written in a unique 
way (up to permutations of factors) as the internal product of the sys- 
tem of relativizations (2l(u;) : 7 € I), and each of these relativizations 
is a simple relation algebra. Moreover, 2 is atomic if and only if each 
of the relativizations 2((u;) is atomic, by Corollary 11.37. 
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Lemma 8.28 ensures that an atomic relation algebra has an atomic 
Boolean algebra of ideal elements. Consequently, the preceding theo- 
rem applies to all complete and atomic relation algebras, and in par- 
ticular to all finite relation algebras. 


Corollary 11.45. Every complete and atomic relation algebra has a 
unique total direct decomposition. 


Theorem 11.44 and its corollary are very important because they re- 
duce the study of complete and atomic relation algebras to the study of 
complete and atomic relation algebras that are simple. In some sense, 
the hypothesis that the relation algebra be complete and atomic does 
not severely restrict the applicability of the theorem, because—as we 
shall see later—every relation algebra can be extended to a complete 
and atomic relation algebra. The theorem is of no help, however, in an- 
alyzing the structure of simple relation algebras. There are, however, a 
series of constructions that are similar in spirit to direct products and 
direct decompositions, and can be applied to analyze and construct 
simple relation algebras (see, for example, [51], [34], and [37]). 

The preceding theorem gives some sufficient conditions for a total 
decomposition of a relation algebra to exist. At the other extreme, it 
may be concluded from Theorem 11.41 that if a relation algebra 2 
has a non-zero ideal element below which there are no ideal element 
atoms, and in particular if the Boolean algebra of ideal elements is 
non-degenerate and atomless, then 2 has no total decomposition. 

As it turns out, it is always possible to decompose a complete re- 
lation algebra into the product of two factors, the first of which is 
uniquely decomposable into a product of simple factors, and the sec- 
ond of which has no ideal element atoms—and therefore no simple 
factors—whatsoever. This is the content of the following Complete 
Decomposition Theorem. 


Theorem 11.46. A complete relation algebra A always has a unique 
internal direct decomposition A = A, @ We such that A, has a unique 
total direct decomposition, and Ag has no ideal element atoms and is 
therefore atomless and has no simple factors at all. 


Proof. Let u be the sum of the set of ideal element atoms in 2. This 
sum exists in 2, by the assumption that 2( is complete, and it is an 
ideal element, by Lemma 5.39(ii). The ideal elements in the relativiza- 
tion 2(u) are the ideal elements in 2 that are below u, and in par- 
ticular, the ideal element atoms in 2(u) are the ideal element atoms 
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in 2 that are below u, by Lemma 10.9. Thus, every ideal element atom 
from 2% belongs to 2(u) and is an ideal element atom in 2(u), by the 
definition of u. Also, u is the sum of these ideal element atoms, not 
only in 2, but also in 2(u), by Lemma 10.6. Since wu is the unit of 2(w) 
and is the sum of the ideal element atoms, the Boolean algebra of 
ideal elements in 2(w) must be atomic. Also 2(w) is complete, by the 
assumption that 2 is complete and Lemma 10.6. Consequently, 2l(w) 
has a unique total direct decomposition, by the Atomic Decomposition 
Theorem 11.44. 

The complement of wu is also an ideal element in 2, in view of 
Lemma 5.39(iv). There are no ideal element atoms in 2% that are be- 
low —u, by the definition of u, so there can be no ideal element atoms 
in the relativization 2%(—wu), by Lemma 10.9. Thus, the Boolean alge- 
bra of ideal elements in 2((—u) must be atomless. From this it follows 
that 21(—w) itself must be atomless. Indeed, if r were an atom in this 
relativization, then r would be an atom in 2, by Lemma 10.5, and 
therefore 1;r;1 would be an ideal element atom in 21, by Lemma 8.28. 
Since 

ljr;l<1;-u;l=-—u, 


it would follow that 2((—u) has an ideal element atom, in contradiction 
to what has already been shown. 

The algebra 2 is the internal product of 2(u) and 2A(—w), by the 
Product Decomposition Theorem 11.15. Put 


Ay = A(u) and Ay = A(—w), (1) 


to arrive at an internal direct decomposition of 2( with the required 
properties. 

Suppose now that 2 = B, ® Be is any internal decomposition of 2 
with the required properties. It is to be shown that 


381 = Qty and Bo = Ao. (2) 
There must be an ideal element v in 2( such that 
8B, = A(v) and Bo = A(—v), (3) 


by Theorem 11.15. Since $81 is totally decomposable, by assumption, 
the Boolean algebra of ideal elements in 2(v) must be atomic, by 
(3) and the Total Decomposition Theorem 11.41. The unit v of this 
relativization must therefore be the sum of the ideal element atoms 
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in (v), by Boolean algebra. Consequently, v must be a sum of ideal 
element atoms in 2(, by Lemmas 10.6 and 10.9. The factor S2 contains 
no ideal element atoms at all, by assumption, so every ideal element 
atom in 2 must belong to 2(v), by (3) and Corollary 11.36. It follows 
that v is the sum in 2 of all of the ideal element atoms in 2, so v = u 


and —v = —u, where u is the element defined at the beginning of the 
proof. Combine this observation with (1) and (3) to conclude that (2) 
holds. O 


11.12 Atomless Boolean algebras of ideal elements 


The conclusions of the Complete Decomposition Theorem 11.46 raise 
the problem of whether there actually are relation algebras with atom- 
less Boolean algebras of ideal elements, and if so, how examples of such 
algebras might be constructed. Of course, atomless Boolean algebras, 
converted into Boolean relation algebras, provide trivial examples. The 
purpose of this section is to construct a rather general and more in- 
teresting class of examples. 

The first step is to construct an infinite binary tree of subsets of a 
fixed infinite set J, using standard methods. (The restriction to binary 
trees is not essential, but it helps to simplify notation and to commu- 
nicate the main ideas more clearly.) Here is one possible approach. For 
each natural number n, let 2” be the set of all n-termed sequences of 
zeros and ones. When n = 0, there is only one such sequence, namely 
the empty sequence @, and we take Ig to be J. Suppose now that Ig 
has been defined for every sequence a@ in 2”. Each such sequence a has 
two extensions to sequences 3 and y in 2”*!: both extensions agree 
with @ on natural numbers i < n, and 8(n) = 0, while y(n) = 1. 
Take Ig and I, to be any partition of J, into infinite sets; thus, these 
two sets are infinite, disjoint, and have J, as their union. A straight- 
forward argument by induction on n shows that the sets Ig, for a in 2” 
form a partition of I. 

Fix an arbitrary non-degenerate relation algebra 2. The second step 
in the construction is to correlate with each element r in the direct 
(external) power 22” an element 7 in the direct power 2. Essentially, 7 
is obtained by concatenating a sufficient number of copies of r with 
itself. More precisely, the elements in 2?" are functions with domain 2” 
that take their values in 2. Given such a function r, define 7 by 
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ri) =Te) ifand only if it€ Ig 


for every argument 7 in J and every a in 2”. 

To give some concrete examples of this correlation, consider first 
the case when n = 0. In this case, r is a function with the empty 
sequence @ as the only element in its domain, and the value of r at @ 
is some element p in 2. The correlated element in 2/ is the constant 
function 7 on J that assumes the value p at every 7 in J. If J is the set 
of natural numbers, then 7 is the constant sequence 


(Dy Py Pi Dy-ows ) 


Consider next the case when n = 1. In this case, r is a function with 
the sequences of length one, (0) and (1), as the only elements in its 
domain, and the values of r on these sequences are elements p and q 
in %. The correlated element in 2/ is the function # on IJ defined by 


ay=qP PEO) 
qd if a€ Iq). 


If I is the set of natural numbers, and if Jig) and (1) are the sets of 
even and odd natural numbers respectively, then 7 is the sequence 


(DO, Didyass)s 


The third step in the construction is the definition, for each natural 
number n, of a subuniverse B, of A/. It consists of elements of the 
form # for r in 22”. Clearly, B, contains the identity element in 2’, 
because the identity element is just 7, where r is the identity element 
in 22", that is to say, r is the function that assumes the identity 
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element of 2( as its value at each sequence in 2”. Also, By, is closed 
under the operations of addition, complement, relative multiplication, 
and converse, because these operations are defined coordinatewise in 
both 24 and 22”. In more detail, 


f+3=t, where t=r+s, 


—f=t, where t=-—r, 
Test; where t=r;s, 
Pr =t, where ‘=r. 


where the operations on the left are performed in 2/, and those on the 
right are performed in 2?”. Since 22” is closed under the aforemen- 
tioned operations, so is B,. Write 8, for the subalgebra of 2/ with 
universe B,. This subalgebra is isomorphic to A?” via the function 
that maps 7 to r for each element r in A". Consequently, $,, inherits 
all of the properties of 22”. In particular, 7 is an ideal element in 8, 
if and only if r is an ideal element in 27". 


Fig. 11.5 Schematic of the algebras Bp, 81, and Bo. 


Every element in %,, belongs to 8,41 as well. To prove this, fix an 
element r in 22", and let s be the element in Q2""" that is essentially 
obtained by concatenating r with itself. More precisely, 


s(B)=r(a) and s(y) = r(a), 


for each a in 2", where 8 and ¥ are the two extensions of a in 2"+!, 
The element § in S,,41 that is correlated with s is defined by 
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S(t) = (8) and S(t) = (9) 


for i in Ig and in L, respectively. Since s(3) and s(y) both coincide 
with r(a), and since J, is the union of Jg and I,, the preceding defi- 
nition may be condensed to 


(4) =r(a) ifandonlyif ie€lg, 


and this is just the definition of * in $,. Thus, the element f in 8, 
coincides with the element § in 8,41. The operations in 8, and By+1 
are, by definition, restrictions of the corresponding operations of 2, 
so 8, must be a subalgebra of B,,;1 (see Figure 11.5). 

Each non-zero element 7 in 8, is split in S,41 into the sum of 
two disjoint non-zero elements. To see this, fix a non-zero element r 
in 22", and define elements ¢ and wu in Q2""" as follows: for every given 
element a in 2”, if 6 and y are the two extensions of a in 2”*! that 
are mentioned above, put 


Observe that ¢ and u are non-zero because r is non-zero, they are dis- 
joint because at least one of t(p) and u(p) is zero for each p in 2”+1, 
and they sum to the element s that is defined in terms of r in the pre- 
ceding paragraph, by the definition of s and the fact that one of t(p) 
and u(p) is r(@), and the other is 0, for each p in 2"!. These ob- 
servations and the remarks above imply that ¢ and & are non-zero, 
disjoint elements in 8,41 that sum to 8. Since § coincides with 7, we 
can write # as the disjoint sum of the non-zero elements ¢ and ti. No- 
tice, in particular, that if r is a non-zero ideal element in 22", then t 
and wu are non-zero ideal elements in 22"*" and therefore the non-zero 
ideal element 7 in 8, is split in 8,41 into the sum of the two disjoint 
non-zero ideal elements ¢ and %. 

The sequence So, 81, 82, ...forms a strictly ascending chain of 
subalgebras of 2/ with the property that each non-zero element in 8, 
is split into a sum of two disjoint non-zero elements in 8,41, and each 
non-zero ideal element in %,, is split into a sum of two disjoint non- 
zero ideal elements in 8,41. The union of this chain is therefore a 
subalgebra of 2/ that has no atoms and no ideal element atoms, and 
that, as a bonus, inherits many of the properties of the original relation 
algebra 2. This fact will prove useful later on. Here is a summary of 
what has been obtained. 
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Theorem 11.47. Jf 2 is a non-degenerate relation algebra, and I an 
infinite set, then the union of the chain Bo, 8), Bo, ... of subalgebras 
of 14 constructed above is an atomless subalgebra of XU! with no ideal 
element atoms. 


11.13 Decompositions of homomorphisms 


The existence of an internal direct decomposition of a relation algebra 
raises the question of whether homomorphisms on the algebra admit 
similar decompositions. As it turns out, under certain restrictions, such 
decompositions are possible. To motivate the discussion, we begin with 
a stronger version of Lemma 11.21 that applies to internal products. 


Lemma 11.48. Suppose 2 and ‘8 are internal products of systems of 
relation algebras (A; :i € I) and (B;:i € I) respectively, and vy; is a 
mapping from 2; to B; for eachi. The mapping vy from & to B defined 
on each element r = D0, 7i in W by 


g(r) = do; gilt) 


is a homomorphism if and only if yp; is a homomorphism for every i. 
If the mappings are homomorphisms, then — is an extension of yp; for 
each i, and ~ is one-to-one or onto or complete just in case each of 
the mappings :p; is one-to-one or onto or complete respectively. 


Proof. To give a sense of how the proofs of these assertions proceed 
for internal products, here is the argument that y preserves relative 
multiplication if and only if the mappings y; all preserve relative mul- 
tiplication. Suppose 


P= and 6 = $5.3; (1) 


are elements in 2%. We have r;s = )0,7r; ; 5;, by condition (iv) in 
Definition 11.34, so 


plr;s) = D2; pilti; 8), (2) 


by the definition of y. Similarly, 
P(r); p(s) = (D2; vil) 5 QU: Gilsi)) = Lilt) s vilsi)), (3) 
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by the definition of y and by condition (iv) in Definition 11.34 applied 
to the internal product 8. If each of the mappings y; preserves relative 
multiplication, then 


pilris si) = pili) 3 Yili) (4) 
for each i, and therefore 


y(r;s)=9(r); 9(s), (5) 


by (2)-(4). On the other hand, if y preserves relative multiplication, 
then 

de Pi(Ts 5 84) = Di(Wila) § Yi(si)), 
by (2), (3), and (5), and therefore (4) holds, by the uniqueness part of 
condition (iii) in Definition 11.34 applied to B. 

Assume now that the mappings under discussion are homomor- 
phisms. To prove that the product homomorphism y¢ is an extension 
of each homomorphism y;, consider an element r in 2, as in (1). If r 
belongs to the factor 2;, then rj = r and r; = 0 for 7 4 7, by the 
uniqueness part of condition (iii) in Definition 11.34 applied to 2. 
Consequently, y;(rj) = y;(0) = 0 for 7 ¥ i, by the homomorphism 
properties of yj, and therefore 


g(r) = 0; ei(r5) = vilri) = vi(r), 


by the definition of y. Thus, y and y; agree on 2;. O 


The mapping ¢ defined in the preceding lemma might be called the 
internal product of the system of mappings (y; : i € I). The lemma 
is stronger than its external version, Lemma 11.21, because it asserts 
that an (internal) product homomorphism is actually an extension of 
each of the factor homomorphisms. A corresponding assertion would 
not be true in the framework of external products. 

We now work toward a kind of converse to Lemma 11.48 that turns 
out to be quite useful, namely a decomposition theorem for certain 
homomorphisms on internal products. Consider the internal product 2 
of a system of relation algebras (2; : 7 € I). A homomorphism 
from 2 into an arbitrary relation algebra % is said to preserve the 
supremum property if for every element r = >>, rj; in 2, with r; in 2; 
for each i, we have y(r) = >°; y(ri) in B. Preserving the supremum 
property is weaker than being complete (as a homomorphism), since 
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a complete homomorphism preserves all existing suprema, and not 
just the suprema of systems of elements from distinct factors. More 
concretely, if the index set J is finite, then every homomorphism ¢ on 2% 
automatically preserves the supremum property, because y preserves 
all finite sums; but y may not preserve all existing suprema in 2. 

Suppose ¢ is an epimorphism from 2 to SB that preserves the supre- 
mum property. The Product Decomposition Theorem 11.39 applied 
to 2 ensures the existence of an orthogonal system (u; : i € I) of ideal 
elements in 2% such that 2; = 2(u;) for each i. The system of im- 
ages (vu; : i € I), where v; = y(u;), is readily seen to be an orthogonal 
system of ideal elements in 8. Indeed, a homomorphism maps ideal 
elements to ideal elements, so each v; is an ideal element in $. Also, 
a homomorphism maps disjoint elements to disjoint elements, so v; 
and vj; are disjoint for 7 7. Furthermore, 


1= 91) = (ts) = D4 Gus) = Da Me, 


because 1 = 5°, u; and is a homomorphism that preserves the supre- 
mum property. Thus, the system of ideal elements (uv; : 7 € I) isa 
partition of the unit in 8. 

The verification that this system has the supremum property in- 
volves a bit more work. Let (s; : i € I) be a system of elements in B 
such that s; < v; for each i. It is to be shown that the supremum ) >, s; 
exists in 8. The assumption that y is an epimorphism implies that 
there must be a system (t; : i € I) of elements in 2 such that y(t;) = 8; 
for each 7. Now the element ¢; may not belong to the factor 2;, but the 
product r; = t; -u; does belong to 2;, because r; is in the relativiza- 
tion 2A(u;), and this relativization coincides with 2;. Consequently, 
the supremum r = 5°, 7; exists in 2, because the system (u;;7 € I) is 
assumed to be orthogonal and therefore has the supremum property. 
Moreover, y maps r; to u;, since 


v(ri) = pti - ui) = V(t) - plus) = 85-05 = 53, 


by the definition of r;, the homomorphism properties of y, the assump- 
tions on t; and v;, and the assumption that s; is below v;. Therefore, 


g(r) = p(T) = VU (ri) = Li 8, 


by the assumption that y preserves the supremum property. Conclu- 
sion: y(r) is the supremum of the system (s;:7€ J) in B. 
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It has been shown that (v; : 7 € J) is an orthogonal system of ideal 
elements in 8. Write 8; = B(v;) for each i, and apply Theorem 11.39 
to conclude that % is the internal product of the system (B; :7 € J). 

Let y; be the restriction of the homomorphism y to the factor 2;, 
and observe that y; maps 2; into %8;. Indeed, for any element r in ;, 
we have r < u;, because 2; is the relativization 2(u;), and therefore 


yilr) = v(r) < y(ua) = vi, 


by the definition of y;, the homomorphism properties of y, and the 
definition of v;. Consequently, y;(r) belongs to 8;, by the definition 
of B;. Notice also that for any element r = )>r; in 2, we have 


g(r) = pT) = V(r) = Ve vil), 


by the assumption that y preserves the supremum property and by the 
definition of the mappings y;. Since ¢y is an epimorphism satisfying the 
preceding equalities, we may apply Lemma 11.48 to conclude that y; 
is an epimorphism from 2; to 8; for each 7, and that y is the internal 
product of the system of epimorphisms (y; : 7 € I). 

The above decomposition of y into the internal product of factor 
epimorphisms is unique with respect to the given representation of the 
domain algebra 2 as the internal product of the system (2; : 7 € I). 
More precisely, if ~; is an epimorphism from 2; to some algebra €; 
for each i, and if y is the internal product of the system (7; : 7 € J), 
then w; coincides with y;, and €; coincides with 8,, for each 7. Indeed, 
for any element r in 21;, we have 


Wilt) = lr) = gilt), 


by the assumption that y is the internal product of both systems 
of mappings, and therefore y is an extension of both ~; and y; for 
each i. We summarize the preceding discussion in the following First 
Homomorphism Decomposition Theorem. 


Theorem 11.49. Let 2 be the internal product of a system of relation 
algebras (2; : i € I). If an epimorphism ~ from A to a relation al- 
gebra 8 preserves the supremum property, then 8 can be decomposed 
into the internal product of a system of relation algebras (8; : i € 1), 
and p can be decomposed in a unique way into the internal product 
of a system of mappings (yp; : 1 € I) such that yp; is an epimorphism 
from A; to B; for each t. 
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As was mention earlier, when the index set J in the preceding the- 
orem is finite, every epimorphism on the internal product 21 preserves 
the supremum property. The theorem assumes a simpler form in this 
case because the hypothesis concerning the preservation of the supre- 
mum property may be dropped. 

In the preceding theorem, epimorphisms from a product of relation 
algebras into an arbitrary relation algebra are decomposed into prod- 
ucts of factor epimorphisms. In the dual situation, a homomorphism y 
from an arbitrary relation algebra into a product of relation algebras 
is given, and the task is to decompose y in some reasonable way. 

We begin by considering a method of constructing a homomorphism 
on a relation algebra 2l from a given system (y; : 7 € I) of homomor- 
phisms on 2. In the internal version of this construction, the target 
algebras 8; of the homomorphisms y; must be disjoint except for a 
common zero element. Define a function y from 2 into the internal 
product 8 of the system of algebras (8; : i € I) by putting 


o(r) = Li vilr) 


for each r in 2. It is not difficult to see that y is a homomorphism 
from 2 into 8. For example, to check that y preserves the operation 
of relative multiplication, consider elements r and s in 21, and observe 
that 


g(r; 8) = do, alr 3s) = Do, (vilr) ; ils) 
= (di vilr)) 2; ils) = 9(r) 3 9(s), 


by the definition of y, the homomorphism properties of the map- 
pings y;, and condition (iv) in the definition of an internal product 
applied to the algebra 8. The preservation under y of the remaining 
operations in 21 may be verified in a completely analogous manner. 
We shall call y the internal amalgamation of the system of homomor- 
phisms (y; : 7 € I). Notice that the index set I is allowed to be empty. 
In this case, the product % is a degenerate relation algebra, and the 
amalgamation y is the homomorphism from 2 to % that maps every 
element to zero. 

The definition of the amalgamation y implies that an element r in 2 
belongs to the kernel of y just in case r belongs to the kernel of each 
homomorphism y;. If we write M for the kernel of y, and M; for the 
kernel of y;, then this observation can be expressed by the equation 
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M =()\,; Mi. 


In particular, y is one-to-one if and only if the intersection of the 
ideals M; is the trivial ideal {0}. Using Corollary 11.38, it is not difficult 
to show that the homomorphism y is complete if and only if each of 
the homomorphisms y; is complete. The proof is left as an exercise. 
The observations so far are summarized in the following lemma. 


Lemma 11.50. The internal amalgamation y of a system of homo- 
morphisms (py; : i € I) on a relation algebra 2 is a homomorphism 
from 2 into the internal product of the target algebras. The kernel of yp 
is the intersection of the kernels M; of the mappings y;. The amalga- 
mation is one-to-one if and only if (\; Mi = {0}, and it is complete if 
and only if each y; is complete. 


In the external version of the preceding amalgamation construction, 
it is unnecessary to impose a disjointness condition on the target al- 
gebras 8;. The external amalgamation of the system (y; : 7 € I) is 
the homomorphism y from 2 into the external product [], 8; that is 
defined by 

p(r) = (yilr) :4 € D) 
for each r in 2. 

Let us now return to the problem of decomposing a homomorphism 
that maps a relation algebra 2 into the internal product %8 of a sys- 
tem of relation algebras (%; : i € J). Given such a homomorphism y, 
take y; to be the composition of y with the projection homomor- 
phism wy; from 8 to 8;, so that 


Yi =VirY. 


The composition y; is clearly a homomorphism from 2 to $;. For any 
element r in 2, if p maps r to an element s in %, and if s = a 85 
is the unique representation of s as the sum of its components in %, 
then 

yi(r) = Vily(r)) = vils) = Vi(DL; 83) = 8 
for each index 2, by the definitions of the mappings y; and ;, and the 
assumptions on r; and therefore 


i Pil) = 0 i = 8 = V(r). 


Thus, ¢ is the internal amalgamation of the system (yp; : i € I). More- 
over, this decomposition of y into an amalgamation of homomorphisms 
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is unique. Indeed, if J; is a homomorphism from 2 to %S; for each 1, 
and if y(r) = >>, ¥i(r) for each r, then 


ye, Bilt) = Vo, vilr) 


for each r. Use the uniqueness of the representation of elements in 8 
as sums of components to conclude that J;(r) = y;(r) for each index i 
and each element r in 2, and therefore 7; = y; for each 7. In view of 
the definition of the mapping y;, it is natural to refer to y; as the ith 
projection of the homomorphism y. The preceding observations are 
summarized in the following Second Homomorphism Decomposition 
Theorem. 


Theorem 11.51. [fy ts a homomorphism from a relation algebra into 
the internal product of a system of relation algebras, then y is the 
amalgamation of the system of its projections, and this representation 
of yp as the amalgamation of a system of homomorphisms into the 
factor algebras is unique. 


Every homomorphism on a simple relation algebra is either a 
monomorphism or has a degenerate (one-element) range algebra. Con- 
sequently, the preceding theorem has the following sharper form when 
the domain algebra is simple. 


Corollary 11.52. If y is an embedding of a simple relation algebra A 
into the product of a system (8; : i € I) of non-degenerate relation 
algebras, then the ith projection of yp is an embedding of 2 into 8B; for 
each i, and ~ is the amalgamation of these projections. This represen- 
tation of y as the amalgamation of a system of embeddings into the 
factor algebras is unique. 


11.14 Historical remarks 


The origins of the notion of a direct product of algebraic structures 
can be traced back to the work of René Descartes. The notion of an 
internal product of groups is in some sense present in a 1846 paper 
of Johann Peter Gustav Lejeune Dirichlet and in an 1870 paper of 
Leopold Kronecker. The notion of an internal product of abelian groups 
is more explicit in the paper [31], published in 1879 by Ferdinand 
Georg Frobenius and Ludwig Stickelberger, in which it is shown that 
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every finite abelian group is a product of powers of cyclic subgroups of 
prime order. Papers by Joseph Henry Maclagan Wedderburn in 1909 
and Robert Erich Remak in 1911 on the internal decomposition of 
finite groups, and later work by others on direct decompositions of 
groups and groups with operators, inspired Jonsson and Tarski in [52] 
to study internal decompositions of finite algebras, and to prove a 
unique direct decomposition theorem in a very general setting. The 
theorem that every finite relation algebra has a unique total direct 
decomposition is an immediate consequence of their main theorem. 

Tarski’s lecture notes [105] from the mid-1940s do not contain any 
discussion of direct products of relation algebras. An explicit study of 
direct decompositions of relation algebras appears for the first time 
in the paper [55] by Jonsson and Tarski, where the Product Decom- 
position Theorem 11.31 (in its external form) is given, along with 
its binary version, Theorem 11.11. A general theorem in [21] due to 
Jonsson, Tarski, and Chen-Chung Chang implies that the class of re- 
lation algebras has the refinement property (see Exercise 11.76). The 
particular proof of the refinement property for relation algebras that is 
presented in the selected “Hints and Solutions” is due to Givant, as is 
the proof of the cancellation property for finite relation algebras (see 
Exercise 11.78). The result in Exercise 11.79 is true for arbitrary finite 
algebras, and in this general form it is due to Laszlé Lovasz [64]; the 
particular proof of this result for relation algebras that is presented in 
“Hints and Solutions” is due to Givant. The result in Exercise 11.37 is 
due to Givant. The presentation in Section 11.8 of the general theory 
of external decompositions of relation algebras is loosely based on the 
presentation in Tarski’s 1970 lectures [112]. 

Lemma 11.16 and its binary version, Lemma 11.1, stating that a 
term definable operation in a direct product is performed coordinate- 
wise, apply to arbitrary algebras, not just relation algebras. The same 
is true of the assertion that an equation is true in a direct product if 
and only if it is true in each factor (see Lemmas 11.2 and 11.17), and 
the related results concerning the preservation of open Horn formu- 
las (see Lemmas 11.3 and 11.18). The preservation of equations under 
the formation of direct products of algebras was first pointed out in 
Birkhoff [12]. The theorem that a universal sentence is preserved un- 
der binary products if and only if it is equivalent to a universal Horn 
sentence is essentially due to McKinsey [85] (see Exercise 11.5). More 
general studies of properties preserved under direct products have been 


488 11 Direct products 


carried out by Frederick William Galvin in [32] (see also [33]) and 
Joseph Michael Weinstein in [115]. 

Similarly, the preservation results in Lemma 11.19, Corollary 11.20, 
and Lemma 11.21 (and their binary versions in Lemma 11.4, Corol- 
lary 11.5, and Lemma 11.6) apply to direct products of systems of arbi- 
trary algebras, not just relation algebras. The results in Lemmas 11.22 
and 11.23 are straightforward extensions to relation algebras of well- 
known results about Boolean algebras. 

The notion of the internal product of a system of algebras has been 
studied for a long time in the context of specific classes of algebras 
such as groups and modules (see the remarks above). Jénsson and 
Tarski [52] introduce the notion of internal product for very general 
classes of algebras that contain among their fundamental operations 
a binary operation of addition and a zero element. The internal prod- 
uct of a system of relation algebras may be viewed as a special case 
of their general notion. Internal products of relation algebras are ex- 
plicitly introduced for the first time in Givant [34]. Theorem 11.35, 
Product Decomposition Theorem 11.39 (the internal version of the 
theorem) and the Atomic Decomposition Theorem 11.44 are all stated 
and proved in [34]. The Total Decomposition Theorem 11.41 and the 
Complete Decomposition Theorem 11.46 are also due to Givant (the 
latter is stated and proved in Andréka-Givant [2]), as are the Rela- 
tivization Decomposition Theorem 11.40 and the Homomorphism De- 
composition Theorems 11.49 and 11.51. Lyndon [67] makes a casual, 
but incorrect, remark that every complete relation algebra is isomor- 
phic to a direct product of simple relation algebras. He applies this 
remark to reach a somewhat ambiguously formulated conclusion that 
can be interpreted as asserting the following: every full set relation al- 
gebra on an equivalence relation E is isomorphic to the direct product 
of the system of full set relation algebras on the equivalence classes 
of EF. This is an external version of part of the Decomposition Theo- 
rem 11.43 for Re(£). A clear statement, with proof, of this observation 
is given in Tarski’s 1970 lectures [112] (see also Maddux [72] and [74]). 
The construction in Section 11.12 of a class of relation algebras with 
atomless Boolean algebras of ideal elements dates back to a construc- 
tion in Givant [34]. A special case of the construction is presented 
in [2]. 

Obviously, the definitions and results in Sections 11.1-11.5 may be 
viewed as special cases of the corresponding definitions and results in 
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Sections 11.6—-11.10. They have been presented separately for pedagog- 
ical reasons. 


Exercises 


11.1. Fill in the missing details in the proof of Lemma 11.1. 


11.2. Prove directly (without using Lemma 11.2) that if B and € are 
relation algebras, then so is the product 2 = $8 x €. 


11.3. Prove that a product 2 = % x € of relation algebras is commu- 
tative or symmetric if and only if both factor algebras 8 and € are 
commutative or symmetric respectively. 


11.4. Prove that the product of two non-degenerate relation algebras 
is never integral and never simple. 


11.5. Prove that a universal sentence is preserved under binary prod- 
ucts if and only if it is equivalent to a universal Horn sentence (see 
Section 11.4). 


11.6. Prove that a pair (r,s) in a product % = B x € of relation 
algebras is an equivalence element if and only if r and s are equiva- 
lence elements in the factors S and € respectively. Prove analogous 
results for right-ideal elements, subidentity elements, rectangles, and 
functions. 


11.7. Fill in the missing details in the proof of Lemma 11.4. 


11.8. Can every subalgebra of a product 2 = % x € of relation al- 
gebras be decomposed as in Corollary 11.5? In other words, if 2p is 
a subalgebra of 21, are there necessarily subalgebras So and €o of B 
and € respectively such that 29 = 80 x €? 


11.9. Under the hypotheses of Corollary 11.5, prove that 29 = Bo x €g 
is a regular subalgebra of 2 = S x € if and only if 8p and € are regular 
subalgebras of S and € respectively. 


11.10. Fill in the missing details in the proof of Lemma 11.6. 
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11.11. Can every homomorphism 7 from a product 2 = B x € to 
a product 2% = Bo x Cp of relation algebras be decomposed as in 
Lemma 11.6? In other words, are there necessarily homomorphisms y 
from B to Bo, and w from € to €g, such that 


A((r, 8) = (v(r), ¥(s)) 
for every pair (r,s) in 2? 


11.12. Consider homomorphisms y and w from a relation algebra 2 
to relation algebras % and € respectively, with kernels M and N re- 
spectively. Define a function J from 2 to the product 8 x € by 


for each r in 21. Prove that J is a homomorphism. Prove also that 7 
one-to-one if and only if MM N = {0}. Finally, prove that ? is onto if 
and only if both y and w are onto, and M + N = A, where 


M+N={s+t:seM andte N}. 


11.13. Suppose M and WN are subsets of relation algebras 8 and € 
respectively. Prove that the product L = M x N is an ideal in S x € 
if and only if M and N are ideals in % and € respectively. 


11.14. If 2% = B x € is a product of relation algebras, can every ideal 
in 2 be written as the product of an ideal in S$ and an ideal in €? 


11.15. Characterize the maximal ideals in a product 2% = 8 x € of 
relation algebras. 


11.16. Let M and N be the ideals in a product 2 = 8 x € of relation 
algebras that are defined by 


M = Bx {0} and N={0} x C. 


Prove that the quotient 2/M/ is isomorphic to €, and the quotient 21/N 
is isomorphic to B. 


11.17. Formulate and prove a version of Lemma 11.8 that applies to 
infima. 


11.18. Prove the associative law for direct products: 


(Ax B)x €L=Ax« (Bx €). 
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11.19. Prove the commutative law for direct products: 
Ax B= B x A. 


11.20. Prove the identity law for direct products: if 8 is a degenerate 
relation algebra, then 


Ax BS Bx AS 2A. 


11.21. Prove the distributive law for direct products over intersection: 
if 8 and € are both subalgebras of some relation algebra, then 


Ax (BNE) = (Ax BI (A x €). 


11.22. Prove the distributive law for direct products over join: if S 
and € are both subalgebras of some relation algebra 9, then 


Ax (Bve)=(Ax BvAx €), 


where the first occurrence of V denotes the join operation on subalge- 


bras of ®, and the second denotes the join operation on subalgebras 
of Ax D. 


11.23. Supply the missing details in the proof that the left and right 
projections on a product 21 = % x € are epimorphisms from 2 to B 
and to € respectively. 


11.24. For relation algebras 2 and %, prove that 2 is embeddable 
into the product 2 x % if and only if there is a homomorphism from 2 
into B. 


11.25. Prove Corollary 11.10 directly, without using Theorem 11.9. 


11.26. Prove that in a compactly generated, modular lattice with join 
and meet operations V and A respectively, if r Vs and r/As are both 
compact elements, then r and s must be compact elements. 


11.27. Fill in the missing details in the proof at the beginning of Sec- 
tion 11.4 that the direct product of two set relation algebras with 
disjoint base sets represents itself naturally as a set relation algebra. 


11.28. Fill in the missing details in the proof that the function y from 
the external product of two relation algebras to an internal product of 
the two algebras that is defined by y((s,t)) = s+t is an isomorphism. 
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11.29. Prove directly (without Theorem 11.15) that if 2 = B x €, 
then 2 is the internal product of the relativization of 2 to (1,0) and 
the relativization of 2( to (0,1). 


11.30. Fill in the missing details in the proof that if relation algebras 8 
and € are disjoint except for a common zero element, then the internal 
product 8 & € exists. 


11.31. Fill in the missing details in the proof of Theorem 11.15. 


11.32. Derive Theorem 11.15 as a consequence of Theorem 11.11 and 
the canonical isomorphism between external and internal products. 


11.33. Formulate and prove a version of Lemma 11.7 for internal prod- 
ucts. 


11.34. Formulate and prove a version of Lemma 11.8 for internal prod- 
ucts. 


11.35. Formulate and prove a version of the associative law in Exer- 
cise 11.18 for internal products. 


11.36. Formulate and prove a version of the commutative law in Ex- 
ercise 11.19 for internal products. 


11.37. Let 2 be a relation algebra, and B the Boolean algebra of ideal 
elements in 2. Prove that 


QM = Ay @ Aly (1) 
implies 
B=B8,® Bo, (2) 


where B; and By are the Boolean algebras of ideal elements in 24 
and 22 respectively. (The decomposition in (2) is a Boolean decompo- 
sition of B.) Prove conversely that if (2) is any internal direct Boolean 
decomposition of B, then there is an internal direct decomposition 
of 2 as in (1) such that By and Bo are the Boolean algebras of ideal 
elements in 2; and 22 respectively. 


11.38. Prove that a relation algebra is directly indecomposable if and 
only if it is non-degenerate and is not isomorphic to the direct product 
of a system of two or more non-degenerate relation algebras. 
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11.39. Prove directly (without using Lemma 11.17) that the direct 
product of an arbitrary system of relation algebras is a relation algebra. 


11.40. Prove Lemma 11.18. 
11.41. Let S and € be relation algebras, put 
Ao = 5 and QA = €, 


and take J = {0,1}. Prove that the products 8 x € and [],-, A; are 
not equal, but they are isomorphic. Thus, binary direct products may 
be identified with a special case of general direct products. 


11.42. Prove Lemma 11.19. 
11.43. Prove Corollary 11.20. 
11.44. Prove Lemma 11.21. 
11.45. Prove Lemma 11.22. 
11.46. Prove Lemma 11.23. 


11.47. Is the converse to Corollary 11.20 true? In other words, can 
every subalgebra of a direct product |, 2; of relation algebras be de- 
composed into a product of subalgebras of the factors 2l;? 


11.48. Under the hypotheses of Corollary 11.20, prove that |], 8; is 
a regular subalgebra of [], 2l; if and only if 8; is a regular subalgebra 
of 21; for each index 7. 


11.49. Prove the following general associative law for direct products: 
if (2; : 7 € I) is a system of relation algebras, and (J; : j € J) a 
partition of the index set J, and if 8; = [[{2; : 2 € I} for each j in J, 
then 

[hHeest 62} = [Se es 


11.50. Prove the following general commutative law for direct prod- 
ucts: if (Ql; : i € I) isa system of relation algebras, and 7 a permutation 
of the index set I, then 


[]{2 a4 € I} =THA@ :4€ Ti. 
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11.51. Prove the first law of exponentiation for direct powers: if 2l is 
a relation algebra, and if J and J are disjoint sets, then 


xo Sar, 


11.52. Prove the second law of exponentiation for direct powers: if 2l 
is a relation algebra, then 


(a7 )7 ~ gixt, 


11.53. Prove the third law of exponentiation for direct powers: if 2 
and 88 are relation algebras, then 


wx BIS (Ax B)/. 


11.54. If (2; : i € I) is a system of Boolean algebras with quasi-com- 
plete (or complete) operators, prove that the operations of the product 
algebra [], 2; are quasi-complete (or complete). 


11.55. Fill in the missing details in the proof that the projection y; 
from 2 = [| j Aly to WM isa complete epimorphism. 


11.56. Fill in the missing details in the proof of Theorem 11.24. 


11.57. Prove that the algebras in parts (i), (ii), and (iii) of Exer- 
cise 3.38 are respectively isomorphic to 


IN, x Ny x My, Dae x Mo, and Ny x Me. 


11.58. For each 7 in an index set J, let 2; be a set relation algebra with 
base set U; and unit E;. Prove that if the sets U; are mutually disjoint, 
and if E = U, Ej, then the direct product 2% = []; 2; is isomorphic to 
a subalgebra of Re(£) via the mapping that assigns to each element R 
in 2 the relation LU, Ri. 


11.59. Prove that the operations of multiplication and relative addi- 
tion in an internal product of relation algebras are performed compo- 
nentwise, and that zero, one, and the diversity element in the internal 
product are respectively the componentwise sums of the zeros, ones, 
and diversity elements of the factor algebras. 


11.60. Suppose 2 is the internal product of a system of relation alge- 
bras (2; : i € L), and 7(vo, v1,...) is a term in the language of relation 
algebras. Prove that the operation defined by y in 2 is performed 
componentwise, that is to say, if r,s,... are elements in 2, then 


PCr, Biya ) = yy Wt (Ti, 84) ---)- 
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11.61. Let S be the external product, and 2 the internal product, of 
a system of relation algebras (2; : i € J). Fill in the missing details in 
the proof that the function wy defined by 


g(r) = ani 
for each r in $ is an isomorphism from %8 to 2. 


11.62. Fill in the missing details in the proof that two internal prod- 
ucts of a system of relation algebras are always isomorphic via a map- 
ping that is the identity function on the universes of the factor algebras. 


11.63. Fill in the missing details in the proof that the internal product 
of a system of relation algebras exists if and only if the algebras in the 
system are disjoint except for a common zero element. 


11.64. Give a direct proof of Corollary 11.36 that does not use the 
isomorphism between internal and external products. 


11.65. Give a direct proof of Corollary 11.37 that does not use 
Lemma 11.22 and the isomorphism between internal and external 
products. 


11.66. Give a direct proof of Corollary 11.38 that does not use 
Lemma 11.23 and the isomorphism between internal and external 
products. 


11.67. Formulate and prove a version of Lemma, 11.19 that applies to 
internal products. Give a direct proof that does not make use of the 
isomorphism between internal products and external products. 


11.68. Formulate and prove a version of Corollary 11.20 that applies 
to internal products. Give a direct proof that does not make use of the 
isomorphism between internal products and external products. 


11.69. Prove that an element in an internal product of a system of re- 
lation algebras is an equivalence element if and only if each component 
is an equivalence element in the corresponding factor algebra. Prove 
an analogous result for functions. 


11.70. Fill in the missing details in the proof of Theorem 11.39. 


11.71. Give an alternative proof of Theorem 11.39 by deriving it from 
Theorem 11.31, using the canonical isomorphism from an external to 
an internal product. 
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11.72. Define the notion of an internal product of a system of Boolean 
algebras. Prove that the product exists if and only if the algebras 
in the system are disjoint except for a common zero. Show further 
that the internal product is unique up to isomorphisms that are the 
identity on the factor algebras. Formulate and prove the analogue of 
Theorem 11.39 for Boolean algebras. 


11.73. Let (FE; : i € I) be a system of mutually disjoint equivalence 
relations, and suppose F is the union of this system. Prove that Re(L) 
is the internal product of the system (Re(E;) : 7 € I). 


11.74. Prove Theorem 11.43 directly, without using the Total Decom- 
position Theorem 11.41. 


11.75. Can Exercise 11.37 be extended to infinite direct decomposi- 
tions? 


11.76. Suppose a relation algebra 2 is the internal product of two 
different systems of relation algebras, 


(B;:7€ 1) and (7272 J): 
Prove that there is a system of relation algebras 
(Dyitel and ye J) 


with the property that 2 is the internal product of this system, 
while %; is the internal product of the system (Oj; : j € J) for 
each i, and €; is the internal product of the system (Oj; : 7 € J) 
for each j. The system of algebras 9;; is called a common refinement 
of the given systems of relation algebras. This exercise proves that the 
class of relation algebras has the refinement property with respect to 
direct decompositions, in the sense that two direct decompositions of 
a relation algebra always have a common refinement. 


11.77. Use the refinement property in Exercise 11.76 to prove that if 
a relation algebra has a total decomposition, then that total decom- 
position is unique. 


11.78. Prove that finite relation algebras obey the following cancella- 
tion law for direct products: if 8 x € and S x are isomorphic, then € 
and ® are isomorphic. 


Exercises 497 


11.79. For finite relation algebras % and €, if B x B and € x € are 
isomorphic, is it necessarily true that S and € are isomorphic? What 
if 8” and €” are isomorphic for some positive integer n > 2? 


11.80. Prove that a countable relation algebra with infinitely many 
ideal elements cannot have a total decomposition. Give an example of 
such a relation algebra. 


11.81. Prove that a finite non-degenerate relation algebra 2 is never 
isomorphic to its own square 2 x 2. Give an example to show that an 
infinite relation algebra may be isomorphic to its own square. 


11.82. Prove that for each natural number n, the system (Ig : a € 2”) 
of sets constructed in Section 11.12 is a partition of the given infinite 
set I. 


11.83. Describe the elements f correlated in Section 11.12 with ele- 
ments r in 22” in the cases when n = 2 and n =3. 


11.84. Carry out the construction in Section 11.12 using a ternary tree 
(a tree in which there are three branches emanating from each node) 
of subsets of J. Be sure to explain how the ternary tree is constructed. 


11.85. Carry out the construction in Section 11.12 using a tree of sub- 
sets of J that has a denumerably infinite number of branches emanating 
from each node. Be sure to explain how the tree is constructed. 


11.86. Extend the theory of direct decompositions of relation alge- 
bras to discriminator varieties of Boolean algebras with operators (see 
Exercise 9.17). 


11.87. Formulate and prove an external version of Theorem 11.49. 


11.88. Prove that the internal amalgamation of a system of homo- 
morphisms on a relation algebra 21 is complete if and only if each 
homomorphism in the system is complete. 


11.89. Let 2 be a relation algebra, and y; a homomorphism from 2 
to a relation algebra S; for each 7 in some index set J. Prove directly, 
without using Lemma 11.50, that the function y from 2 into the prod- 
uct B = ||, B; defined by 


o(r) = (yi(r) 1 €F) 


is a homomorphism from 2 into %$. Under what conditions is y one- 
to-one? Onto? Complete? 
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11.90. Formulate and prove directly an external version of Theo- 
rem 11.51. 


Chapter 12 
Subdirect products 


Every finite relation algebra can be represented as—that is to say, it is 
isomorphic to—a direct product of simple relation algebras, and this 
representation is unique up to permutations of the factors, by Corol- 
lary 11.45. But cardinality considerations imply that not every infinite 
relation algebra can be represented in this way. In more detail, if a to- 
tally decomposable relation algebra 2( has an infinite Boolean algebra 
of ideal elements B, then B must be atomic, by Total Decomposition 
Theorem 11.41, and therefore B must have infinitely many atoms, since 
an atomic Boolean algebra with finitely many atoms is always finite. It 
follows that the total decomposition of 2( must involve infinitely many 
simple factors, one for each atom in B, by Theorem 11.41. Now, the 
cardinality of a direct product of infinitely many simple relation alge- 
bras (each of which has, by definition, at least two elements) is always 
at least 2°, the cardinality of the continuum of real numbers. Conse- 
quently, a countable relation algebra with an infinite Boolean algebra 
of ideal elements cannot be totally decomposable, that is to say, it 
cannot be represented as a direct product of simple relation algebras. 
For a concrete example of such a relation algebra, take any countably 
infinite Boolean relation algebra, such as the Boolean relation algebra 
of finite and cofinite subsets of the natural numbers. 

In view of these considerations, it is natural to ask whether there 
are other product constructions, similar in spirit to direct products, 
that allow one to broaden the class of relation algebras that are rep- 
resentable as products of simple relation algebras. A natural place to 
look is the class of subalgebras of direct products. One such class of 
subalgebras—so-called weak direct products—plays an important role 
in the theory of groups with operators. This class is, however, not broad 
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enough. A more general class—so-called subdirect products—consists 
of those subalgebras of direct products that possess the additional 
property that each factor in the product is the homomorphic image of 
the subalgebra under the appropriate projection. As we shall see, this 
class is broad enough to capture all relation algebras in the sense that 
every relation algebra is isomorphic to a subdirect product of simple 
relation algebras. 


12.1 Weak direct products 


The weak direct product of a system of groups is the subgroup of the 
direct product consisting of those elements for which the ith coordinate 
is the group identity element in the ith factor group for all but finitely 
many indices 7. A relation algebraic product 2 = [], 2; has a closely 
related subalgebra that is, however, more complicated to describe. It 
is helpful to introduce some terminology first. Suppose 7 is a constant 
term in the language of relation algebras, that is to say, 7 is a term 
built up from the constant symbol 1’ and the operation symbols of the 
language without using any variables. The value of 7 in each factor 
algebra 2; is an element—denote it by 7;—that belongs to the minimal 
subalgebra of 2;. An element r = (r; : 7 € J) in the direct product 2 is 
said to be constant almost everywhere if there is a constant term 7 such 
that r; = 7; for all but finitely many indices 7. For example, if 7 is the 
term 0’;0’, then r is an element in 2l with the property that r; = (0’;0’); 
in 2; for all but finitely many 7. The first observation to make is that 
these elements form a subuniverse of 2. 


Lemma 12.1. /f &% = [],<; 2%; is a product of relation algebras, then 
the set of elements in 2 that are constant almost everywhere is a sub- 
universe of 2. 


Proof. Let B be the set of elements in 2 that are constant almost ev- 
erywhere. Obviously, B contains the identity element r in 21, because r 
is determined by the property that r; = 7; for every i, where 7 is the 
constant symbol 1’ in the language of relation algebras. 

The arguments showing that B is closed under the operations of 2l 
are quite similar to one another, so we focus on the proof that B is 
closed under relative multiplication. Suppose 


r=(r,:i€T1) and s=(s;:1€ 1) 
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are elements in B, say @ and o are constant terms in the language of 
relation algebras such that r; = 0; for all 7 in some cofinite subset J 
of I, and s; = o; for all i in some cofinite subset K of J. The intersec- 
tion J 1K is of course also a cofinite subset of J. Write T = 9; 0 and 
observe that 

138i = 01301 = (0; 0); =T% 


for alli in JM K. Since 7 is a constant term, by the definition of such 
terms, and since 
f6= (egret), 


by the definition of relative multiplication in 2, it follows that the rel- 
ative product r;s is constant almost everywhere and therefore belongs 
to B, by the definition of B. O 


The weak direct product of a system (2; : i € I) of relation algebras 
is defined to be the subalgebra % of 2 = [],; 2; whose universe is the 
set of elements in 2 that are constant almost everywhere. This notion 
is well defined, by the preceding lemma. The algebras 2; are called the 
weak direct factors of 8. When no confusion can arise, we may simplify 
the terminology by speaking of the weak product— or the weak external 
product—of the system, and the factors of the weak product. Since 
equations are preserved under the formation of direct products and 
subalgebras, the weak direct product of a system of relation algebras 
is always a relation algebra. 

There is also an internal version of the notion of a weak direct prod- 
uct. It is obtained by modifying the conditions in the definition of an 
internal product (Definition 11.34) in two ways. First of all, condi- 
tion (ii) is weakened to read that the sum )°>,r; exists in 2 when- 
ever r; belongs to 2; for each 7, and the system of elements (r; : 7 € J) 
is constant almost everywhere. Second, condition (iii) is modified to 
read that every element r in 2 can be written in exactly one way as 
a sum r = ) 7; with r; in A; for each i, and (r; : 7 € I) constant 
almost everywhere. The other two conditions in the definition, namely 
conditions (i) and (iv), remain unchanged. The resulting algebra, if it 
exists, is called a weak internal product of the given system of algebras. 

The questions that were raised in Section 11.9 concerning the exis- 
tence and uniqueness of internal products can also be raised for weak 
internal products, and the answers are similar. First of all, there is a 
canonical isomorphism from the weak external product of a system of 
relation algebras to a weak internal product of the system, provided 
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the latter exists. In fact, the required isomorphism is just the restric- 
tion of the canonical isomorphism that exists from the external direct 
product to the internal direct product of the system. More precisely, 
it is the function that maps every system of elements (r; : 7 € J) in the 
weak external product to the sum )°, 7; in the weak internal product. 
From this observation it follows that two weak internal products of a 
system of relation algebras, if they exist, are isomorphic via a map- 
ping that is the identity function on the universe of each of the factor 
algebras; the proof is completely analogous to the proof in the case 
of direct products. The existence of isomorphisms between different 
weak internal products of a given system of relation algebras justifies 
the practice of speaking of the weak internal product of the system. 
Finally, the internal product of a system of relation algebras exists if 
and only if the algebras in the system are disjoint except for a com- 
mon zero. In what follows, we always assume tacitly that any system of 
relation algebras for which the internal or weak internal product is be- 
ing formed has this disjointness property. The following is an internal 
version of the Weak Product Decomposition Theorem. 


Theorem 12.2. A relation algebra 2 is the weak internal product of 
a system of relation algebras (2; : i € I) if and only if there is a 
system (u; : i € I) of ideal elements in 2 partitioning the unit such 
that U(ui) = 2; for each i, and the set ); Ai generates 2. 


Proof. Assume there exists a system 
(uz; 24 € I) (1) 


of ideal elements in 2t with the following properties. First, the system 
partitions the unit of 2 in the sense that the elements in the system 
are mutually disjoint and sum to 1. Second, 


A(ui) = i (2) 
for each index 7. Third, the set 
Pe U; A; (3) 


generates 21. In order to prove that 2l is the weak internal product of 
the given system of relation algebras, it must be shown that the four 
conditions (i)—(iv) in the definition of a weak internal product (see the 
beginning of the section) are satisfied. 
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The proofs that conditions (i) and (iv) hold in 2 are the same as in 
the proof of the internal version of the Product Decomposition Theo- 
rem 11.39. In fact, only (2) and the partition properties of the system 
in (1) are used in the proof of that theorem to verify these two condi- 
tions; in particular, the supremum property plays no role in that part 
of the proof. 

Before proving that condition (ii) holds, we make a preliminary 
observation. If 7 is a constant term in the language of relation algebras, 
and if 7; denotes the value of 7 in the factor algebra 2;, then the value 
of 7 in 2 is just the sum )°, 7; in 2, in symbols, 


a ere (4) 


The proof of (4) proceeds by induction on terms and uses the valid- 
ity of condition (iv) in 2, which has already been established. The 
constant terms are the terms obtained from the individual constant 
symbol 1’ by repeated applications of the operation symbols of the 
language of relation algebras. The observation is certainly true when + 
is the constant symbol 1’, by the clause in condition (iv) regarding the 
identity element. If 7 has the form 7 = 9;0 for some constant terms 9 
and o, and if the observation is true for g and o, then 


p= i and ot = V0, 01, (5) 


and therefore 


rT aa(pio) =p" se" =P) Oe) 
= Si leis o1) = (03 o)i = DG Tie 


The first and last equalities use the assumption about the form of 7, the 
second and fifth use the inductive definition of the value of a term in an 
algebra, the third uses the induction hypothesis (5), and the fourth uses 
the clause in condition (iv) regarding relative multiplication. Thus, (4) 
holds in this case. The other cases in the proof of (4) are handled in a 
similar fashion. 

To verify condition (ii) in 21, consider a system of elements 


(r,:20€ TD) (6) 


that is constant almost everywhere and such that r; is in 2; for each 
index i. It is to be shown that the sum )), 7; exists in 2. With an eye 
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to a later part of the proof, we shall prove a bit more, namely that the 
validity of condition (iv) in 2 (which was established above) implies 
by itself—without further hypotheses (and in particular without using 
the hypothesis that the set X defined in (3) generates 2)—that the 
sum >, 7; is in fact an element in the subalgebra of 21 generated by X. 

The assumption on the system in (6) implies the existence of a 
constant term 7 in the language of relation algebras and a cofinite 
subset J of I such that 7; = 7; for all i in J. The value of 7 in 2 is an 
element in the minimal subalgebra of 21, since 7 is a constant term; so 
this value is generated by the empty set. Consequently, the sum >, 7; 
is generated by the empty set, and hence belongs to the subalgebra 
generated by X, by the preliminary observation in (4). The systems of 
elements (s;:7€ I) and (t; : i € I) defined by 


0 if «eJ, 0 if «~eJ, 
3 = and t; = 
v5 if ~EIn~J, Tj if «elnJ, 


are zero almost everywhere, and the finitely many non-zero compo- 
nents of each system belong to the set X, by (3), so the (essentially 
finite) sums }>, s; and )°,t; also belong to the subalgebra generated 
by X. It follows that the Boolean combination 


(0; 7) — QU, ti) + QU; 88) 


of these three sums belongs to the subalgebra generated by X. Condi- 
tion (iv) implies that 


(QQ; 78) — (a; #4) + QL, 84) = DG((t — te) + 84). 
If iis in J, then 
(4 —t) +5 =(%-0)+0=R=17%, 
and if7 isin I~ J, then 
(7 —ti) +8i = (7 -— Ti) Hr =OtT =i. 
Combine these observations to conclude that 
(Ot) = Oa) (a) = La 


and therefore that 5), 7; belongs to the subalgebra generated by X. 
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Turn now to the verification of condition (iii). In order to prove 
that every element in 2 can be written in at least one way as the sum 
of a system of elements that is constant almost everywhere, consider 
the set B of elements in 2 that can be so written. It is to be shown 
that A = B. Observe that B contains the identity element and is 
closed under the operations of 21. The proof of this observation uses the 
validity of condition (iv) in 2l and is similar to the proof of Lemma 12.1; 
the details are left to the reader. The observation implies that B is a 
subuniverse of 21. Every element r in 2; is the sum of a system of 
elements that is constant almost everywhere, namely the system of 
elements (r; : 7 € I) defined by 


‘ if j=, 

r= ‘ ‘ . 

0 if jg At. 

Consequently, the universe of 2; is included in the set B. This is true 
for each index i, so the set X must be included in B, by (3). It follows 
that the subuniverse of 21 generated by X must also be included in B, 
because B is a subuniverse of 21. The subuniverse of 2( generated by X 
is the set A, by assumption, so A = B, as required. 

The argument that every element in 2 can be written in at most 
one way as the sum of a system of elements that is constant almost 
everywhere is identical to the argument of the analogous result in the 
proof of Theorem 11.39. Indeed, the argument presented there uses 
only (2) and the assumption that the elements in (1) are mutually 
disjoint. Conclusion: conditions (i)—(iv) hold in 2, so 2 is the weak 
internal product of the given system of relation algebras. 

To establish the reverse direction of the theorem, assume that 2 
is the weak internal product of the given system of relation algebras. 
Thus, conditions (i)—(iv) in the definition of a weak internal product 
hold in 2, and it is to be shown that there is a system (1) of ideal 
elements partitioning the unit and satisfying (2) such that the set X 
defined in (3) generates 2. 

As in the proof of Theorem 11.39, let u; be the unit of 2; for each in- 
dex 7. The arguments in the second part of the proof of Theorem 11.39, 
showing that 57, uj = 1, that u; and u; are disjoint for 1 ¢ j, and that 
each element u; is an ideal element, remain valid in the present context. 
Indeed, those arguments involve only conditions (i) and (iv) from the 
definition of an internal product (Definition 11.34)—conditions that 
remain unchanged in the definition of a weak internal product—and 
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use only systems of elements that are constant almost everywhere. The 
argument in the proof of Theorem 11.39 that (2) holds does make use 
of condition (iii) for internal products, in addition to conditions (i) 
and (iv), but the application of condition (iii) in that proof may be 
replaced in the present context by the version of condition (iii) that is 
applicable to weak internal product. The remaining details of the ver- 
ification of (2) remain unchanged. Conclusion: the system (1) of units 
of the factor algebras 2l; consists of ideal elements, partitions the unit 
of 21, and satisfies (2). 

It remains to prove that the set X defined in (3) generates 2. As 
was argued above, the sum of every system of elements that is constant 
almost everywhere is generated by X. Since 21 consists of precisely such 
sums, by conditions (ii) and (iii) in the definition of a weak internal 
product, it follows that X generates 2. O 


Corollary 12.3. The weak internal product of a system of relation 
algebras is just the subalgebra of the internal product that is generated 
by the union of the universes of the factor algebras. 


Proof. Let 2 be the internal product of a system (21; : i € I) of relation 
algebras, and let 8 be the subalgebra of 2( generated by the set 


x =A 


The system of units 
(uz: 7 € T) (1) 


of the individual factor algebras is a partition of the unit in 2, 
and 2A(u;) = 2; for each 7, by the internal version of the Product 
Decomposition Theorem 11.39. The algebra % is a subalgebra of 2 
that includes the universe of 2; for each 7, by assumption, so the sys- 
tem in (1) remains a partition of the unit in 8, and B(u;) = 2; for 
each i. Apply Theorem 12.2 to conclude that 8 is the weak internal 
product of the given system of relation algebras. O 


The preceding theorem and corollary are examples of results about 
weak products for which the internal versions seem to have much more 
natural formulations than the external versions. 

Several of the preservation theorems for direct products have ver- 
sions that apply to weak direct products. Here are two examples. 
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Lemma 12.4. The ideal elements in the weak internal product of a 
system of relation algebras are just the sums of systems of ideal el- 
ements that are constant almost everywhere. In particular, the ideal 
element atoms in the internal product are just the ideal element atoms 
in the factor algebras. 


In other words, r is an ideal element in the weak internal product of 
a system of relation algebras (2; : i € J) if and only if r = 50,1; for 
some system of elements (r; : i € I) with two properties: first, there is 
a constant term 7 denoting an ideal element in each factor algebra 2; 
such that r; = 7; for all indices 7 in some cofinite subset J of J; and 
second, r; is an ideal element in 2; for each 7 in I~ J. 


Lemma 12.5. The atoms in the weak internal product of a system of 
relation algebras are just the atoms in the factor algebras. The product 
is atomic if and only if each factor algebra is atomic. 


Weak internal products of infinite systems of non-degenerate rela- 
tion algebras are incomplete, even when the factor algebras are all 
complete, because the supremum property fails. For that reason, an 
analogue of Corollary 11.38 for weak internal products fails to be true. 


12.2 Ample internal products 


Condition (ii) in the definition of an internal product (Definition 11.34) 
requires that every sum of the form }°,r;, with rj in 2; for each i, 
exist in 21, while condition (iii) requires that every element in 2 be 
writable in exactly one way as such a sum. The notion of a weak 
internal product is obtained by first weakening condition (ii) to require 
only that sums of the form }°,7;, with r; in 2; for each i, exist in 2 
when the system (r; : 7 € J) is constant almost everywhere, and then 
strengthening condition (iii) in a corresponding way to require that 
every element in 2 be writable in a unique way as the sum of such an 
almost constant system of elements. It is natural to ask what algebras 
are obtained if the original condition (ii) is deleted altogether, and the 
original condition (iii) is left intact. 

Call a relation algebra 2 an ample internal product of a system 
of relation algebras (21; : ¢ € J) if conditions (i), (iii), and (iv) of 
Definition 11.34 hold. As in the case of internal and weak internal 
products, ample internal products can only exist if the given system of 
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relation algebras is disjoint except for a common zero element. In what 
follows, we tacitly assume that this is always the case. In contrast to 
the situation for internal and weak internal products, ample internal 
products are not uniquely determined. In fact, both internal and weak 
internal products are instances of ample internal products. What is 
true is that ample internal products are subalgebras of the internal 
product that include the weak internal product. 


Lemma 12.6. A relation algebra & is an ample internal product of a 
system of relation algebras if and only if 2X is (up to isomorphism) 
a subalgebra of the internal product of the system and 2 includes the 
weak internal product of the system as a subalgebra. 


Proof. Let & be the internal product of a system of relation algebras 
(Mie N), (1) 
and let € be the subalgebra of 8S generated by the set 
X =U, Ai. 


Notice that € is the weak internal product of the system in (1), by 
Corollary 12.3. 

Assume first that 2( is an ample internal product of (1). Each el- 
ement r in 2% has the form }>,7r; for a uniquely determined system 
of elements (r; : i € I) with the property that r; is in 2; for each 
i, by condition (iii) in the definition of an ample internal product. A 
corresponding uniquely determined sum 7 = )°>,r; must exist in B, 
by conditions (ii) and (iii) in Definition 11.34. Identify each element r 
in 2 with the corresponding element 7 in 8. Under this identification, 
the validity of condition (iv) in 2 and % implies that 2 is a subalgebra 
of 8. In more detail, if elements 


C= > 7 and s=)>),5; 
in 2 are respectively identified with elements 7 and s in B, then 
Pie = 17.3 and Pte= tris 


in 2 and in B respectively, by the validity of condition (iv) in 2 and 
in %. Consequently, the relative product r;s in 2 is identified with 
the relative product 7;5 in 8, that is to say, 7; 5 = 7; 8, so the identi- 
fication of elements in 2 with elements in %8 preserves the operation of 
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relative multiplication. Similar arguments show that the identification 
preserves the remaining operations of 2. Thus, under the identifica- 
tion, 2 becomes a subalgebra of 8. (More precisely, the identification 
is an embedding of 2 into %.) Furthermore, the universe of each fac- 
tor algebra 2; is included in 2, by condition (i) in the definition of 
an ample internal product, so the set X must be included in 21, and 
therefore the weak internal product € (which is generated by X) must 
be a subalgebra of 2. 

To establish the reverse implication in the lemma, assume that € is a 
subalgebra of 21, and 2( a subalgebra of 8. The universe of every factor 
algebra 21; is included in €, so these universes must also be included 
in 2%. Thus, condition (i) holds in 2. Conditions (iii) and (iv) from 
Definition 11.34 hold in 8, by the assumption that % is the internal 
product of (1), so these conditions (because of their universal nature) 
hold in all subalgebras of $ that include the set X. In particular, they 
hold in 2. Thus, 2( is an ample internal product of the system in (1). 
O 


The decomposition theorems for internal and weak internal products 
(Theorems 11.39 and 12.2) have a very natural analogue for ample 
internal products. 


Theorem 12.7. A relation algebra 2 is an ample internal product of 
a system of relation algebras (2; : i € I) if and only if there is a 
system (uj; : i € I) of ideal elements in 2 partitioning the unit such 
that U(uj) = A; for each i. 


The proof of this theorem is very similar to the proof of Theorem 11.39. 
In fact, it can be obtained from the proof of the latter theorem by 
omitting those portions of the proof that pertain to condition (ii) and 
the supremum property. The details are left as an exercise. 


12.3 Subdirect products 


It is clear from the discussion at the beginning of the chapter that not 
every relation algebra can be represented as a direct product of simple 
relation algebras, but a weaker result is true: every relation algebra is 
a subdirect product of simple relation algebras. 

An algebra 2 is said to be a subdirect product of a system of relation 
algebras (21; : 7 € I) if 2 is a subalgebra of the direct product of the 
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system, and if, for each index 7, the ith projection from the direct 
product to the factor algebra 2; maps 2 onto 2;. The algebras 2; 
are called subdirect factors of 2. One obtains external and internal 
versions of these notions according to whether the direct product one 
uses is the external or the internal product of the system of relation 
algebras. 

An isomorphism from 2( to a subdirect product of a system of rela- 
tion algebras is called a subdirect representation of 2. In other words, 
a mapping y is a subdirect representation of 2 if y is an embedding 
of 2 into the direct product of some system (2; : 7 € J) of relation 
algebras, and if, for each index 7, the ith projection w; from the direct 
product of the system onto 21; maps the image of 2 under y onto 2j;. 
This last condition is clearly equivalent to the condition that the com- 
position yey maps 2A onto 2A; for each index 7. 

The direct product of a system of relation algebras is an obvious 
example of a subdirect product. Another example is the weak direct 
product of the system. More generally, any subalgebra of the direct 
product that includes the weak direct product as a subalgebra—that is 
to say, any ample direct product of the system—is a subdirect product 
of the system. 

For a different kind of example of a subdirect product, consider an 
arbitrary relation algebra %$ and an arbitrary non-empty index set I. 
The set of constant systems in the Jth power 8/—that is to say, the 
set of elements of the form (r,r,r,...) for r in 8—contains the identity 
element of B/, by the definition of this element, and is closed under the 
operations of 8/, because these operations are performed coordinate- 
wise. Consequently, this set is the universe of a subalgebra & of B/. For 
each index i, the ith projection of B/ onto the factor algebra 8% maps 
each element (r,r,r,...) in 2 to the element r, and therefore maps 2 
onto 8. It follows that the subalgebra 2 is a subdirect product of the 
system of relation algebras (2; : 7 € I) with 21; = B for each i. 

For each index 7 in J, let y; be the identity automorphism of 8. 
The external amalgamation y of the system (y; : i € I) is the homo- 
morphism from % into 8! that is defined by 


Or) = (etre ed) = Gites) 


(see Section 11.13), and this homomorphism is obviously one-to-one. It 
is called the diagonal embedding of % into B/, and it clearly maps B 
isomorphically to the subalgebra 2 of B/ defined in the preceding 
paragraph. Thus, vy is a subdirect representation of 8. The identity 
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automorphism of %8 is of course also a subdirect representation of B. 
Consequently, subdirect representations of a relation algebra are very 
far from being uniquely determined, even when the algebra in question 
is simple. 

The main goal of this section is to prove that every relation algebra 
is isomorphic to a subdirect product of simple relation algebras. The 
ideas seem easiest to express using external products, so in this section 
all direct products considered will be external ones. We begin with a 
general Subdirect Decomposition Theorem. 


Theorem 12.8. A relation algebra A is isomorphic to a subdirect 
product of a system (4; : 7 € I) of relation algebras if and only if 
there is a system (Mj; : i € I) of ideals in A such that (\,M; = {0} 
and 2/M; is isomorphic to 2; for each i. 


Proof. Suppose first that (IM; : i € I) is a system of ideals in 2 pos- 
sessing the requisite properties. For each index i, take y; to be the 
quotient homomorphism from 2% onto 2/M;. The amalgamation vy of 
the system of these quotient homomorphisms is the embedding of 2 
into the external product of the system 


(A/M; :i€ TL) (1) 
that is defined by 
vp(r) = (yi(r) :4 € DT) = (r/M; i € TL) 


for each r in 21, by the external version of Lemma 11.50. If y,; is the 
projection of this product onto the factor 2/M;, then y is also the 
amalgamation of the system of compositions (w;°y : i € I), and con- 
sequently y; = w;°y for each i, by the Second Homomorphism De- 
composition Theorem 11.51. Since the mapping y; is onto, the compo- 
sition ~;°y must be onto. Consequently, y is an isomorphism from 2 
to a subdirect product of the system in (1). The quotient 2/M; is iso- 
morphic to 2; for each 7, by assumption, so the product of the system 
in (1) must be isomorphic to the product of the system of algebras 


(A; ie) (2) 


via the product isomorphism v¥, by Lemma 11.21. The composi- 
tion Yew is clearly an isomorphism from 2 to a subdirect product 
of the system in (2). 
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To establish the reverse direction of the theorem, assume that y is an 
isomorphism from 2 to a subdirect product of the system in (2). Let q; 
be the projection from the direct product of the system in (2) to the 
factor 2;. The composition w;°y must map 2% onto ;, by the remarks 
at the beginning of the section concerning subdirect representations, 
and y must be the amalgamation of the system of these compositions, 
by Theorem 11.51. Take M; to be the ideal that is the kernel of 7; °y. 
The kernel of y is the trivial ideal because y is one-to-one, so the 
intersection of the system of ideals (IM; : i € J) is the trivial ideal, by 
Lemma 11.50. Furthermore, the quotient 21/M; is isomorphic to 2;, by 
the First Isomorphism Theorem 8.39. O 


Of the various subdirect decompositions that a relation algebra may 
possess, the most important are those in which the factors of the de- 
composition are irreducible in some sense. A relation algebra 2 is said 
to be subdirectly irreducible if it is non-degenerate and satisfies the fol- 
lowing condition: whenever y is a subdirect representation of 21, one 
of the projections of y is already an isomorphism. In other words, 2 
is isomorphic, via a projection of y, to one of the factors of the prod- 
uct into which it is being embedded. This notion also has an intrinsic 
lattice-theoretic characterization. 


Lemma 12.9. The following conditions on a relation algebra 2 are 
equivalent. 


(i) 2 is subdirectly irreducible. 
(ii) 2 has a smallest non-trivial ideal. 
(iii) Every set of non-zero ideal elements in 2 has a non-zero lower 
bound. 
(iv) 2 has a smallest non-zero ideal element. 


Proof. We begin with the proof of the implication from (ii) to (i). Sup- 
pose 2 has a smallest non-trivial ideal. Certainly, 2 is non-degenerate, 
since degenerate relation algebras cannot have non-trivial ideals. Con- 
sider now any isomorphism y from 2 to a subdirect product of a 
system of relation algebras (21; : 7 € J). For each index i, let ~; be 
the projection from the product of this system onto 2;. The compo- 
sition y;°y is a homomorphism from 2 onto 2; for each 7, by the 
assumption that y is a subdirect representation of 2. Write MM; for 
the kernel of this homomorphism. The intersection (), M; is the trivial 
ideal, by Theorem 12.8 (and its proof), so condition (ii) implies that at 
least one of the ideals M; must be trivial; otherwise, the intersection of 


12.3 Subdirect products 513 


the ideals would include the smallest non-trivial ideal. If Mj; is trivial, 
then w;°y is one-to-one and therefore an isomorphism from 2 to ;. 
This is true for any subdirect representation y of 2l, so 2l is subdirectly 
irreducible. 

Turn next to the implication from (i) to (iii). Assume that 2 is 
subdirectly irreducible, and consider a set 


{ri it € T} (1) 


of non-zero ideal elements in 2. It is to be shown that this set has 
a non-zero lower bound. For each index 7, take 2; to be the quotient 
of 21 modulo the principal ideal (r;), and let y; be the quotient homo- 
morphism from 2 onto 2;. Notice that y; is not one-to-one, because 
its kernel (r;) is not the trivial ideal. The function y that is the amal- 
gamation of the system of these quotient homomorphisms is a homo- 
morphism from 2 into the direct product 8 of the system of quotient 
algebras, by Lemma 11.50. The mapping vy is also the amalgamation 
of the projections ~;°y, and 


Wir P = Yi (2) 


for each i, by Theorem 11.51. Since each quotient homomorphism ¢; 
maps 2 onto 2; and is not one-to-one, it follows from (2) that each 
projection ~;°y maps 2% onto 2; and is not one-to-one. This observa- 
tion implies that y cannot be one-to-one; for if it were, then it would 
be a subdirect representation of 2 with the property that none of 
its projections is an isomorphism from 2 onto the corresponding fac- 
tor algebra, in contradiction to the assumption that 2 is subdirectly 
irreducible. Since y is not one-to-one, it must map some non-zero el- 
ement s in 2 to the zero element of the product 8. Consequently, y; 
must map s to the zero element of 21; for each index i, because y is 
the amalgamation of the mappings y;. This implies that s belongs to 
the kernel of the quotient homomorphism y;—that is to say, s belongs 
to the ideal (r;) and is therefore below the ideal element r;—for each 
index 7. Conclusion: s is a non-zero lower bound of the set in (1). 

To establish the implication from (iii) to (iv), assume (iii) holds and 
let (1) be the set of all non-zero ideal elements in 2%. This set has a 
non-zero lower bound s, by (iii). For each index i, we have 0 < s < r; 
and therefore 

O0<s<l3s;l<ljrnjl=", 
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by Lemma 4.5(iii) and its first dual, the monotony law for relative 
multiplication, the assumption that r; is an ideal element, and the 
definition of an ideal element. Thus, 1; ;1 is also a non-zero lower 
bound for the set in (1), and it is an ideal element, by Lemma 5.38(ii). 
Since (1) consists of all of the non-zero ideal elements in 2, it follows 
that 1; 5; 1 must the smallest non-zero ideal element in 2. 

Turn finally to the implication from (iv) to (ii). Assume that (iv) 
holds, say s is the smallest non-zero ideal element in 2(. Consider an 
arbitrary non-trivial ideal M in 2, and let r be an arbitrary non- 
zero element in M. The ideal element 1;7r;1 also belongs to M, by 
Definition 8.7(iv); moreover, this ideal element is non-zero, because it 
is above r, by Lemma 4.5(iii) and its first dual. The element s is, by 
assumption, the smallest non-zero ideal element, so it is below 1;r;1 
and therefore it also belongs to M, by Lemma 8.8(v). Consequently, 
the principal ideal (s) is included in M, by Lemma 8.8(v). Conclusion: 
(s) is the smallest non-trivial ideal in 2. O 


The reader may be bothered by one point in the preceding lemma. 
Why is a relation algebra 2% that satisfies condition (iii) necessarily 
non-degenerate? The reason is that the empty set of ideal elements 
is allowed in the condition. Since this set is required by the condi- 
tion to have a non-zero lower bound, 2 cannot be degenerate. An 
equivalent formulation of condition (iii) is that for any system of ideal 
elements (r; : 7 € J) in A, 


[ka=5 implies r; =0 


for some 7. This formulation is used in Section 9.3. 

The preceding lemma immediately implies the conclusion already 
mentioned in Theorem 9.12 that a subdirectly irreducible relation al- 
gebra is necessarily simple. Indeed, if a non-degenerate relation algebra 
21 is not simple, then there must be an ideal element r in 2 that is 
different from both 0 and 1, by Lemma 9.1. The system consisting of 
the two non-zero ideal elements r and —r has zero as its product, so 
21 cannot be subdirectly irreducible, by Lemma 12.9. 

An algebra is called semi-simple if it is isomorphic to a subdirect 
product of simple algebras. The next theorem says that every relation 
algebra is semi-simple, so we shall call it the Semi-simplicity Theorem. 


Theorem 12.10. Every relation algebra is isomorphic to a subdirect 
product of simple relation algebras. 
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Proof. Consider an arbitrary relation algebra 21, and take I to be the 
set of non-zero elements in 2{. For each index i—that is to say, for each 
non-zero element i in 2—let M; be a maximal ideal in 2 that does 
not contain 7. Such an ideal exists by the Maximal Ideal Theorem 8.31 
(with the trivial ideal in place of 7). Observe that the quotients 2/M; 
are all simple relation algebras, by Lemma 9.6. 

Take y; to be the quotient homomorphism from 2 onto 2/M;, and 
note that M; is the kernel of y;. The intersection of the system of 
ideals (M; : i € I) is the trivial ideal, since each non-zero element i 
in 2 is omitted by one of the ideals in the system, namely the ideal M;. 
The amalgamation y of the system of quotient homomorphisms is the 
function on 2( defined by 


y(r) = (yi(r):i € DT) = (r/M; i € D) 
for r in 2, and it is an embedding from 2 into the product 


by the external version of Lemma 11.50. 

The embedding y is the amalgamation of the system of its pro- 
jections, and this representation of y as an amalgamation is unique, 
by the external version of the Second Homomorphism Decomposition 
Theorem 11.51. Thus, if w; is the projection of the product % onto the 
factor 2/M;, then w;°y = y;. Since y; maps 2 onto 2%/M;, it follows 
that w;°y must also map 2 onto 2/M;. Consequently, vy is a subdirect 
representation of 2. O 


It is worth pointing out, if only to avoid later confusion, that the 
preceding theorem applies in particular to degenerate relation algebras. 
In fact, a degenerate relation algebra is isomorphic to the subdirect 
product of the empty system of simple relation algebras. 

Theorem 12.10 has important implications for the validity of equa- 
tions and, more generally, conditional equations in relation algebras. 


Theorem 12.11. An equation or conditional equation is true in all 
relation algebras if and only if it is true in all simple relation algebras. 


Proof. Formulas that are equations or conditional equations are pre- 
served under the formation of direct products and subalgebras, by 
Lemmas 11.17(ii) and 11.18(ii) (together with the remark following 
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the latter lemma). If such a formula is true in all simple relation alge- 
bras, then it is true in all direct products of simple relation algebras, 
and therefore in all subalgebras of such products. Since every relation 
algebra is isomorphic to a subdirect product of simple relation alge- 
bras, by Theorem 12.10, it follows that the formula must be true in 
all relation algebras. On the other hand, if the formula is true in all 
relation algebras, then in particular it is true in all simple relation al- 
gebras. O 


12.4 Historical remarks 


The notion of a weak direct product—or a direct sum, as it is some- 
times called—seems to have first arisen in group theory in the 1920s 
and 1930s. For groups (with or without operators), the internal form 
of the construction is often used. Weak direct products of Boolean al- 
gebras were mentioned briefly in Halmos [40] and, according to Idiké 
Sain, were later studied by Monk around 1979. Sain [94] introduced 
a general notion of the weak direct product of a system of arbitrary 
algebras of the same similarity type. Weak direct products of relation 
algebras were first studied in Givant [34], which discusses both the 
external and the internal versions of the construction; Lemma 12.1, 
Theorem 12.2 and Corollary 12.3 are from that work. Ample internal 
products are also considered in [34], where versions of Lemma 12.6 and 
Theorem 12.7 may be found. 

Subdirect products were first considered by Amalie Emmy Noether 
in the 1920s in the context of rings, and were later studied in that con- 
text by Gottfried Maria Hugo Kothe [59] and Neal Henry McCoy [81], 
among others. The general algebraic notions of a subdirect product, a 
subdirect representation, and a subdirectly irreducible algebra are due 
to Birkhoff. In [13] (see also [11]), he gives versions of Theorem 12.8 
and the equivalence of (i) and (ii) in Lemma 12.9 that are applicable 
to arbitrary algebras (see Exercises 12.17 and 12.18), and he proves 
that an arbitrary algebra is always isomorphic to a subdirect product 
of subdirectly irreducible algebras (see Exercise 12.21). The character- 
izations of subdirectly irreducible relation algebras given in parts (iii) 
and (iv) of Lemma 12.9 are due to Givant. The Semi-simplicity Theo- 
rem 12.10 is due to Jénsson and Tarski [55], and the conclusion drawn 
in Theorem 12.11 was observed by Tarski in [112], if not earlier. 
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Exercises 


12.1. Fill in the missing details in the proof of Lemma 12.1. 


12.2. Suppose 2 is the weak external product, and S a weak internal 
product, of a system of relation algebras (2l; : i € I). Prove that the 
function mapping each element r = (rj : i € J) in 2 to the sum 0, 7; 
is an isomorphism from 2 to %. Conclude that two weak internal 
products of a system of relation algebras are always isomorphic via a 
mapping that is the identity function on the universe of each factor 
algebra. This justifies speaking of the internal weak product of the 
system. 


12.3. Prove that the weak internal product of a system of relation 
algebras exists if and only if the algebras are disjoint except for a 
common zero. 


12.4. Fill in the missing details in the proof of Theorem 12.2. 
12.5. Formulate and prove an external version of Theorem 12.2. 
12.6. Prove Lemma 12.4. 

12.7. Prove Lemma 12.5. 


12.8. Formulate and prove a version of Lemma 11.19 that applies to 
weak products. 


12.9. Formulate and prove a version of Corollary 11.20 that applies to 
weak products. 


12.10. Suppose 2 is the direct product, and % the weak direct prod- 
uct, of a system of relation algebras. Prove that any complete subal- 
gebra of 2 that includes %8 as a subalgebra must coincide with 2. 


12.11. Formulate and prove a version of Lemma, 11.48 that applies to 
weak internal products. 


12.12. Suppose 2 is the direct product of a system (2; : 7 € I) of 
relation algebras. There is another subalgebra of 2( that is a natural 
candidate for the weak direct product of the system. It’s universe is 
the set B consisting of those elements r = (r; : 7 € J) in 2 such 
that r; belongs to the minimal subalgebra of 2; for all but finitely 
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many indices 7. Prove that B really is a subuniverse of 2. Write %8 for 
the corresponding subalgebra of 2l, and write € for the subalgebra of 2 
that is the weak direct product of the system (2) : 7 € I), as defined 
after Lemma 12.1. Prove that € is a subalgebra of 8. Give an example 
for which all three algebras 2, 8, and € are distinct. 


12.13. Prove that every ample internal product of a system of relation 
algebras is isomorphic to a subalgebra of the external product of the 
system, and in fact to a subalgebra that includes the weak external 
product as a subalgebra. 


12.14. Fill in the missing details in the proof of Lemma 12.6. 
12.15. Prove Theorem 12.7. 


12.16. Prove that a subdirectly irreducible relation algebra is simple 
by using the equivalence of (i) and (ii) in Lemma 12.9, the Lattice of 
Ideals Theorem 8.26, and the fact that a Boolean algebra is subdirectly 
irreducible if and only if it has exactly two elements. 


12.17. Prove that an arbitrary algebra 2 is isomorphic to a subdirect 
product of a system (21; : i € I) of algebras (of the same similarity type 
as 2) if and only if there is a system (0; : i € I) of congruences on 2 
such that (), 0; = id,4 and 2; is isomorphic to the quotient 2;/0; for 
each 7. 


12.18. Prove that an arbitrary algebra 2 is subdirectly irreducible if 
and only if it has a smallest congruence that is different from id,. 


12.19. Prove for arbitrary algebras that a simple algebra is always 
subdirectly irreducible, and a subdirectly irreducible algebra is always 
directly indecomposable. Show that the reverse implications fail in 
general. 


12.20. Prove that for each pair of elements (r,s) in an arbitrary alge- 
bra 2, there is a maximal congruence © on 2 that does not contain 
the pair (r,s). 


12.21. Prove that an arbitrary algebra 2 is isomorphic to a subdirect 
product of subdirectly irreducible algebras. 


12.22. Prove, in the context of arbitrary algebras, that an equation 
is true in a subdirect product if and only if it is true in each of the 
subdirect factors of the product. 


Chapter 13 
Minimal relation algebras 


A relation algebra is said to be minimal if it is generated by the empty 
set, or equivalently, if it is generated by the identity element. These 
algebras were already discussed in Section 6.7 in the context of mini- 
mal subalgebras; however, that discussion was necessarily incomplete 
because the tools required for a systematic analysis of these algebras 
were not yet available. What is needed for such an analysis is a form 
of the Product Decomposition Theorem—say, the internal form given 
in Theorem 11.39—and Theorem 12.11. The main goal of this chapter 
is a complete structural analysis of all minimal relation algebras. 


13.1 Types 


A relation algebra is said to be of type one, two, or three respectively 
according to whether the equation 


0’;0’ = 0, 0;0=T7, or 0’;0°=1 


holds in it. Type one relation algebras can be characterized by several 
other properties. 


Lemma 13.1. The following conditions on a relation algebra 2 are 
equivalent. 


(i) 2 is of type one. 

(ii) 21 2s a Boolean relation algebra. 
(i) 1, 
(iv) 0’ = 0. 
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Proof. The equivalence of conditions (ii)—(iv) follows by Boolean al- 
gebra and Lemma 3.1, and condition (iv) implies condition (i), by 
Corollary 4.17. It therefore suffices to prove that condition (i) implies 
condition (iv). Assume 2 is of type one, so that 


0’;0’=0. (1) 
Tn this case, 
1;0°=(V4+0’);0°=V;0'+0';0’=0’'+0’;0°?=0’+0°'=0’, (2) 


by Boolean algebra, the distributive and identity laws for relative mul- 
tiplication, and (1). Assumption (1) and Boolean algebra imply that 


(0’;0’)-1=0. 


Apply the De Morgan-Tarski laws (Lemma 4.8, with 0’ in place of r 
and s, and 1 in place of t) and Lemma 4.7(vi) to arrive at 


(1;0°)-0° =0. 


Combine this last equation with (2) to conclude that 0’ = 0. O 


All three of the type equations hold in degenerate relation algebras, 
so such algebras may be assigned all three types. A non-degenerate 
relation algebra, however, has at most one type. To see this, observe 
that a relation algebra is degenerate if and only if 0 = I’. Indeed, if 
this equation holds, then 


0=1;0=1;l=1, 


by Corollary 4.17, the given assumption, and the identity law for rel- 
ative multiplication; consequently, the relation algebra is degenerate. 
The reverse implication is trivial. It follows that if ’ # 1 in a non- 
degenerate relation algebra, then the three elements 0, 1’, and 1 are dis- 
tinct from one another, so the validity of any one of the type equations 
precludes the validity of the other two. On the other hand, if 1’ = 1 
in a non-degenerate relation algebra, then 0 = 0’, by Boolean algebra, 
and therefore the second and third type equations cannot be valid, by 
Corollary 4.17. 

It may happen of course that none of the above equations holds in a 
given relation algebra, in which case no type is assigned to the algebra. 
But simple relation algebras do have uniquely determined types. 
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Lemma 13.2. Every simple relation algebra has a unique type. 


Proof. Let 2 be a simple relation algebra. The proof that 2 has a type 
splits into cases. If 0’ = 0, then 2 is of type one, by Lemma 13.1. 

Suppose next that 0’ 4 0, but (0’;0’)-0’ = 0. The assumed simplicity 
of 2 implies that 1; 0’; 1 = 1, by the Simplicity Theorem 9.2, and 
therefore 


L130 51 =O +1) 0 t= (O's) + 0" 1) 
=(050;1 +531), ) 


by Boolean algebra, and the distributive and identity laws for relative 
multiplication. Use the monotony law for relative multiplication and 
Lemma 4.5(iv) to get 


0';0°;1<0’;1;1=0';1. (2) 


Combine (1) and (2) to arrive at 1 = 0’;1. This last equation, Boolean 
algebra, and the distributive and identity laws for relative multiplica- 
tion, yield 


1=0';1=0';(0°+V)=0';0°+0’; 7 =0°;0°+0". (3) 


The elements 0’; 0’ and 0’ are disjoint, by assumption, and they sum 
to one, by the preceding computation, so they form a partition of one. 
Consequently, 
0’ ;0’ = —()’ — l’, 
by Boolean algebra. Thus, 2 is of type two. 
Suppose finally that (0’ ; 0’) - 0’ 4 0. The assumed simplicity of 2 
implies that 
1; [(0;0’)-O};1=1, (4) 
by Theorem 9.2. Replace both occurrences of 1 on the left side of (4) 
with 0’+ 1’, and use the distributive law, to write 1; [(0’; 0’) -0’]; 1 as 
the sum of the four terms 


O's Os0 TO] 20, Ws) -0 160; 
OF? [(0"s 0} 207] <1", Pe e050, 


These four terms simplify to 
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0°; ((0°;0)-0];0, (00°) 07507, 
0’; [(0° ; 0°) - 07}, (0’; 0°) -0", 


by the identity law for relative multiplication. Consequently, the last 
four terms sum to 1, by (4). 
Obviously, 


(0’;0’)- 0’ <0’; 0’ and (O20) 0 < 05 (5) 
by Boolean algebra, Also, 
0°; 0°; 0°; 0° = 0"; 0’, (6) 
by Lemma 4.34. Use (5), (6), and the monotony law for relative mul- 
tiplication to arrive at 
O's [(0' 20") <0] 20 <0 203030 =0": 0", 
[(0’ ; 0’) ‘ 0’ ;0’ < 0’ ; 0’, 
0’; [(0’ ;0’)-0’} < 0’; 0’. 
Combine these observations with those of the previous paragraph to 
conclude that 


1<0’;0’+0’;0’+0’;0’+0’;0’ =0’;0’. 


Thus, 1 = 0’; 0’, so 2 is of type three. O 


When the algebra 2 in the preceding proof is a full set relation 
algebra of the form Re(U), the three cases of the proof correspond 
respectively to the cases when U has one element, two elements, and 
at least three elements. It follows that an example of a minimal, non- 
degenerate relation algebra of type n, for n = 1, 2,3, is provided by the 
minimal set relation algebra Mt, constructed in Section 3.1. The next 
lemma says that, up to isomorphism, this is the only possible example. 


Lemma 13.3. A minimal, non-degenerate relation algebra of type n 
is isomorphic to My. 


Proof. Let 2 be a minimal, non-degenerate relation algebra of type n. 
The proof that 2 is isomorphic to 9, splits into cases. Ifn = 1, then 2 
is a Boolean relation algebra, by Lemma 13.1. The set 


B = {0,1} 


13.1 Types 523 


is a Boolean subuniverse, and therefore a relation algebraic subuni- 
verse, of 21, by the definition of a Boolean relation algebra. Since 2 is 
assumed to be minimal, the subuniverse B must in fact coincide with 
the universe of 2(. The function that maps the zero and unit of 21 to 
the zero and unit of St, is easily seen to be an isomorphism. 

Assume next that n = 2, so that 


0’ £0 and 0;0=T7. 


In this case, the constants 0, 1’, 0’, and 1 in 2 are distinct (see the 
remarks preceding Lemma 13.2), and 


051=0;(0 +1) =0;0+0;V7=14+0' =1, 


by Boolean algebra, the distributive and identity laws for relative mul- 
tiplication, and the assumption that 2 is of type two. The relative 
product of any two of the four constants is therefore determined by 
the relative multiplication table in Table 13.1. The sum of any two 


Fe 
So] oO] oO} oO] © 
_ 
= 
Ryle} Rol rR 


Table 13.1 Addition and relative multiplication tables for the constants in 
an algebra of type 2. 


of the four constants is obviously determined by the addition table in 
Table 13.1. 
The entries in these two tables are all elements of the set 


B = {0,1',0', 1}, (1) 


so this set is closed under addition and relative multiplication. Clearly, 
this set is also closed under complement, and it is closed under converse 
because each element in B is its own converse (see Lemmas 4.1(vi), 4.3, 
and 4.7(vi)). It follows that B is a subuniverse of 21. Since 2 is assumed 
to be minimal, the subuniverse B must in fact coincide with the uni- 
verse of 2. A comparison of the addition and relative multiplication 
tables for 2l and for tz shows that the function mapping the constants 
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in 2 to the corresponding constants in SJt2 preserves the operations of 
addition and relative multiplication, and is therefore an isomorphism, 
by the remarks preceding Lemma 7.7. 

The argument for the case when n = 3 is similar to the preceding 
argument. In this case, the constants 0, 1’, 0’, and 1 are again distinct, 
and 

1=0';0' <0’;1, 


so that 0’;1 = 1. The relative product of any two of the four constants is 
therefore determined by the relative multiplication table in Table 13.2. 
Addition is determined by the addition table in Table 13.1. Just as in 


:{o|v]o7| 1 
ofo;ol oto 
rlolrlot1 
oolo yi {1 
Tfolilila 


Table 13.2 Relative multiplication table for the constants in an algebra of 
type 3. 


the previous case, these tables and some straightforward considerations 
imply that the set of constants in (1) is closed under the operations 
of 2{ and is therefore the universe of 2, by the assumed minimality 
of 2. The algebra 9%3 has the same number of elements as 2 and the 
same addition and relative multiplication tables as 2, so the function 
mapping the constants in 2 to the corresponding constants in Itz is 
an isomorphism. O 


The preceding two lemmas already yield a description of the simple 
minimal relation algebras. 


Theorem 13.4. The simple minimal relation algebras are, up to iso- 
morphism, precisely the algebras 91, We, and Ms. 


Proof. A simple minimal relation algebra must be of type one, two, or 
three, by Lemma 13.2, and therefore must be isomorphic to one of the 
three given minimal set relation algebras, by Lemma 13.3. O 
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13.2 Type decomposition 
Lemma 13.2 says that every simple relation algebra is of one of the 
three types. The next theorem—the Type Decomposition Theorem— 


says that every relation algebra (and not just every minimal relation 
algebra) can be written as a product of algebras of the three types. 


Theorem 13.5. Every relation algebra A can be written as the inter- 
nal product of three relation algebras, 


A= QLy & Ao & Als, 
of types one, two, and three respectively. 


Proof. Define elements u,, ug, and ug in an arbitrary relation algebra 
by 


ug = 1; [(0’; 0’) -07];1, (1) 
ug = (1 ; 0’ 3 1) ~—U3, (2) 
Uy = —Up * — Ug. (3) 


We shall show that the equations 


(0’ U1) 5 (0’ U1) = 0, (4 
(0’ - ua) ; (0’- ua) = 1’- ue, (5 
(0 - uz) ; (0’- uz) = us (6 


hold in the algebra. 

Assume first that the algebra is simple. Under this assumption, the 
algebra must be of type one, two, or three, by Lemma 13.2. If it is of 
type two, then 


Y-0 and (0° 20") 0" = 0, (7) 
and therefore 

ug = 1;[(0’;0’)-07];1=1;0;1=0, (8) 

ug = (1;0’;1)-—ug =1-1=1, (9) 

uy = —ug:—uzg =0-1=0, (10) 


by (1)-(3), (7), the assumption of simplicity, and the Simplicity Theo- 
rem 9.2. The validity of equations (4)—(6) in this case is now immediate: 
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in view of (10) and (8), equations (4) and (6) both reduce to the equa- 
tion 0;0 = 0, which holds by Corollary 4.17; in view of (9), equation (5) 
reduces to the equation 0’;0’ = 1’, which holds by the assumption that 
the algebra is of type two. The cases when the algebra is of type one or 
type three are treated in a completely analogous fashion, and are left 
as an exercise. The preceding arguments show that equations (4)—(6) 
hold in all simple relation algebras. Consequently, these equations hold 
in all relation algebras, by Theorem 12.11. 

Fix an arbitrary relation algebra 2, and let (1)-(3) be elements 
defined in 2. These elements are clearly disjoint and sum to 1, by 
Boolean algebra, so they form a partition of the unit in 2. The first of 
them is an ideal element, by Lemma 5.38(ii), so the other two must be 
ideal elements, by Lemma 5.39(iii),(iv). Consequently, they form an 
orthogonal system of ideal elements, by Corollary 11.29. Write 


Mr, = Al tin) 


for n = 1,2,3, and apply the Internal Product Decomposition Theo- 
rem 11.39 to conclude that 


A = Ai @ Ay © As. 


The diversity and zero elements in 2; are 0’- wu, and 0 respectively, so 
equation (4) implies that 2, is of type one. The diversity and identity 
elements in 2 are 0’-ug and 1’- ug respectively, so equation (5) implies 
that 22 is of type two. The diversity and unit elements in 23 are 0’-u3 
and u3 respectively, so equation (6) implies that 23 is of type three. 


O 


To illustrate the preceding theorem and its proof, consider an arbi- 
trary equivalence relation & on a set U. Let Ky, Ko, and K3 be the 
sets of equivalence classes of E' with exactly one element, exactly two 
elements, and at least three elements respectively. In the full set rela- 
tion algebra 21 = Ne(/), the ideal element uy, defined in the preceding 
proof is just the relation 


En =U{V xV:V € Ky}. 
The proof of the theorem shows that the relativization 


A, =A(E,) = Re(En) 
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has type n, and that 2 is the internal product of the three relativiza- 
tions 24, 2%, and 23. Consequently, the decomposition given by the 
theorem is 


Re(E) = Re( £1) @ Re( Ey) ® Re( £3). 


It may be of some interest to the reader to compare this decompo- 
sition with the one given by the Relativization Decomposition Theo- 
rem 11.40. 


13.3 Classification of minimal relation algebras 


We are now in a position to describe all minimal relation algebras. 


Theorem 13.6. The minimal relation algebras are, up to isomor- 
phism, precisely the eight different possible products of the minimal 
set relation algebras It, No, and IN3, with each factor occurring at 
most once. 


Proof. It is not difficult to verify that each of the seven products 


M1, Mo, Mg; 
My x Mo, Ny x Me, Mo x Mes, 
MN, x Mo x Ms, 


as well as the product 92> of the empty system of relation algebras, 
is a minimal relation algebra. Consider, as a concrete example, the 
product 

Qt = Ny x Mo x Me. 


The ideal elements ui, uz, and ug in 2 from (1)—(3) in the proof of the 
preceding theorem are the units of the internal factors corresponding 
to 9t,, We, and Mts, and these ideal elements are clearly generated 
by the identity element 1’ of 21. For n = 1, 2,3, the identity element of 
the internal factor corresponding to 2M, is 1’- un, and this relativized 
identity element is generated by 1’ as well, by the definition of uy. 
Since l’- u, generates all of the elements in the internal factor corre- 
sponding to It, it follows that 1’ generates all of the elements in 2. 
Consequently, 2{ is minimal. 

Suppose now that 2 is an arbitrary minimal relation algebra. Ap- 
ply the Type Decomposition Theorem 13.5 to write 2 as an internal 
product 


528 13 Minimal relation algebras 


A = Wi © Ay @ Als, (1) 


where 2, is of type n for n = 1,2,3. Each of the factors 21, must 
itself be a minimal relation algebra. Indeed, if one of them, say a, 
were not minimal, then it would have a proper subalgebra 8, and 
the product 2 © 82 @ 23 would be a proper subalgebra of 2, by 
the internal version of Corollary 11.20, contradicting the assumption 
that 2( is minimal. Since 2, is minimal and of type n, it is either 
degenerate, in which case it can be omitted from the decomposition, 
or else it is isomorphic to 0t,, by Lemma 13.3. Conclusion: omitting 
the degenerate factors in (1), we obtain a representation of 2 as a 
product in which each factor is isomorphic to one of minimal relation 
algebras 9%, te, and 2t3, and no two factors are isomorphic to the 
same minimal algebra. If all of the factors in (1) are degenerate, and 
therefore omitted, then 2 must be the product of the empty system of 
relation algebras; in this case, 21 is degenerate and therefore isomorphic 
to Mo. O 


Each of the minimal relation algebras described in the preceding 
theorem has a set-theoretic realization as an algebra of relations. This 
already follows from the set-theoretical definition of the algebras SI, 
at the end of Section 3.1 and from the discussion preceding Defini- 
tion 11.34. Here is a more direct argument. The minimal algebras 0, 
with n = 0,1,2,3 are, by definition, set relation algebras. For the 
products 

Y= Ny x 


with 1 <m<n< 3, take E,,, to be an equivalence relation on a set 
with m+n elements such that E,,, has exactly two equivalence classes, 
one with m elements and the other with n elements. The subalgebra 
of Re(ELmn) generated by the empty set is isomorphic to 2. For the 
product 

ee MN x Mes x Mts, 


take E to be an equivalence relation on a set with six elements such 
that FE’ has exactly three equivalence classes, one with one element, 
one with two elements, and one with three elements. The subalgebra 
of Re(F) generated by the empty set is isomorphic to 2. 

Certain relative products r; ; 7; played an important role in the 
proof of Theorem 6.23. A few of these products are rather cumbersome 
to compute directly from the laws given in Chapter 4, but with the 
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hindsight of Theorem 13.6 they are easy to compute. Consider, for 
example, the product 


risa = [(050) 0]; [-(0' 307) 01), 


In 9, this relative product reduces to 0; 0, which is 0; in to, it 
reduces to 0; 0’, which is 0; and in Sts, it reduces to 0’ ; 0, which is 0. 
The equation r; ;r3 = 0 therefore holds in 9N, for each n = 1, 2,3, so 
it holds in every direct product of these algebras. Apply Theorem 13.6 
and Lemma 11.2(ii) to conclude that this equation holds in all minimal 
relation algebras, and therefore in all relation algebras (since it involves 
only individual constant symbols, and has no variables). 
To give one more example, consider the relative product 


rere = ri ly 1s rig D2], 


where r; = (0’; 0’) - 0’. In 2, and My, the element 71, and therefore 
also its domain rg, is 0. In Nts, the element r; is 0’, so its domain rg 
is 1’. It follows that r2;rq is 0 in Nt and My, and 1’ in Mts. In other 
words, this relative product has the same value as rg in each of these 
algebras, so the equation r2 ;r2 = rg holds in IN, for each n = 1, 2,3. 
Apply Theorem 13.6 and Lemma 11.2(ii) to conclude that this equation 
holds in every minimal relation algebra, and therefore in every relation 
algebra. 


13.4 Classification of algebras of types one and two 


It is not difficult to construct a plethora of relation algebras of types 
one, two, and three. For example, every subdirect product of simple 
relation algebras of type n is a relation algebra of type n, because 
equations—and in particular, the equations specifying the type of a 
relation algebra—are preserved under the formation of direct products 
and subalgebras. 

This observation raises the natural problem of describing the simple 
relation algebras of type n. For type three, the problem seems hope- 
lessly difficult: every subalgebra of a full set relation algebra on a set of 
cardinality at least three is an example of a simple relation algebra of 
type three, and an explicit description of all of these algebras appears 
to be impossible. Somewhat surprisingly, a concrete description of the 
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simple relation algebras of types one and two is not only possible, but 
relatively easy. 

We begin with two lemmas concerning identity singletons. An iden- 
tity singleton, or a point, is a non-zero element x with the property 
that 

ejlj;a<V. 


In a proper relation algebra on a set U, a relation R is a identity 
singleton just in case R = {(a,a)} for some element a in U. 


Lemma 13.7. If x is an identity singleton in a simple relation alge- 
bra A, then 2;1;2 =a <I, and the relativization A(x ;1; x) is 
isomorphic to IN. 


Proof. Assume ~ is an identity singleton. Observe first of all that 


ee (el) lat) aoe eae eg)? 


=2;V’;x=a-l-r=2a, 


by Lemma 4.5(iii) and its first dual, Lemma 4.26, the assumption 
that x is an identity singleton and therefore the square x;1; 2 is 
below 1’, Lemma 5.54, Lemma 5.20(i), and Boolean algebra. Conse- 
quently, 

jase = (eo lea)-1, (1) 


A square is always an equivalence element, by Lemma 5.64, so it 
makes sense to speak of the relativization A(x ;1; x2). The algebra 2 
is assumed to be simple, and the relativization of a simple relation 
algebra to a non-zero square is always simple, by Lemma 10.8, so the 
relativization 2(x;1; 2) is simple. The identity element and unit of 
this relativization are, by definition, the elements 


(ie cL eee 1 and x3l3a. 


Since these two elements are equal, by (1), the algebra 2(z;1; 2) is 
also a Boolean relation algebra, by Lemma 3.1(iii). A Boolean rela- 
tion algebra is simple if and only if it is isomorphic to 9Jt,, by the 
remarks preceding Corollary 9.4. Combine these observations to con- 
clude that (a; 1; 2) is isomorphic to St. O 


The lemma implies that an identity singleton x is an atom in the rel- 
ativization 2((2;1;2), and therefore also an atom in 2, by Lemma 10.5. 
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Corollary 13.8. An identity singleton in a simple relation algebra is 
always an atom. 


The next lemma may be viewed as a generalization of this corollary 
to rectangles with atomic sides when at least one of the sides is an 
identity singleton. 


Lemma 13.9. [fx is an identity singleton, andr an atom, in a simple 
relation algebra 2, then the rectangles x;1;r andr;1;2 are atoms 
in 2, and they are equal if and only if x = (r;1)-V=(1;r)-V. 


Proof. The rectangle x ;1;r is certainly non-zero, by the Simplicity 
Theorem 9.2(iv) and the assumption that 2 is simple. To prove that the 
rectangle is in fact an atom, consider any non-zero element s < x;1;r, 
with the goal of showing that 


aig le, (1) 


Since («;1;r)-s #0, by assumption, we have (1; 2;s)-r #0 by the 
De Morgan-Tarski laws (Lemma 4.8, with the elements x; 1, r, and s 
in place of r, s, and t respectively) and Lemma 5.32(iii). Consequently, 


PS Leese; (2) 


by the assumption that r is an atom. Form the relative product of 
both sides of (2) with x ;1 on the left to arrive at 


ecler eyelets) =e 1 sees I ag, 


by the monotony law for relative multiplication, Lemma 4.5(iv), the 
assumption that x is an identity singleton, and Lemma 13.7. Thus, (1) 
holds, so x;1;7r must be an atom. 

The converse of an atom is an atom, by Lemma 4.1(vii), so r~ is 
also an atom. Apply the observations of the preceding paragraph to r~ 
instead of r to conclude that the rectangle x7;1;r~ is also an atom. The 
converse of this rectangle must again be an atom, by Lemma 4.1(vii). 
Since this converse is equal to r;1; 2, by the involution laws, and 
Lemmas 4.1(vi) and 5.20(i) (with z in place of r), it follows that r;1;x 
is an atom. 


Write 


y=(e1)+F and ea (lyre, (3) 
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and observe that 
geler—ao31s32 and r;l;x=y;31;2a, (4) 
by Corollary 5.27(iii) and its first dual. The rectangles 
G2 leg and y;132 


are equal if and only if x = y and z = x, by Lemma 5.63(iii), so the 
rectangles 


Glee and P21 Ee 
are equal if and only if 


x=(r;1)-V=(1;r)-?, 


by (3) and (4). O 


We come now to the description of the simple relation algebras of 
types one and two. 


Theorem 13.10. There is just one simple relation algebra of type one, 
up to isomorphism, namely 9%. There are just two simple relation 
algebras of type two, up to isomorphism, namely Ito and the full set 
relation algebra on a two-element set. 


Proof. Consider first the case of type one. Certainly, 9Jt, is a simple 
relation algebra of type one, by Lemma 9.1 and the relative multipli- 
cation table for t,. If 2 is any simple relation algebra of type one, 
then 

PH=1=1;1;7, (1) 


by Lemma 13.1 and the identity law for relative multiplication. It 
follows that I’ is an identity singleton, so the relativization of 2 to the 
square 1’;1;1’ is isomorphic to 9It,, by Lemma 13.7. This relativization 
coincides with 2, by (1), so 21 must be isomorphic to MN. 

Turn now to the type two case. The relation algebra Sitq is certainly 
simple and of type two, as is the full set relation algebra Re(U) on a 
set U with two elements, say a and @. Consider an arbitrary simple 
relation algebra 2 of type two. The defining equation for type two 
algebras and Lemma 4.7(vi) together imply that 0’ is a function, since 
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Furthermore, 0’ is non-zero by the assumption that 2l is non-degenerate 
and of type two (see Lemma 13.1). 

There are two possibilities. The first is that 1’ is an atom. In this 
case, 21 is an integral relation algebra, and therefore the non-zero func- 
tion 0’ is also an atom, by Integrality Theorem 9.7(vi). Thus, 1’ and 0’ 
form a partition of the unit in 2 into atoms, so 2 is an atomic relation 
algebra with two atoms, 1’ and 0’. The relative multiplication table for 
these two atoms is given in Table 13.3. 


: VY 0’ 
VP} V}0’ 
07}07) V 


Table 13.3 Relative multiplication table for atoms when 2 is integral. 


The atoms 1’ and 0’ in St. have the same relative multiplication ta- 
ble, so 2 and SJt2 must be isomorphic, by the version of the Atomic 
Isomorphism Theorem given in Corollary 7.12. 

The other possibility is that 1’ is not an atom. In this case, there 
must be non-zero subidentity elements x and y that partition 1’. Ob- 
serve that 


esljy=a;(V+0’);y=(@;V5y)+ (e503 y) 
= (pe Poy) (a0 sy) S04 0 yy) 
=@;0;y<SV;0;P=0, (2) 
by Boolean algebra, the distributive law for relative multiplication, 
Lemma 5.20(i), the assumed disjointness of x and y, and the monotony 


and identity laws for relative multiplication. Exchange x and y in this 
argument to obtain 


pier 0, (3) 


The algebra 2 is assumed to be simple, so 


by the Simplicity Theorem 9.2(ii). Consequently, 
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eagles le ee 
=(@iliyi@slie) <0 ;0=7, 


by (4), Lemmas 5.11 and 5.8(ii), the associative law for relative mul- 
tiplication, (2) and (3), the monotony law for relative multiplication, 
and the assumption that 2l is of type two. This argument shows that x 
is an identity singleton, and therefore an atom, by Corollary 13.8. Ex- 
change x and y in this argument to obtain that y is also an identity 
singleton and therefore an atom. Thus, x and y are atoms that parti- 
tion the identity element in 2. 

The rectangles «;1;y and y;1;2 are both atoms and they are 
distinct from one another, by Lemma 13.9 (with y in place of r). They 
are both below 0’, by (2) and (3), so they must also be distinct from 
the identity singleton atoms 


Cele He and yslsy=y. 
These four atoms partition the unit, because 


L=V;1;P=@+y);15 (+9) 


Consequently, 21 is atomic with exactly four atoms. The relative mul- 
tiplication table for these atoms is given in Table 13.4; the various en- 
tries follow readily from Lemma 5.20(i) (or Corollary 5.60) and Corol- 
lary 5.62. 


Table 13.4 Relative multiplication table for atoms when 2 is not integral. 


The atoms in the full set relation algebra Re(U) are the singleton 
relations 


{(a,a)},  {(6,8)t, tla, B)}, (0G, @), 
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and the relational composition table for these atoms is given in Ta- 
ble 13.5; the validity of the entries in this table follows immediately 
from the definition of relational composition. 


{(Bra)t| 9 |t{6,6)F] 0 


Table 13.5 Relative multiplication table for the atoms in Re(U). 


A comparison of the two tables shows that the correspondence 


rt+>{(a,a)}, 2;l;y {(a,8)} 
y>{(B,B)}, ysl;2 {(6,a)} 


satisfies the conditions of Corollary 7.12. Apply the corollary to con- 
clude that 21 and Re(U) are isomorphic. O 


It is now possible to describe, up to isomorphism, all relation alge- 
bras of types one and two. As has already been pointed out, every sub- 
direct product of a system of relation algebras of type n (for n = 1, 2,3) 
is again a relation algebra of type n, because equational properties are 
preserved under subalgebras and direct products. On the other hand, 
if 2 is a relation algebra of type n, then 2 is isomorphic to a subdirect 
product of a system of simple relation algebras, by the Semi-simplicity 
Theorem 12.10. Each simple algebra in this system is a homomorphic 
image of 2, by the definition of a subdirect product, so each of these 
algebras is also of type n, because equational properties are preserved 
under homomorphic images. Conclusion: a relation algebra 2 is of type 
n if and only if 2{ is isomorphic to a subdirect product of simple re- 
lation algebras of type n. The simple relation algebras of types one 
and two are completely described in Theorem 13.10, so we obtain the 
following description of the relation algebras of types one and two. 


Corollary 13.11. The relation algebras of type one are, up to isomor- 
phism, precisely the subdirect products of systems of algebras that are 
copies of t,. The relation algebras of type two are, up to isomorphism, 
precisely the subdirect products of systems of algebras that are copies 
of No and the full set relation algebra on a two-element set. 
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The first conclusion of the corollary says, in essence, that every 
Boolean relation algebra is a subdirect product of the two-element 
Boolean relation algebra (see Lemma 13.1). This is just a relation 
algebraic form of the corresponding theorem about Boolean algebras. 


13.5 Historical remarks 


The notion of the type of a relation algebra was introduced by Jonsson 
and Tarski in [55] under the name class, and most of the results 
in this chapter concerning types are from that paper. This includes 
Lemmas 13.1 and 13.2, the Type Decomposition Theorem 13.5, the 
example following that theorem, the descriptions of relation alge- 
bras of types one and two contained in Theorem 13.10 and Corol- 
lary 13.11, and the observations in Exercises 13.5-13.7. The proof 
of Theorem 13.10 given here is due to Givant. The first assertion in 
Lemma 13.7, Corollary 13.8, and the first assertion in Lemma 13.9 are 
due to Maddux [75]. 

The problem of classifying minimal relation algebras is not dis- 
cussed in [55]. It does arises implicitly in Tarski [111], and versions 
of Lemma 13.3 and Theorem 13.4 are given there. The classification of 
all minimal relation algebras that occurs in Theorem 13.6 appears to be 
due to Tarski and is contained in [112]. The classification of complete 
equational theories of relation algebras given in Exercises 13.11-13.13 
is due to Tarski [111]. 

The notion of the type of an equivalence element, defined in Ex- 
ercise 13.14, is due to Jénsson [51]. In that paper, Jonsson describes 
all relation algebras generated by a single equivalence element. The 
type decomposition theorem for equivalence elements given in Exer- 
cise 13.17, and the results implicit in Exercises 13.18-13.20, form the 
essential part of that description. 


Exercises 


13.1. Prove that the full set relation algebra on a set U has type one, 
two, or three according to whether the set U has exactly one element, 
exactly two elements, or at least three elements respectively. 
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13.2. Fill in the missing details in the proof of Lemma 13.3. 
13.3. Fill in the missing details in the proof of Theorem 13.5. 


13.4. Use arguments similar to the ones given at the end of Sec- 
tion 13.3 to verify each of the entries for the relative product r;;7r; in 
Table 6.1. 


13.5. Prove that the inequality 0’;0’ < 1’ holds in a relation algebra 2 
if and only if 2 is the internal product of a relation algebra of type 
one and a relation algebra of type two. 


13.6. Prove that the inequality 0’ < 0’;0’ holds in a relation algebra 2 
if and only if 2 is the internal product of a relation algebra of type 
one and a relation algebra of type three. 


13.7. Prove that the inequality 1’ < 0’;0’ holds in a relation algebra 2 
if and only if 2 is the internal product of a relation algebra of type 
two and a relation algebra of type three. 


13.8. If ug and ug are the ideal elements defined at the beginning of 
the proof of Theorem 13.5, prove that the equation 


0;0 =V-u2+ug 
holds in every relation algebra. 


13.9. Prove that, up to isomorphism, the only finite relation algebras 
with exactly two atoms are to, Ws, and Mt, x My. 


13.10. Prove that, up to isomorphism, the only finite relation algebra 
with exactly one atom is 2)t,. 


13.11. Call 
0’;0’ = 0, 0;0=17, and 0’;0°=1 


the type one equation, the type two equation, and the type three equa- 
tion respectively. Prove that a relation algebra 2l is isomorphic to Ny, 
(for n = 1,2,3) if and only if the type n equation and the special 
equation 


r3l;—r;1l;(r-V+-r-0’);1;(7-0+-r-V)=0 


(see Exercise 9.2) both hold in 2, and 2% is simple. Conclude that a 
relation algebra 2 is isomorphic to a subdirect power of St, if and 
only if the type n equation and the special equation hold in 2. 
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13.12. An equational theory 7 of relation algebras is said to be mazi- 
mal, or complete, if it is not the inconsistent theory—that is to say, if it 
does not consist of all equations (in the language of relation algebras)— 
and if the only equational theory of relation algebras that properly in- 
cludes 7 is the inconsistent theory. For n = 1, 2,3, let 7, be the equa- 
tional theory of the minimal relation algebra 9%, that is to say, Tn 
is the set of all equations true in 9It,. Prove that the theory TJ, is 
complete for each n, and that these are the only complete equational 
theories of relation algebras. 


13.13. For n = 1, 2,3, let 7, be the equational theory of the minimal 
relation algebra IM, (see Exercise 13.12). Prove that Jp, is axiomatized 
by the axioms of relation algebra, the type n equation, and the special 
equation (see Exercise 13.11). 


13.14. Type decomposition can be extended from the identity element 
to arbitrary equivalence elements as follows. An equivalence element r 
is said to be of type one, two, or three respectively, according to which 
of the equations 


FeO eeHt, (Ose Marl, GeV) sre) =r 


holds. Prove that a (necessarily reflexive) equivalence relation R on a 
non-empty set U has type one, two, or three respectively in the full 
set relation algebra Re(U) according to whether each equivalence class 
of R has exactly one element, exactly two elements, or at least three 
elements. 


13.15. What can you say about the type (see Exercise 13.14) of the 
equivalence element 0? 


13.16. Prove that every equivalence relation on a non-empty set is the 
union of three mutually disjoint set-theoretic equivalence elements of 
types one, two, and three respectively (see Exercise 13.14). 


13.17. Prove that every equivalence element in a relation algebra is 
the sum of three mutually disjoint equivalence elements of types one, 
two, and three respectively (see Exercise 13.14). More concretely, for 
an arbitrary equivalence element r, define 


rg = [(r- 0"); (r- 0); (Ir 0°) 5-0?) 0%), 
ro=[r3(r-0)]-—rs, 
rar-—[r3(r-0%). 
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Prove that r1, r2, and r3 are equivalence elements of types one, two, 
and three respectively, and that these three equivalence elements are 
mutually disjoint and sum to r. 


13.18. Prove that there are exactly two simple relation algebras gen- 
erated by an equivalence element r of type two and exactly two simple 
relation algebras generated by an equivalence element r of type three, 
under the additional assumption that <r <1. 


13.19. Describe all simple relation algebras generated by a reflexive 
equivalence element. 


13.20. Describe all simple relation algebras generated by an arbitrary 
equivalence element. 


13.21. Prove that a relation R in a full set relation algebra Re(U) is 
an identity singleton if and only if R = {(a,a)} for some element a 
in U. 


13.22. A singleton in a relation algebra is defined to be a non-zero 
element r satisfying the inequalities 


r-sl3r<V and roller <T, 
Prove that a relation R in a full set relation algebra Re(U) is a singleton 


if and only if R = {(a, 3)} for some elements a and £ in U. 


13.23. If r is a singleton (see Exercise 13.22) in a simple relation alge- 
bra, prove that the domain and range of r, that is to say, the elements 


fee djeL and (lsrj=d, 
are identity singletons, and 
r= Ae Nae 


13.24. If an element r in a simple relation algebra can be written in 
the form r = x;1;y for some identity singletons x and y, prove that r 
is a singleton (see Exercise 13.22) and that x and y are respectively 
the domain and range of r. 


13.25. Describe the relations in a full set relation algebra Re(U) that 
satisfy the inequality r~ ;1;r < 1’. Describe the relations that satisfy 
the inequality r;1;r~ < TV. 
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114, 315, see also matrix mul- 
tiplication, notation, relative 
multiplication 
of functions, 17 
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negation symbol, 58 
Németi, Istvan, vii, 105, 264, 372, 
541, 545 
Noether, Amalie Emmy, 371, 516 
non-degenerate relation algebra, 
40, 386, 391, 396-397, 433, 476, 
512-514, 520, 522-524 
non-Desarguesian plane, 103 
non-logical symbol, 58, 64 
non-principal ideal, 351-353 
non-trivial 
filter, 369 
ideal, 332, 375 
normal 
operation, 45-46, 50, see also 
Boolean algebra with normal 
operators 
subgroup, 158 
notation, 5-7, 36-41, 133-134 
nullary operation on relations, see 
operation 


one, 38, 114, see also notation 
one-step 
closure, 235, 279-280 
extension, 336-337 
open formula, see quantifier-free 
formula 
Horn formula, 61, 422-423, 
447-448 
operation, ix—x, 5-10, 19-28, 36-58, 
61, see also Boolean operation, 
completely distributive oper- 
ation, distributive operation, 
monotone operation, normal 
operation, operator, order of 
operations, Peircean operation, 
preservation of operations, 
quasi-completely distributive 
operation 
operator, 50, see also Boolean 
algebra with complete oper- 
ators, Boolean algebra with 
operators, Boolean algebra 
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with quasi-complete operators, 
operation 
order, see also partial order 
of a geometry, 82, 107-108 
of logical connectives, 59-60 
of operation symbols, 58 
of operations, 9, 37 
partial, see partial order 
ordered pair, 1 
Orlowska, Ewa, 545 
orthogonal 
pair 
of congruences, 430-432, 453 
of ideals, 432-433 
system 
of congruences, 451-453 
of ideal elements, 457-458, 
465-476, 482-483, 526 
of ideals, 453-456 
outer 
cylindrification, 168 
ideal closure, 179 


pair, see ordered pair 
parentheses, 58, see also order of 
operations 
partial order, 38, 230 
partition of an element, 40 
Pasch Axiom, 82 
Peirce, Charles Sanders, xi, xiv—xvi, 
27-28, 133-135, 219, 398, 547 
Peircean 
homomorphism, 273 
isomorphism, 273 
operation, 5-28, 36, 280, see 
also composition, converse, 
converse-complement, diversity 
element, diversity relation, 
identity element, identity 
relation, relational addition, 
relative addition, relative 
multiplication 
part of a relation algebra, 40 
permutation, 106, 216-217, 221, 300, 
304 
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permutational element, see permu- 
tation 
Pixley, Alden French, 399, 547 
plane, 82 
point, 81, see also identity singleton 
polynomial, 61-62, 142, 146, 152, 
167, 179, 192, 201, see also 
projection 
positive 
formula, 60, 274-277 
sentence, 60 
power 
of a relation algebra, 445, 476-480 
of an element, see exponentiation 
preservation 
of operations, 271, 313-315, 
319-320, 323, 327-330, 348, 
373, 406-407 
on atoms, 288-296 
of properties 
under congruences, 314-315 
under direct products, 420-428, 
445-450, 487-488 
under homomorphisms, 273-281 
under isomorphisms, 286 
under subalgebras, 230-233 
under subdirect products, 
515-516, 518, 535 
of the supremum property, 
481-484 
principal 
filter, 369-370, 379 
ideal, 335, 339-348, 346, 351-353, 
432-433, 454-456, 513-514 
principle of induction, see definition 
by induction, induction 
product, see also direct product, 
infimum, multiplication, 
subdirect product, weak direct 
product 
homomorphism, 449, 481—484 
sequence, 420, 446 
Product Decomposition Theorem, 
475, 487-488, 492, 495, 503, 519 
binary external version, 433 
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binary internal version, 439-443 
general external version, 458 
general internal version, 464—468, 
470-471, 482, 526 
projection, 429-430, 450-451, 
485-486, 491, 494, 510-515 
of a homomorphism, 486 
projective geometry, see geometry 
proper 
filter, 369, 379 
ideal, 333, 336-337, 357, 374, 
376-377 
relation algebra, see set relation 
algebra 
subalgebra, 230 


quantifier elimination, see elimina- 
tion of quantifiers 
quantifier-free formula, 60, 390-391, 
400-401 
quasi-atom, 46—48, 308-309 
quasi-complete 
operation, see quasi-completely 
distributive operation 
operator, see quasi-completely 
distributive operation 
quasi-completely 
additive operation, see quasi- 
completely distributive 
operation 
distributive operation, 43-50, 267, 
308-309 
for quasi-atoms, 46-50 
quasi-dense set, 375 
quotient 
algebra, 320-323, 330-331, 353- 
366, 368, 385, 391, 407-408, 
414, 416, 430-433, 451-454, 
490, 511-515 
homomorphism, 321-322, 331, 
353-355, 358, 373-374, 378, 
431-432, 451-452, 511-515 


range 
algebra, see image algebra 
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of a function, 205-206 
of a relation, 164 
of an element, 185-190, 214, 220, 
392, 412 
Rauszer, Cecilia, 544 
rectangle, 190-198, 220, 226, 276, 
304, 388, 489, 531-535, see also 
characterization of rectangles, 
closure properties of the 
set of rectangles, symmetric 
rectangle 
refinement property, 487, 496 
reflexive 
element, 144, 149 
equivalence element, 149, 157-158, 
162, 222-223, 411-412, 539 
relation, 144, 230, 316 
transitive closure, 147 
regular 
extension, 241 
subalgebra, 241-245, 262, 266, 
284, 408-409, 489, 493, see also 
directed system of regular 
subalgebras 
relation, ix—xi, 1-32, see also anti- 
symmetric relation, bounded 
relation, calculus of relations, 
dense relation, diversity rela- 


tion, emotional relation, empty 


relation, equivalence relation, 
equality between relations, 
graph of a relation, identity 
relation, incidence relation, 
inequality between relations, 
kinship relation, material 


relation, partial order, reflexive 


relation, symmetric relation, 
ternary relation, transitive 
relation, universal relation 

associated with a matrix, 23-27, 
34 

field of, see field of a relation 

symbol, 64 

relation algebra, x—xxv, 36, passim, 

see also abelian relation 
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algebra, atomic relation 
algebra, atomless relation 
algebra, axioms of relation 
algebra, Boolean part of a 
relation algebra, Boolean 
relation algebra, cardinality of 
a relation algebra, complete 
relation algebra, completely 
representable relation algebra, 
complex algebra, countably 
complete relation algebra, 
degenerate relation algebra, 
directly indecomposable 
relation algebra, extension of a 
relation algebra, finite relation 
algebra, finitely generated 
relation algebra, integral 
relation algebra, minimal re- 
lation algebra, non-degenerate 
relation algebra, Peircean 
part of a relation algebra, 
representable relation algebra, 
restricted formula relation 
algebra, set relation algebra, 
simple relation algebra, small 
relation algebra, subdirectly 
irreducible relation algebra, 
symmetric relation algebra 


relational 


addition, ix, 6, 10 

composition, ix—x, 6-9, 287, 
317-319 

converse, 6 

structure, 65 


relative 


addition, 41, 206-208, 315, 
329-330, see also notation 
symbol, 41 
complement of an element, 404 


multiplication, 36, passim, see also 
notation 


symbol, 58 


operation, see Peircean operation 
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relativization, 218, 403-418, 433, 
438-443, 461-463, 469, 492, 
502-509, 526, 530, 532 

homomorphism, 406-408, 414-415, 
417-418 

Relativization Decomposition 
Theorem, 469, 488, 527 

relativized complement operation, 
404 

RelMiCS/RAMiICS, xiii 

Remak, Robert Erich, 487 

Replacement Rule, 64 

representable relation algebra, 104 

representation, see affine representa- 
tion, Cayley representation 

Representation Theorem for matrix 
relation algebras, 288 

restricted formula relation algebra, 
106 

restriction of a homomorphism, 272 

Ribeiro, Hugo B., 136 

right ideal, 164, 171, 224 

element, 164-179, 190-191, 217, 
219-220, 224—225, 228, 304, 
424, 489, see also Boolean 
algebra of right-ideal elements, 
characterization of right-ideal 
elements, closure properties of 
the set of right-ideal elements, 
modular law for right-ideal 
elements 

generated by an element, 168 

Riguet, Jacques, 221, 547 

Robinson, Julia Bowman, 136, 218 

row of a matrix, 18 

rule, see also Replacement Rule, 
Substitution Rule, Symme- 
try Rule, Tautology Rule, 
Transitivity Rule 

of inference, 63-64 

Russell, Bertrand, xv, 547 


o-complete relation algebra, see 
countably complete relation 
algebra 
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Sain, Ildiké, 372, 516, 547 
Sankappanavar, Hanamatgouda 
Pandappa, 542 
satisfaction 
for language of relation algebras, 
62, 261, 301-302 
for language of relations, 65 
Schmidt, Gunther, vii, 542-543, 545, 
547 
Schroder 
Friedrich Wilhelm Karl Ernst, 
xiv-xv, 27-28, 133-135, 
217-221, 398, 547 
Tarski Translation Theorem, 391, 
398, 400 
Second 
Homomorphism Decomposition 
Theorem, 486, 488, 498, 511, 
515 
Isomorphism Theorem, 360-361, 
381, 383 
second 
dual 
of a law, 118-119 
of a notion, 180 
duality principle, 118 
involution law, 112 
law of exponentiation for direct 
powers, 494 
Seidenberg, Abraham, 303 
semantic notions 
for language of relation algebras, 
61-63 
for language of relations, 65 
semi-distributive law for relative 
multiplication over subtraction, 
117 
semi-modular law for relative 
multiplication over relative 
addition, 129-130, 135 
semi-simple relation algebra, 
514-515 
Semi-simplicity Theorem, 514-516, 
535 
Sen, Amartya, 542 
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sentence, 60, see also existential 
sentence, identity, positive 
sentence, universal sentence, 
universal Horn sentence 
set, see also disjoint set, image set, 
inverse image set, quasi-dense 
set, strongly disjoint set 
as a binary relation, 164 
of complete generators, see 
complete generators 
of generators, see generators 
relation algebra, ix—xi, 71-74, 
103, 106-107, 269-270, 323, 
528, see also direct product of 
set relation algebras, full set 
relation algebra 
side of a rectangle, 190-192, 196-197 
Sikorski, Roman, 264, 547-548 
similar algebras, 50 
similarity type, 50 
Simon, Andras, 372, 541 
simple 
algebra, 399, 401, 518 
relation algebra, 107, 162-164, 
196-197, 385-400, 412-416, 
423, 433, 470-476, 489, 499- 
500, 514-516, 518, 520-526, 
530-535, 539 
generated by an equivalence 
element, 539 
Simplicity Theorem, 386, 398, 413, 
521, 525, 533 
singleton, 539 
Skolem 
functions, 257 
Thoralf Albert, 263, 548 
small relation algebra, 94-105, 
109-111 
Smith, Savannah, vii 
social choice theory, xiv 
square, 197-198, 220, 226, 412-413 
set relation algebra, 71 
standard modular law, 129 
Stickelberger, Ludwig, 486, 543 
Stone, Marshall Harvey, xii 
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Strohlein, Thomas, 547 
strong 
modular law, 129 
transitivity 
of the relation of being a regular 
subalgebra, 241 
of the relation of being an 
elementary subalgebra, 254 
strongly 
disjoint set, 148-149 
regular subalgebra, 172, 344 
structure, see relational structure 
subalgebra, 229-270, 297-299, 305, 
356-363, 375, 377, 388-390, 
394-395, 403, 408-409, 414— 
418, 424-425, 449, 489, 493, 
506-509, 516-518, see also 
complete subalgebra, elemen- 
tary subalgebra, generators of 
a subalgebra, improper sub- 
algebra, minimal subalgebra, 
proper subalgebra, regular 
subalgebra 
subdirect 
factor, 510 
product, 385, 500, 509-518, 
535-536 
representation, 510-513, 516 
Subdirect Decomposition Theorem, 
511-512 
subdirectly irreducible 
algebra, 399, 401, 516, 518 
relation algebra, 396-397, 
512-514, 518 
subdiversity element, 153 
subgroup, 300, 405 
subidentity 
atom, 174-175, 187-188 
element, 153, 159-160, 166-174, 
178, 187-188, 202, 225-228, 
304, 489 
relation, 164, 185 
subspace, 92-94, 405 
Substitution Rule, 64 
subtraction, 6, 10, 38, 114, 315 
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subuniverse, 143, 174, 182, 229, 277- 
278, 281, 286, 314, 357-361, 
424-425, 449, 500-501, 505, 
523-524 

successor function, 106 

sum, see addition, supremum 

summation notation, 144 

supremum, 39, 67, 427-428, 450, 464, 
see also join 

property, 457-458, 470-473 

Suzumura, Kotaro, 542 

symbol, see complement symbol, 
converse complement symbol, 
converse symbol, conjunction 
symbol, disjunction symbol, 
equality symbol, equivalence 
symbol, existential quantifica- 
tion symbol, identity symbol, 
implication symbol, logical 
symbol, negation symbol, 
non-logical symbol, notation, 
order of operation symbols, 
order of logical connectives, 
relative addition symbol, 
relative multiplication symbol, 
universal quantification symbol 

symbolism, see notation 

symmetric 

difference, 6, 38, 114, 315, 317-318, 
324-331, 354, 356, 364, 390 
dual of, see dual of symmetric 
difference 
element, 141-143, 149, 217, 222, 
see also characterization of 
symmetric elements, closure 
properties of the set of 
symmetric elements 
rectangle, 197-198 
relation, 31-32, 141, 316 
algebra, 143, 265, 277, 304, 321, 
423, 448, 489 
transitive relation, 405 

Symmetry Rule, 64 

Systeme, 219 

Szalas, Andrzej, 545 
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target algebra, 271 
Tarski’s law, 36, 41, 68, 112, 120 
Tarski, Alfred, vi, vii, xi, 27-28, 
65-67, 103-104, 113, 133-136, 
217-222, 262-263, 302-303, 
371-3872, 398-399, 416, 487- 
488, 516, 536, 542, 544-545, 
548-549 
Tautology Rule, 64 
Taylor, Walter, 546 
term, see also atomic term, constant 
term, induction on terms, 
polynomial, value of a term 
in language of relation algebras, 
58-59, 276, 314-315, 420-422, 
445-448, 494 
in language of relations, 65 
ternary 
relation, 2 
tree, 497 
theory, see also conditional equa- 
tional theory, elementary 
theory, equational theory, 
inconsistent equational the- 
ory, undecidable equational 
theory, universal Horn theory, 
universal theory 
of equality, 263 
third 
dual 
of a law, 119 
of a notion, 180 
duality principle, 119 
law of exponentiation for direct 
powers, 494 
Third Isomorphism Theorem, 
365-366, 381, 385 
three-variable logic, 113 
total decomposition, 470-476, 
496-497 
Total Decomposition Theorem, 
470-475, 488, 499 
transitive 
closure of an element, 147 
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element, 144-149, 217, 222-223, 
see also characterization of 
transitive elements, closure 
properties of the set of 
transitive elements 

relation, 31-32, 144, 217, 230, 316 

Transitivity Rule, 64 

tree, 497, see also binary tree, 
ternary tree 

trivial 

automorphism, 299 

filter, 369 

ideal, 332, 335, 375, 386 

true in a model, 62 
truth, 62 
type 

equation, 537-538 

of a relation algebra, 519-537 

of an equivalence element, 538-539 

Type Decomposition Theorem, 
525-527, 536 

for equivalence elements, 536, 

538-539 


unary 
discriminator, 401 
operation on relations, see 
operation 
undecidable equational theory, 113 
union, ix—x, 5 
of a directed system 
of elementary subalgebras, 
260-262 
of ideals, 337 
of regular subalgebras, 242-243 
of subalgebras, 237—240 
unique total decomposition, 470-476, 
496 
Uniqueness Theorem 
for internal products, 463 
binary version, 439 
for weak internal products, 
501-502 
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unit, see one 


matrix, 19 
universal 

formula, 60, 394 

Horn 


formula, 60-61, see also open 
Horn formula 
sentence, 61, 487, 489 
theory, 63 
quantification symbol, 58 
relation, 2, 10, 315-317, 372 
sentence, 386, 489 
theory, 63 
of a class of algebras, 63 
universe 
of a relation algebra, 36 
of an algebra, 36 
upward 
Lowenheim-Skolem-Tarski 
Theorem, see L6wenheim- 
Skolem-Tarski Theorem 


value of a term 
in language of relation algebras, 
61 
in language of relations, 65 
variable, 58 
Vaught, Robert Lawson, 263, 304, 
549 
vertex, 4 
voting theory, xiv 


van der Waerden, Bartel Leendert, 
orl 
weak 
direct factor, 501, 506-507 
direct product 
external, 499, 501-509, 516-518 
internal, 501-509, 517-518 
Weak Product Decomposition 
Theorem, 502-506 
Wedderburn, Joseph Henry Macla- 
gan, 487 
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well-defined 


function, 38 zero, 38, 114, see also notation 


: matrix, 19 
operation, 320 of a lattice, 89, 91 
Werner, Heinrich, 399, 549 Zierer, Hans, 549 
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